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PREFACE

This book on Differential Calculus is designed for students of schools and colleges. The
aim of the book is to present the subject in such a way that even an average student can feel no
difficulty in understanding it.

There are, of course, a number of books available on the subject, which are too concise to’
be intelligible for the students. There is hardly any single book which covers the entire syllabus
of Differential Calculus prescribed in various state boards.

Every effort has been made to present the subject matter in the most lucid style. The
following are some of the salient features of this book :

(i) The book serves the purpose of a text as well as a help book.

(i2) A large number of typical and important solved axamples have been provided to
enable the student to have a clear grasp of the subject and to equip him for attempting prnhleme
in the board examination without any difficulty.

(ii) Care has been taken to grade the problems in such a way that students move from
basic intricate problems with ease.

(iv) The ‘Remarks and Notes’ have been added quite often in the book so fhat they should
help in understanding the ideas better.

(v) At the end of each chapter, a ‘Revision Exercise’ has been incorporated. The purpose
of this exercise is to give an opportunity to students to revise the entire chapter in the minimum
possible time.

It is hoped with all the above characteristics the book will be found really useful by
teachers and students alike.

A serious effort has been made to keep the book free from errors, but even then some
errors might have crept in.

I am grateful to M/s. Laxmi Publications (P) Ltd., New Delhi, for the keen interest and
active co-operation,

Suggestions from the teachers as well as the students for further improvement will be
warmly welcomed.

—Author
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SYMBOLS

Greek Alphabets
A o Alpha I 1 Iota P
B B Beta K K Kappa z
r ¥ Gamma A A Lambda T
D 5 Delta M K Mu Y
E E Epsilon N ' Nu o
Z L Zeta = £ Xi X
H 1 Eta O 0 Omicron b
e 0 Theta M n Pi Q
3 there exists ¥ for all
Metric Weights and Measures
LENGTH CAPACITY
10 millimetres = 1 centimetre 10 millilitres
10 centimetres = 1 decimetre 10 centilitres
10 decimetres = ] metre 10 decilitres
10 metres = 1 decametre 10 litre
10 dekametres = 1 hectometre 10 dekalitres
10 hectometres = 1 kilometre 10 hectolitres
YOLUME AREA
1000 cubic centimetres = 1 centigram 100 square metres
1000 cubic decimetres = 1 cubic metre 100 ares
100 hectares
WEIGHT ABBREVIATIONS
10 milligrams = 1 centigram kilometre km
10 centigrams = 1 decigram metre m
10 decigrams = 1 gram centimetre cm
10 grams = 1 decagram millimetre mm
10 decagrams = 1 hectogram kilolitre kl
10 hectograms = 1 kilogram litre 1
100 kilograms = 1 quintal millilitre ml]

10 quintals

1 metric ton (tonne)

Rho
Sigma
Tau
Upsilon
Phi

Chi

Psi
Omega

E €™ 68 c A Q0

= 1 centilitre
= 1 decilitre
= 1 litre

= 1 decalitre
= 1 hectolitre
= 1 kilolitre

=1 are
= 1 hectare
= 1 square kilometre

tonne
quintal
kilogram
gram

are
hectare
centiare ca
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1

Functions

1.1 INTRODUCTION

Differential calculus deals with the problem of calculating rates of change. The ‘function’
concept lays the foundation of the study of the most important branch calculus of mathematics.
The word ‘function’ is derived from a Latin word meaning ‘operation’. In this chapter, we recall
and introduce some frequently used common real valued functions alongwith their graphs and
we shall study the properties of some of the most basic functions.

1.2 DEFINITION

Constant. A quantity which have the same value throughout a mathematical opera-
tion is called a constant. e.g., 2,-7, /3, 1 etc.

Variable. A quantity which can assume different values in a particular problem is
called a variable.

e.g., Ifx represents any number between 3 and 7, then x is a variable.

1.3 FUNCTION

Let A and B be two non-empty sets of real numbers. If there exists a rule ‘f’ which

associates to every elementx € A, a unique elementy € B, then such a rulefis called a function
(or mapping) from the set A to the set B.

If fis a function from A to B, then we write :

f:A = B. n g
The set A is called the domain of function f, and the
set B is called the codomain of f. f
If x is an element of set A, then the element in B
that is associated to x by fis denoted by fix) and is known
as the image of x under for the value off at x, and we write
flx)=y.
Iffix) =y, then we also say that x is a pre-image of y. Domain Co-domain

The variables x and y are respectively called the independent variable and the depend-
ent variable of the function. This is so, because each y-value depend on the corresponding
x-value.

A function of x is generally denoted by the symbol flx) and read as “f of x".
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Caution. flx)#f »x.

1.3.1 Range. The range of a function f: A — B is the set of all those element of B which
are having their pre-images in set A.

Or the range of a function is the set of images of elements of its domain.
i.e.,, Range of f=[{flx):xe A).

Range (f)  co-domain of f.

IMustration. Let A=(1,23),B=11,4,5,9, 10}

Letf: A — B be the mapping which assigns to each
element in A, its square.

Thus, we have fli=1%=
f(ﬂ] 22 -
fi3) =
Since to each element [1 or 2 or 3) of A, there is

exactly one element of B, so fis a function. In this case
every element of B is not image of some element of A.

..  We have,

Domain ={1, 2, 3)
Co-domain = {1, 4, 5, 9, 10}
Range = (1, 4, 9).

1.3.2 Real Valued Functions (Real Functions). A function f: A — B is said to be a
real function if and only if both A and B are the subsets of the real number system R.

e.g., The function g : R — R defined by g(x) = x* + 1. V x € R, is a real function.

A real function is generally described only by a formula and the domain of the function
is not explicitly stated.

In such cases, the domain of the function is the set of all those real numbers x for which
the function fix) is meaningful.

i.e., flx)e R, as the domain of f.

e.g., we have flx)=Jx-
Here ﬂx}lsdeﬁnedlfx—ﬁaﬂze,x‘eﬁ
Domain (f)={x:x-520)={x:x-520,x € R}

If fla) is any nfthefurms% = 0 % 00,00 —00, 0° 1%, e

Then, we say that flx) is not defined at x = a.

1.3.3 Equal Functions. Two functions are said to be equal (coincide) if their domains,
of definition coincide and their values for all identical values of the arguments are equal.

In other words :
f,g: A — B are equal if flx) = g(x), x € A.
Illustration. The function fix) = 2 and g(x) = 1 + sin? x + cos? x coincide.

x2-25
-5

The functions f and g are not equal because fis not defined at 5 whereas g is defined at
5 and has value 10 there at.

Illustration. Let flx) = xe R-(6land glx)=x+5,x e R.

Here, we note that flx) = g(x) forx € R - {5}.




FUNCTIONS 3

1.4 TYPE OF FUNCTIONS

1. One-one function (or Injective mapping). A functionf: A — B is said to be a one-
one function, if the images of distinct elements of A are also distinct elements of B.

Le., xzy = flx)=fly)
Equivalently, flxY=fly) = x=y Vx,ye A
e.g., f[:A — B be the function defined by
fix) = 2x + 5 is one-one function.

2. Many one function. A function f: A — B is said to be many one function if two or
more elements of set A have the same image in B.

e.g., [:R — R defined by
fix) = x? is many one function.
: f-2)=f(2) = 4.
3. Onto function. (or Surjective mapping). A function f: A — B is said to be an onto
function if every element y¥ € B, has at least one pre-imagex € A.

In other words, for y € B, there exists at least one
x € A such that ;

fx) =y
e.g., f[:R — Rdefined by :
flx) = 4x + 5 is an onto function.

Note. If the function f: A — B is onto, then range of f
i.e., the image of A is whole B.

4. Into function. A functionf: A — B is said to be
an into function if for at least one y € B, which has no pre-image in the set A.

The adjoining diagram illustrates an into function,
because 3, 4 € B has no pre-image in A.
e.g., The function
f: R — R defined by
flx) = x2
is an into function, because there is no real number whose
image is a negative real number.

Note. A function which is not onto is called an into func-

tion.
5. One-one onto function. (or Bijection function). A functionf: A — B is said to be
one-one onto furction if it is both one-one and onto.
e.2., The function
f: A — B defined by
flx)=bx+3,xe A
is an one-one onto function.

Note. Let A and B are finite sets, and f: A—B is a funec-
tion :
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Then, o
(z) If f is one-one, then n(A) € n(B)
(it) If f is onto, then n(A) 2 n(B).
(i1) If f is both one-one and onto, then n(A) = n(B).

6. Even function. A function fis even if fil— x) = fix) for all values of x.

e.g., flx) = cos x is an even function.
because, flx) =cos x
and fl—= x) = cos (- x) = cos x = flx).
7. Odd function. A function f is odd if - x) = — flx) for all values of x.
eg., flx) = 8in x is an odd function.
because, flx) = sin x
and fl—x) = sin (- x) = — sin x = — flx).

[ A-x)=-x+1+#flx) and A-x) = - fix)]

Note. Every function need not be even or odd. e.g., The function flx) = x + 1 is neither even nor
odd.

8. Periodic function. A function flx) = y is said to be a periodic function if there exists
a real number a > 0 such that :

filx + a) = fix)

Then, a is called period of the function.
e.g., sin x, cosx, sec x and cosec x are periodic functions with period 2xn, while tan x and cot x
are periodic with period =.

9. Identity function. The functionf: A — B defined by fix) =xi.e., each element of the
set A is associated onto itself, then the function fis called an identity function.

10. Inverse function. If a function f: A — B is one-one and onto function.

for each y € B, there exists unique x € A such that :
fx)=y

Then, we can define an inverse function, which is denoted by f~!: B> Aand f(y) =x
if and only if flx) = y.

Note. (i) Every function does not have inverse. A function has inverse if and only if it is one-one
and onto.

Also, fx)=y & x=f"1(y).

(i) £V if it exists is unique.,
(#ii) The inverse of the identity furction is the identity function itself.

11. Composite function. Let f: A — B and g : B — C be two functions.

for each x € A, there exists a unique element flx) € B.

Since, g : B — C is a function, so g(f{x)) is a unique element of C.
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Thus, to each x € A, there exists exactly one element g(fx)) in C, This correspondence
between the elements of A and C is called the composite function of f and g is denoted by gof.

(gof) (x) = g(flx)), x € A.
The composite function can be represented by the following diagrams.

gof: A= C

Note. (i) gof is composite of f and g whereas fog is composite of g and f.

(ii) In general fog # gof.
(iii) The existence of fog and gof is independent of each other. i.e., if fog exists then gof may or
may not exists and vice-versa.

INlustration. Let f: R - R and g : R = R defined by
fix) = 4x + 5 and g(x) = 5z~ 2.
. (gof) x = g(flix)) = g(4x + 5) = 5(4x + 5) = 2 = 20x + 25 — 2 = 20x + 23
and (fog) x = flg(x)) = ASx - 2) = 4(5x - 2) + 5= 20x — 8 + 5 = 20x — 3.
Now, let us find (fog) (5) ;
. (fog) (5) = flig(5)) = fi5(5)-2)=f(23) = 4(23) +5=92 + 5 = 97.
Also, (fog) (5) = 20(5) — 3 = 100 - 3 = 97. [ (fog) (x) = (20x - 3)]

1.5 GRAPHS OF SOME STANDARD FUNCTIONS

If C > 0, then the graph will be a straight
line parallel to x-axis and at a distance C units
above it and if C < 0, then the graph will be a Y=fx)=C<0
straight line parallel to x-axis and at a distance vl
C units below it.

It coincides with x-axis if C = 0.

Domain of f= D{f) = (- o0, o), Range of f = R(f) = {C].

There are as many constant functions as there are real numbers.

1. Constant function. A function f de- Ya
fined byy = flx)=Cforeveryxe R,whereCis a y=1)=C>0
real number, is called a constant function from T
R to R. c
The graph of this function will be a straight
line parallel to x-axis. X ol * X
c
!
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2. Identity function. The function f defined by fix) = x for all x € R is called identity
function.

The graph of identity function is a straight line passing through the origin (0, 0) and
having slope 1 i.e, the line is inclined at an angle of 45° with the x-axis.

> &
=V

Y'vy

Domain of f= D(f) = (—eo, )

Range of f=R(f) = (- oo, o).

3. Linear function. A function f defined by flx) =ax + b, wherea,be Randa 20, is
called a linear function from R to R. This is a
particular type of polynomial function. For every
real value of x, flx) has a unique value.

The graph of this function will be a
straight line and to draw its graph, we need only
two points on it.

& " w 1 h

e.g., Lety=flx)=2x + 1is a linear function. X' X
[ 0 1
Y 1 3

Remark. The linear function fix) =ax + b will "
represent the identity function whena=1andb=0. L

4. Square root function. The function defined by flx) = Vx V x 2 0 is called a square

root function.
Its domain is the set of all non-negative real num-

bers and range is also the set of non-negative real num- Ya y =X
bers.
: : ; f(x)
5. Rational function. The functiony = m, where
e

flx) and g(x) are both polynomials is called a rational func-
tion, provided g(x) is not a zero polynomial.

¢ &
O
4

Y'Y
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6. Modulus function. (Absolute value func-
tion). The function y = flx) = | x | defined by

x,whenx 20
fr= | = | ={ 5 0]
" is called the modulus function or absolute value function. by

For every value ofx, the value ofy = | x | is unique.

Domain of f = D(f) = (= e, ) i.e.,, the set of real
numbers.

Range of f = R(f) = [0, =) ie, the set of all non- Y'¥
negative real numbers.

The graph of the modulus function is as shown in the figure.

=Y

For x 2 0, the graph coincides with the graph of the identity function i.e., the line y = x.

and For x <0, it is coincident to the Bney = —x.

Since,A-x)= | —x | = | x | =Alx), it is an even function of x and its graph is symmetrical

with respect to y-axis.
Properties of modulus function.
() | x |20 Vxe Rie, | x| is always non-negative i.e., positive or zero.

(i) Je2 =|x| VxeR

(iif) For real numbers x and y, we have
|x+y|s|=x|+]|y]|
lx-y|2|x|=~|»]
|x+y|=]|x|+|y]ifx,y20.

=12 brovided y = 0.

| ¥]

X

y

(iv)

lzy [=]=x|.]>].
{v) |x | S¢ =2 —-c<x=<e
|x]2¢ = x2c or x<-c¢

where : ¢ i8 a consatant.

7. Signum function. The function Y4
M.:#D 24
y = flx) = ﬁ,x:ﬂ 1.£n.11 00 = 1
‘i8 called the signum function.
Now,x#0 = eitherx>0sothat|x|=x 3 5] *
or x<0sothat | x | =—=x. 4
1) = -1 1] (0. 1)
1, ifx>0 1
flx) = 0, ifx=0} -2
-1, ifx<0
Domain of f = D(f) = (- e, =) i.e,, the set of all "'4
real numbers.

Rangeof f =R(H=[-1,0,1].

4
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The graph of the signum function is as shown in the figure, the point corresponding to
x = 0 i1s excluded.

8. The greatest integer function or the integral part function OR the floor func-

tion. The function ¥ = flx) = [x], where [x] is the greatest integer < x, is called the greatest
integer function.

Thus, [x] = x if x is an integer Y
and [x] = the integer immediately to the 34
left of x if x is not an integer.

2 L —_—)
e.g., [2.9] =2
[31=3 T —°
_ — ey S —
[~ 6.45] = - T ete. X 4 3 -2 -1 |91 2 3 4 X

Domain of the greatest integer function —_— -1
is the set of all real numbers and the range is L&
the set of all integers, as [x] is always an integer.

Ifx 1s a real number and n is integer such . {
that Y'Y

n<x<n+1,then [x] =n.
The graph of the greatest integer function is as shown in the figure.
9. Reciprocal function. The function y = flx) i
1
=X 0 is called the reciprocal function. For every
1., .

non-zero real value of x, the value of y = = 1S unique.

Domain of the reciprocal function is R - {0}. % 0 %

Range of the reciprocal function is R — (0}.

The graph of y = filx) = —-1-, x # 0, is as shown in

x

the figure. vy

10. Fractional part function. The Y4
function f defined by flx) = x — [x] is called the 2]

fractional part function, where [x] greatest
integer < x.

1
) P
Domain of f = D(f) = set of all reals. /// /ﬂ//
Range of f =R(f) =0, 1). < o1 - ;

The graph of this function is as shown
in the figure. 11

All these lines are parallel with slope
1 i.e, they make an angle of 45° with posi-
tive x-axis. ry
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11. Exponential function. We know that for Y4 y=fx)=a"
3
every real number x, the series 1 + ——+E—+I
has the sum e*. 0, 1)
This infinite series is known as the exponential - >
series. X C X

The function f{x) = ¢* for all x € R is called the
exponential function. e* is always positive.

We observe that the domain of an exponential
function is R i.e., the set of all reals and the range is Y'w
the set (0, «) as it attains only positive values.

The graph of the exponential function is as shown in the figure.

¥ = e* increases as x increases and can be made as large as we please by taking x suffi-
ciently large.

12. Logarithmic function. The functiony -ﬂ:}ulug:..te {0, =) i8 called logarithmic
function. We know that for 0 <x < e. |

y=log x if and only if x = . AY y = f{x) = log x
Domain of f = D{f) = (0, )
Range of f = R(f) = Ri.e., the set of all reals.
The graph of f is completely to the right of y-

Properties of logarithmic function. e
(i) loge=1
(ii)logl=0

(iii) log (xy) =logx + logy

4

(iv) log (}{) =logx~logy Y'Y

(v)e =xifand onlyify = logx
(vi) el®* =g = x
(vii) log ¥ =y log x

(viii) log, x = ey
13. Polynomial function. A function f: R — R is said to be a polynomial function if for
each x in R, fix) is a polynomial in x.
In other words, A function flx) =ax" +a.;x" "1 +... +a_, wherea,, a,, a,, ..., a, and x are
real numbers, a, # 0 and n is a non-negative integer, is called a polynomial function of degree n
over R. -

e.g., flx) =x° - 8¢ + 2, g(x) = x* + 3 xete.
are examples of polynomial functions.
Domain of f = D{f) = set of all reals.

Range of f = R(f) = depends upon the polynomial representing the function.
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(1) Ify =flx) =ax + b, a # 0, then it is a linear polynomial and its graph is a straight line
with slope a and intercept on y-axis is b.

(it) If y = flx) = ax® + bx + ¢, a # 0, then it is a quadratic polynomial and its graph is
upward parabola if a > 0 and downward parabola if a < 0.

14. Smallest integer functionor (Ceiling Yi

function). For any real number x, we denote [x], 3 R
the smallest integer greater than or equal to x.
2 e
e.g., [5.31=6,[-6.21=- 17, [4] = 4 etc.
: 1 Qe
The function f: R — R defined by
flx)=ld,xe R x T 5 2 a0 2 3 4 X
is called the smallest integer function or the ceil- 2 |
ing function. . P 12
Domain of f = D(f) = set of all reals l_3
Range of f = R(f) = set of all integers. V'

The graph of smallest integer function is as shown in the figure.
15. Trigonometric functions. The function f which associates to each x (in radians)
the number sin x or cos x or tan x or sec x or cosec x or cot x is called trigonometric function.

Thus, a function defined in terms of trigonometric relations is called a trigonometric
function.

(i) Sine function. The function f which associates to each x (in radians) to sin x is
called the sine function. i.e., ¥ = flx) = sin x.

Domain of f = D(f) is the set of all reals.

Rangeof f =R(PHis [-1, 1]

Since, sin x is a periodic function with period 2r, it is sufficient to sketch its graph only
for 0 < x < 2n. We can then extend it easily by repeating it over the intervals of length 2.

> 4

Y'Y

The graph of sine function is as shown in the figure.
(it) Cosine function. The function f which associates to each x (in radians) to cos x is
called the cosine function.
Le., y = x) = cos x.
' Domain of f = D(f) is the set of all reals.
Rangeof f =R(f)=[-1, 1]. 3




oy’

Y'Y

Since, cos x is a periodic function with period 2r, we shall draw its graph for 0 <x < 2rn
and extend it by repeating it over the intervals of length 2x.
Graph of the cosine function is as shown in the figure.

(iii) Tangent function. The function f which associates to each x (m radians) to tan x is
called the tangent function.
ie., y = flx) =tan x.

Dnma.inuff=D(ﬂ=R-{{2n+D~g—:nEZ}
Range of f = R(f) = the set of all reals.

T
Since, tan x is a periodic function with period n. As x increases from 0 to 5 tan x keeps

on increasing from 0 to .

"

As x crosses the value 3 tan x becomes negative and is arbitrarily large in mapnitude.

pi
It increases to 0 as x increases from E to m.

ol

rald

o
ra|=

- e e L2 B L _b L b K _R L 3L 1L __¢F_}

¥
XV

= e = SN W

A A W e ..
- . -

Y'Y

Graph of fix) = tan x is as shown in the figure.

(iv) Cosecant function. The function fwhich associates to each x (in radians) to cosecx
-is called the cosecant function.

i.e., ¥ = flx) = cosec x
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Since, cosec x is a periodic function with period 2x.
Domainof f=D() =R - {nn:n e Z}.
Rangeof f =R{(fi=R-(-1,1).

Y
] [ ] ] 1 ]
[ ] t ] ]
L] ] ] ]
] ] I 1
] ] ] ]
] ] ] ]
; ' 2+ ; I
] ¥ ] 1
] ] [ 1
1 ¥ [} 1
l : 14 i |
: ; o} . an :

X ~2n | —an { = o = : 12n X
i 2 i 2 ¥ H
1 i ] [
i i “-1 ¥ (]
1 1 ] I
i 1 ] ]
I : : 1
! ! T ! :
[ 1 ] 1
1 1 (] ]
[ 1 1 []
[ ] 1 I
(1 [} 1 ¥

Y'Y

Graph of flx) = cosec x is as shown in the figure.

(v) Secant function. The function f which associates to each x (in radians) to sec x is
called the secant function.

ie., ¥ = fix) = sec x.

Dumainnff:DU)::R_{(2n+1}-§-:n53}

Rangeof f =R{f)=R-(-1,1)
Since, sec x is a periodic function with period 2.

"

¥ L] i L]
i ¥ L] I
i i I L]
i 1 1 L]
i 1 L} i
i 1 ¥ i
- : y :
1
s L » 1%
+ = - i : - } : } >
' ~dg! - o =X ]
X 7 _ |} 3 v X

i I i i
i 1 I
i i 1
i 1 i
i i i
L] i 1
1 1 !
L] 1 i

-

Graph of fix) = sec x is as shown in the figure.
(vi) Cotangent function. The function f which associates to each x (in radians) to cot x
is called the cotangent function.

Le., y=flx)=cotx.
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Domainof f=D(f)=R-inn:n e Z}.
Range of f = R(f) = set of all reals.

Since, cot x is a periodic function with period n. The function cot x takes all positive and
negative values except integral multiples of n, where it is not defined.

Yi

e

A

rl

o
naja

L L R K B & 8§ R_R_§ L JR_JL _J

]

T
A e

L F 00 b --1 O T T A e .-
-

Y'Y

The graph of fix) = cot x is as shown in figure.
16. Inverse trigonometric functions. The sine function from R to R is neither one-

n
one nor onto, whereas it becomes both one-one and onto from [- E E] to [- 1, 1]. The inverse

n
function of sin x. [— Py E] —» [- 1, 1] is called the inverse sine function and is denoted as sin! x.

TR
The graph of sin x for x e [- Pk E] is called its principal branch. .

sinlx:[-1,1] - [— 32:-, —E] is the function defined as

sin~! x =y where : giny = x.
Similarly,
cos~) x : [~ 1, 1] — [0, ] is the function defined as cos™! x =y, where cos ¥ = x.

n xR

tan~! x : R—b[_i EJmthaﬁmctmndeﬁnedaatan—lx=Jr,wheretany=:-:

cot™! x : R — (0, ) is the function defined as cot™! x =y, where coty = x

seclx:R-[~1,1]1- [0,xn] - {-:—} is the function defined as sec™! x =y, where secy = x.

coseclx :R-(-1,1)> [-— —:1 {0} is a function defined as cosec! x = y, where

cosec y = x.
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Note. () If R(g) n D) = ¢,
Then, D = ¢ and fog is not defined.

(ii) If R(g) = D{p),
Then, D= Dig).
The composite of g and f, denoted by gof is a function defined by :

(gof) (x) = g(fix)) forallx e D
where D=lx:xe D) and fix) € Dig)} # ¢.

(iii) If R ~ D(g) = ¢,
Then, D = ¢ and gof is not defined.
Hence, if R(f) n D{g) = ¢, then gof does not exists. In other words, gof exists if
RN Dig)=¢. |
Similarly, fog exists if R(g) n D(f) # ¢.

1.8 INVERSE OF A REAL FUNCTION

Let f: X — Y be a one-one and onto function.
For each y € Y, there exists a unique x € X such that flx) = y.
We get a function, denoted by f ! and defined as :
f1:¥-X
suchthat f1(y)=x iff fx)=y
The function f ! is called the inverse function of /.
Clearly,

L) =Ff1@) =«
1) =fx)=y.
Remark. (i) Every function does not have inverse. A function has inverse if and only if it is one-
one and onto.

(ii) The inverse of the identity function is the identity function itself.

(iii) Note that the function f-! and % for any f, need not be same.

SOME SOLVED EXAMPLES

X
2 +1

Example 1. If f(x) = find f(1), f(3), f [g) and f(b).

X

Solution. We have, fix) = 241

1 _ 1
12+1 1+1

__ 8 _ 8 _3
T(@®%+1 9+1 10

1
fill= =3

3)
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e ——

DX{f) = D(g) n D(h) - [x : h(x) = 0}
=[-11-{0)=[-1,0uv(0,1].

(v) We have, flx) = ..,f: -4

Dfi={x:x-420)
=(x:x24}=[4, )
Example 9. Find the domain of the following functions :
@ ) = J:%le (ii) flx) = sin~! 2x
(Ei) fix) =cos ! (3x- 1) (iv) fix) = tan™ (2x + 1)
1
= ] = -2 1.
(v) fix) m (vi)flx) = | x-2 |
Solution. (i) We have, fix) = J:%m
The function f{x) is defined only when x + | x | is positive,
We know that,
|2 = x, ifx20
=L -x, fx<
- +x, ifx20
= x4 | lta-{-:-:, _if:.r.-c:ﬂ}
2x, ifx20
K I"'lxl"{l], if;t*{ﬂ'}

x+ | x | is positive only when | x | =xie, whenx>0.
Domain of f = D{f) = the set of all positive reals i.e., (0, =).
(i) We have, flx) = sin? 2z,
Smce sin~! x is defined only forx e [- 1, 1].
fix) = sin~! 2x is defined only if :

~1<2x<1
. |
= 2 °%=73
Domain of f = D{f)'= [-- E]
(iii) We have, flx) = cos™! (3x - 1).

Since, the domain of cos™! x is [~ 1, 1].
. flz) = cos™! (3x — 1) is defined only if

~-1<3x-1%51
=3 0<3x<2
2
= 0<x< —

3



DIFFERENTIAL CALCULUS MADE EASY

| 2
Domain of f =D{f) = [D, E:I
(iv) We have, fix) =tan™! (2x + 1)

Since, the domain of tan-! x is the set of all reals i.e., (= os, o0)
flx) = tan~! (2x + 1) is defined only if :

—o<2x+1<eo

= —o0 <X €
Domain of f = Dif) = (= =, =), i.e., the set of all reals.
1
Weh =
(v) e nave, ﬂx} m
>0 ifx>0
Since [k} =4=0 ifx=0
<0 ifx<0
>0 ifx>0
= x+[x]=4=0 fx=0
<0 ifx<0
flx) is defined for all values of x for whichx + [x] > 0
Domain of f = D(f) = (0, o).
(vi) We have, flx)=]|x-2|.

Since, fix) is defined for all values of x and has real, unique and finite values.
Domain of f = D{f) = the set of all reals. i.e., ( =, =),
Example 10. Find the domain of the following functions :

1
® o 2 o ] G e
[l}ﬁﬂ JI S5x+6 {Il}ﬁ#} Jm
1
- - -1 . -
(iif) fix) = cos™ [x] (iv) fix) S ek
(v) fix) = sin~? [x] i) fl) = Jx2 =1 +Jx2 +1
(vii) flx) = log (Iﬂg %]
Solution. (i) We have, flx) = -J';J::2 ~5x+6
= flx) = (x = 2)(x - 3)
The function fix) is defined for only those values of x for which the product
(x-2)(x-3)20.
Casel. Whenx-220 and x-320
=» x22 and x23

This is true only when x = 3.
Case Il. Whenx-2<0 and x-3=0
= x<2 and x=3

This is true only when x < 2.
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5 .~ Domain of f =D(f) = (=, 2] U 3, ).
(if) We have, fx) = L
! l-cosx

The function fx) is defined only for those values of x for which cos x # 1.

r.e., fix)is not defined when x is even multiple of &.
Domain of f =D(f)=R—-Ix=2nx:ne Z).
(éii) We have, flx) = cos™1 [x]
Since, the domain of cos™! x is [~ 1, 1].
o flx) = cos™! [x]is defined if -1 Sfx]1< 1
But we know that :

-1 if-2<x=5-1
xl=40 if —1<x=<0
1 if O0<x<1l
We have, domain of f = D{f) = (- 2, 1].

1
l-cosx

(iv) We have, flx) =

Please try yourself, as part (i) of the same example.

(v) We have, fix) = sin~! [x]

Since, the domain of sin~! x is [~ 1, 1].

fix) = gin™} [x] is defined if -1 < [x] <1
But, we know that '

-1 if-1€x<0
[x] =< 0 if 0sx<1

1 if 1€x<2
~. We have,
Domain of f =D{fH =[-1, 2).
(vi) We have, fix)= Jx? -1+ )22 +1

Since, the given function f{x) is the sum of two functions.

Let g(x)= Jx? -1 and h(x) = 1’:2 +1

Now, Jx2 — 1 is defined for all those values of x for which x2 -‘1 =20

= (x-=1)=+1)20

Case . Whenx-120 and x+120
= xz1 and x2-1
This is true, when x = 1.

Case II. Whenx-1<0 and x+1=0
=3 : x=<1 and xs-1

This is true when x<-1
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Solution. (i) Let y=flx)=3sinx—-4cosx (1)
Domain. Since, gin x and cos x are defined for all real values of x.
3 sin x — 4 cos x is also defined for all real values of x.

= D{f) = R.
Range. From equation (1), we have
y=38inx—-4cosx A2)
Put3=rcos® and 4=rsin®, r>0.Square and add,
(3)2 + (4)2 = r2 (cos2 0 + sin? @)
= 25 =r? [+ sin®A + cos? A = 1]
=5 r=b )

From equation (2), we have
y=rcosBsinx—rsinbcosx
= ¥ =5 (cos 0 8in x — 8in 6 cos x)
(- [+ sin(A -~ B)=sin Acos B - cos A sin B]

= y =5 gin (x - 8).
But, -1<sin{x-0)s1
= ~5<58in(x-0)<5
= ~-5<ysh = ~5<fix)<H
; R() = [- 5, B].
(¢) Let : J'=ﬂ-'¢:l=J;|_—2 (1)
Domnin.Here,ﬁx)mdeﬁnedonlyfnrﬂms&realvnluaanf:forwhmhx+2:-ﬂ ie,x>~-2.
D(f) = [~ 2, =0).
Rlnge From equation (1), we have
1

Y 3:+2
ce, 1,":+2 is the positive square root of x + 2 for all x in domain of fix).
1

= >0 ie,y>0.
3x+2

% R(f) = (0, =).
Alternatively,
From equation (1), we have

3-1 =y5_1
3:+2 x+2
1

1
=% x+ 2= = xX=—F -2
y* y?
1
But x>-2, = — -2>-2
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= -;—2:-{} or ¥'>0 = eithery>0 or y<0
= ¥y>0 . R(f)=(0, ).
(iii) Let y=flx)=1+x~[x-2] ~(1)
Domain. Since, flx) is the difference of two functions.
Let glx}=1+x and h{x]=[x—2]
Dig)=R and D(h) =
DiN=DEg)nDk})=RnR= R
Rnnga. We know that

lal<a<(al +1

=5 0<a-[al<l

Now, puta =x - 2, we have
0sx-2-[x-2]<1

= 32l+x-[x-2]<4 [Adding 3 throughout]
= 3<fix)<4
R(f) = [3, 4).
(iv) Let yufaied =t A1)
x-3
Dnmain Clearly, fix) is defined for all those real values of x for whichx -3=0,i.e.,x#3.
D(fH =R~ (3}
* Ranga From equation (1), we have
_x 2.9
Y x-3
(x+3)(x-23)
=% : y= = y=x+3
x—-3
Whenx =3, then,y=3 + 3 =6.
R() =R - (6].
1
(v) Let y=flx)= e (1)
Domain. The function fix) is not defined for those values of x for which 2 — cos 8x = 0.
K. 2-co83x#0
wh:ch is tme for all real values of x.
~1<cosdx<1
. D({H) =R.
Range. From equation (1), we have

¥y = 1 = 2—EﬂE3.1:=1
¥y

2-cos 3x
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1

= maﬂ:=2—}- [+ =1<cos3x<1]
1
=% -1£2-—2%21
y
=% —35—;5—1 [Adding — 2 throughout]
3 3 1 -
=> 2‘?2 = 35y51
i
- "'E[a’l_
{
xo-[L1]
Example 14. Find the domain and range of the following functions :
{EJ; (if) sec x
J4+33in:
2 1
1+3 2%
(iii) I + 3 cos (w}m:—ﬂjrx+1)
(v)tanTx +cot!x (vi) x® - [x%].
Solution. (i) Let 1

= - (1)
y=f=) J4+35inx :

Domain. Since sin x is defined for all real values of x.

K2 ~1<ginxsl forallxe R
=3 —~3<3s8inx<3 forallxe R
=$ 1<4+38inx<7 forallxe R [Adding 4 throughout]
The function flx) is defined for all those real values of x for which (4 + 3 sinx)= 0.
%) = — e §8 defined for all x € R.
J4+3sinx
& D{H =R,
Range. From equation (1), we have
1
e e —
R ,f4+3:in:
Since, ~1l<ginx<l " VxeR
=5 ~3538inxs3 Vxe R
=5 1€4+38inx<7 Vxe R {Adding 4 throughout]
= 1< J4+3sinx<J7 VxeR
1 1

<1 VxeR

-t
J7 J4+3sinx
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Range. From equation (1), we have

-4l

(iv) Let

y:l—i::—"?]
| x=7| =1~y
l1-y20 = y=£1

R(f) = (=, 1].

y =flx)= [lng (ﬂ;il:\'1 ‘,{:v.:2 +3x+ 2)]
where [ ] — greatest integer function

(1)

Domain. Since, f{x) is defined for all those real values of x, for which
O<(x2+3x+2)<1
Case . When, 22+ 3x+2>0

- x2 4+3x+1<0

= xm

-b:l:Jbz-Hinc‘

2a
_—3%,8)? -4
- 2(D)
-3+5
2

= x+1)(x+2)>0
= Either (x+1)>0 and (x+2)>0
or (x+1)<0 and (x+2)<0
Eitherx+1>0 and x+2>0
— x>-1 and x>-2
=% x>-1.
or * x+1<0 and x+2<0
= x<-1 and x<-2
= x<—2.
‘- = :E(—“,HE}U{-I,ML
CaselI. Whenx?+ 3x+ 251
o= x2+3x+1<0
R ‘e ~-3-J5 -3+5
2 ' 2
From case (I) and case (II), we have
xe _E_JE,-3+J§ andxe (—o, —2) U (-1, )
! 2 2
= . ~3+45
= ol = - 24’_‘_ ]U[—L 2\"'_]
-3-46 -3+45
G
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x2  ifx<0
(i) We have, flx) = {x if0sx<1}.
1. e
4

Domain. Since, the given function f{x) is defined for all real values of x
D{f) = R. i.e., the set of all reals.
nge Whenx<0; .. fix)=x?

=h .1:2}0

—s fix) € (0, o0).

When 0<x51;fix)=x

= 0<x<1

= ﬂI]‘EIu,].]

Whenx>1; ﬂx}-i

= ' l-r:l and }1:-{]
x x

BN fix) e (0, 1).

R(f) = (0, %) U [0, 1] W (0, 1) = [0, o).
E:ampla 17. Find the domain and range of the following functions :

() sin”! (| x- 2| - (if) sin? (x°) + cos® (%)

(2if) cos™ [x] _ (ivY[cos 2].

Solution. (i) Let y=flx)=sin"'(|x-2|-2) (1)

Domain. As we know that, the domain of sin-1 x is - 1, 1].

fix) is defined only if,
-1 |x-2|-221 = 1s5|x-2| <3 [Adding 2 throughout]

- as|x|sb ]
if and if,

= -3sx-1s-1lor 15x-153 _5,;:2_“
or asxsb |

=3 -25xs0 or 25x<4
; xe[-2,0]uvi2 4]
D(f) = -2, 0] v [2, 4].
Range. The value of inverse sine function lies between :25 and E, both inclusive
We have, -1€|x-1|-251
= sin"!(-1)<sinl(|x-1| -2)<ssin! (1)
= sin"l(-1)<sfAx)ssint1l

ro=[F3)
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L.e.,

and

(ii) Let y = flx) = 8in? (x%) + cos? (x?) (1)
Domain. Since, we know that, sin® (x®) + cos® (x3) = 1 for all real values of x.
D(f) = R.
Range. For every real value of x, the given function fix) has a constant value i.e., 1.
7 R{f) = {1}.
(iii) Let y = flx) = cos™! [x]. (1)

Domain. We know that, the function cos™! x is defined only when -1<x < 1.
Df)={x:-1<[x]<1)
={x:[x]=-1 or 0 or 1)

when-1<x<0 = [x]=-1

when 0<x<l1 = [x]=0

when 1<x<2 = [x]=1

D(f) = [-1, 2).

Range. The value of inverse cosine function lies between 0 and =«, both inclusive.

Also, cosl(-1)=m

cos™} {DII:% and cos1(1)=0

R(f) = Jlﬂ' -"'25 ::}.
(fv) Let y = flx) = [cos x] el 1)

Domain. As cos x is defined for all real values of x.
flx) = [cos x] is also defined for all real values of x.

. D(f) = R.
Range. We know that, range of cos x is [- 1, 1]
-1<cosx<1 :
when-1<cosx<0 = [cosx]=-=1

when 0<cosx<1 = [cosx]=0 and cosx=1
= [cosx]=1

R = (-1, 0, 1).

Example 18.Ify = f(x) = - - 5» show that fy) = .

Solution. It is given that, y = flx) = 2% -3 wel1)
5x-2

== ybhx-2)=2x-3

= Sxy—-2y=2x-3

= Sxy-2x=2y-3

= x(5y-2)=2y-3

= x= il = fly).

ay-2
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. Examplel19. ) Iff:R - Rand g : R — R be functions defined by fix) = x* + 1 and
g(x) = sin x, then find fog and gof.

@) Iffx) =22 + x- 1 and g(x) = (dx - 7), Then find :

f+g) (f-g), (fJ and (. g).

Solution. (i) We have,
flx)=x22+1 and glx)=sinx
Since, x220 VxeR
= x2+121 VzxeR
=t fix)21 ¥VxeR
: R(f) = [1, ).

M&u the range of function g{x) = gin x is
R(fi=[~-1,1] VxeR.
Clearly, R\ =[1,=)gD(g)
and Rg) =[-1, 1l c D{f).
g (x)=g (f(x)) =g (x? + 1) =8in (x? + 1)
and (fog)x=f(g (x))=f(sinx) =sin?x + 1
(ii) We have, fx)=x?+x~1 and glx)=4x-7
: F+8) ) =fx)+gx)=(x*+x-1)+ (4x-T)
=x?4+5x~-8
f-8) @) =flx)—ga) =2 +x-1)~(4x - T)
=x2-3x+6
[i) &) _ x? +x- lwhm xii
£ g’{x} 4dx =T 4
F.-Bx=fx) . glx)=(x* +x~ 1) (dx - 7)
=42+ da? —dx = Tx2—Tx + 7
=43~ 322 -11x 4+ 7.

EmplE 20. ﬁ}fff(x) =m:mgﬁtj = e%, ﬁﬂd ff"‘R}; (f_g): {f' gj and (i)

(i) If fix) = e* and g(x) = log, x, find fog and gof.
Solution. (i) We have,
| fx)=cosx and glx)=e*
(f + 8) (x) = fx) + glx) = cos x + &*
(f-g) (x) = fix) — g(x) = cos x — &
f.g)x)=flx) . glx)=cosx .e*=e*cos x

(f) _fx) _cosx _
g gx) &

* cos x
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and flx,) = 1’4 ~x,° forO0sx,x,52
fx,) = fix,)

Va-x)? = 4-x’

—,

= 4-x2=4-x

= x)? = xy?

= x,=tx, = x=x, [ =x, and x, are non-negative]
fix) is one-one.

f(x) is onto :

Y

ye [0,2]
fix)=y

Ji-22 =y = 4-x2=y?

2 =4 —y2
:=Jil-y=

0<x<2 [ 0<J4-y% <2]

b Ul

b

flx) is onto.

flx) is one-one and onto, so fx) is invertible and hence f-! exists.
Since, ! exists.
y = fix)
= x=f1(y)

We have, x = 1’4- 32
= - fliy)=Ja-y?
=5 f“'(x}=\’4-—:=

f'1{11|=1’4—::2 : 0<sx<2.

v 2x-1
(i) We have, fix) = <13
f(x) is one-one :
2z, - 1 2%y - 1
Lot Ry = %, +3 wd fxy)= x, +3
fix,) = fx,)
= 2x_1-1=2:,_-1

x+3 x3+3
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= (2¢, — 1) (x, + 3) = (2¢, - 1) (x, + 3) [cross-multiplication]
= 2x,x,+6x,-x,-3=2x,x,+6x,~x,-3
= 6x, +x, = 6x, + %,
- Tx, = Tx,
= ‘:1=J‘:ﬂ
flx) is one-one.
f(x) is onto :
Let flx) =y
2x -1
= x+3 -
=N (2x = 1) =v(x + 3)
=> 2t —xy=3y +1
=5 22-y)=3y+1
1+3
- n 1082
such that : Rx)=y
2{1+3y}_1
S '{1+3y]= 2-y _(2+6y)-2-y)
2-y y

[1+3 ]+3 (1+3y)+3(2-y)
2-y

_ 1y _ 1y
T 1+3y+6-3y 7

=Y

f is onto.

fix) is one-one and onto, 80 f{x) is invertible and hence f! exists.
Since f! exists.

Let y=flx} = x=f1(y)
Also, we have x= ¥y
2-y
Fl(y) = 1+3y
2-y
1+3x
fix) = 2-x

Now, the domain of fis the set of all rea]l numbers except - 3.
The range of f~}(x) is the set of all real numbers except — 3.
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Solution. The given function is

y=x2+3
= y-3=x
= x=%Jy-3

Clearly, the given function represents a parabola passes through (0, 3). i.e., curve does
not lie below y = 3.

Some points on this curve are :
% +1 + 2
¥ 4 T

Y'Y
The graph of the function is as shown in the figure.
Example 34. Draw the graph of y =% + 2x + 3.
Solution. The given function is
| y=x2+2x+3
=x24+42x+1-14+3 [Add and subtract 1)
=(x+12+2
Clearly, the graph of the given function will be a parabola.
Asy =(x + 1)? + 2, when x = — 1, then the value of (x +1)2is least i.e., 0.
= y=(-1+12+2
= =0+2=2
Vertexis (-1, 2)
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1.

4,

7.

10.
11.

y=2-2xforx2 % represents a straight line passes through the points (-%, 1) and (1, 0).

y=2xforx < % represents a straight line passes through the points [% 1) and (0, 0).

The graph of the given function is as shown in the figure.

EXERCISE FOR PRACTICE

Let f and g be real functions defined by
flx) = J1+ x and g(x) = J1- x. Then, find each of the following functions :

@) f+g )f-g () f. g (fv) E
Let f and g be real functions defined by flx) = ﬁ and g(x) = (x + 4)%. Then, find each of the
x

following functions :
B f+g @) f-g (iid) f. g (fv) i'
Find the domain of the following functions :
(i) | x-2 | (1i) ev+2 (¢i1) sin~! (3x - 1)

; +ginx 12 -] 4 i .
(iv) &* (v) E = (iv) x - [x].

1
Find the domain and range of 7 —oos 9= -
Find the domain and range of the following functions :
2 —

0 = i) 2= (iii) 2 cos x]

kD x-2 . 1
(v) = (v) x—2] (vi) ‘.Jx=+2r
(vif) 3sinx+4cosx + 1 (viii) E—%

-

If the mapf: R — R is given by flx) = log (1 + x) and the map g : R — R is given by g(x) = e*.
Find (gof) (x) and (fog) (x).

If fix) = .,f], — x and g(x) = log, x are two real functions, then describe functions fog and gof.
Iffix) = [x] and glx) = | = |.

Find () fog (x) (#) gof (x) (iii) gog (x).
1) = 2= : (x# 1, - 1), show that fof! is an identity fonction.
1 1
If fix) = ——, show that (fof) [_.] s
l1-x 2

Show that f{x) = tan®x + | x | is an even function.
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Thus, if we go on decreasing this value of x and take it nearer to 1, then the value of fix)
will come nearer to 2.

Asx—>1 = flx)>2

g . [x* -1
We can write it as ; Lim =3,

=1 x=1

2.4 LIMIT OF A FUNCTION

Le fix) be a function defined for allx in the nbd of ‘a’ except possibly at ‘a’. Then, [ is said
to be the limiting value of flx) as x tends toa. If the numerical difference between fix) and l can
be made as small as we please by taking x sufficiently close to ‘a’ but not equal to ‘a’.

We write this as ;
lim ﬂx}:f,

=%

Def. Let fbe a function defined in a nbd of a except possibly at a. Then, a real number!
is said to be a limit of f as x tends to a if for any € > 0, however small, there exists § > 0
(depending upon €) such that :

{fx) 1| <&, whenever0 < |x~a| <d.
ie., | -e<fix) <l +¢& wheneverx e (a -8, a)uia, a+d)

We write, lim flx) =L

r—=d

Remark. The limit of f at a, if exists, will continue to exist and be the same if we change the
value of f at a only.

2.4.1 Left hand limit of a function. Let fix) be a function of x.
If fix) approaches tol asx — a~, then ! is called the left hand limit of the function and we
write it as :

]im‘ ﬂx} =l

xX—a

2.4.2 Right hand limit of a function. Let fix) be a function of x if fix) approaches to !
as x — a*, then [ is called the right hand limit of the function and we write it as :

lim flz)=1.
X—=a

Remark. (i) h_r:l fix) exists if and only if
z a

lim flx)and lim_ fx)both exist and are equal i.e.,

P —%a- X—a
hm fix) exists iff lim flx)= Hm_ gfx).
X—a r—hig X —%a

(ii) f x > a- and x = a — k, then we have h = (a — x) and as x — a-, the difference e —x (= h) is
positive and is close to zero.
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x=2a =h->0" wherex=a-h.

(ii1) Ifx 5 a* andx =a + h, then we have h =x —a and asx — a*, the difference x —a(=h) is positive
and is close to zero.
x=a* = h—=0" wherex=a +h.

(iv) Left hand and right limits are required to be used when the function under consideration is
involving modulus function, bracket function and (or) is defined by more than one rule.

2.5 THEOREM
The limit of a function, if it exists, is unique i.e., if imfix)=10and lim flix)=1
Then, l=1".
Proof. Let us suppose that li-ﬂ flx) exists.
Let if possible, flx) tends to two different limits/ and I’ as x — a.
1
Let E=E|£~£’|:~l}
Now, lim f{:c] =]
=» For given € > 0, there exists a positive real number 8, (depending on ¢) such that :
| ix) -1 | <ewhenever0< |x-a | <§, (1)
Also, lim filx)=1'
-0
=» For given € > 0, there exists a positive real number &, (depending on &) such that :
| fix)=1I'| <e whenever0< |x-a| <3, (2)
LrEt E = min+ {El' 'Eg}
Then, [{-U]=]I-fx)+fx)-T|

[ |a+b|s|a|+]|b]]
<|I-flx) | + | Rx) =1 |

=|fx)-l|+|fx)-V| [ |-a]=]al]
[By using (1) and (2)]
1 .
<e+ewhenever0< |x—-a| <d [ E=§|I-I|]
= 2¢
=|1l-1]|
which is a contradiction.
Hence, [=l,

£.6 THEOREM : SANDWITCH THEOREM OR SQUEEZE PRINCIPLE

Statement. If fix) < h (x) < g(x) for some deleted neighbourhood of a and
lim flx) = lim g(x) =1, then lim hix) =1

r—a xX=ra I—+a

In other words, if a function can be sandwitched (or squeezed) between two other func-

tions, each of which approaches the same limit | as x — a, then the sandwitched (or squeezed)
function also approaches the same limit l as x — a.
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l“eij

Proof. Let lim fix)=1

r—=+a

= For given € > 0, there exists a positive real number &, (depending on &) such that :

|Ax)—1] <e for D<|x-a|<§, (1)
l-e<flx)<l+eforO0< |x-a| <8,
Also, Hﬂg{x1=
= For given £ > 0, there exists a positive real number §, (depending on &) such that :
|gx)-I| <efor0< |x~a| <3, ...{2)
[-e<glx)<l+eforl< |x~a| <§,
L'Et- E = l'l'lill- {511 52}-
Then, |Ax)-1l]| <e and |g(x)-!| <eforO<|x-a|<d
= l-e<fix)<l+e and I-e<glx)<l+eforO0<|x-a]| <d

Also, fix)shix)sglx)for0< |x—-a| <&
: l-e<fix)shix)sgix)<l+efor0< |x-a| <8

= l-e<h(x)<l+e forO<|x-a| <d
=5 | h(x) ~1 | <e for O< |x~a| <®
— lim h{x)=1

I—a

2.7 FUNDAMENTAL THEOREMS ON LIMITS

Here we list some of the fundamental results involving limits of functions. The proofs of

these are beyond the scope of this book.

(i) If fix) = k, a constant function, then lim fix) =k

X—o

(if) hm [® fix)] = k lim fix) where : k is a constant.

r=—a

(iif) hmlﬂ:c}+g(x}] = hm fix) + hmgi:c:l
{IU] lim [fix) -glx)] = llmﬂ.t]— lim g(x)

r—=pd X—4a
) Pﬂ Ax) . glx)] = y_ﬂ fix) . ﬂ g(x)
fo) I
(vi) Eﬂ 2= = him 20 , provided Pﬂ gx)=0

< =a

(vii) If Ax) < g(x) for all x, then : lim fix) < lim g{x)

(viii) lim {f}( » = lim f;] hm]}_{ﬂ,pruvided lim flx) # 0

=

(ix) lim [f(x)]" = [P-E f {x]]

X+
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And, lim flx) is the value to which fix) approaches, when x approaches to a.

o 1

Now, we have the following possibilities :
I. The limit exists but the value does not exist i.e., lim f(x) exists but fla) (the value of

L=

flx) at x = a) does not exist.

-4
eq., Let ﬂx}=[1_2]
Then, fx) is not defined at x = 2. i.e., {2) does not exist, because it attains the form %.
; 2 x° —4
B, lm sl (251
- ((x 2”1-1-2}) lm Gx+2) =4
=32 (J,' 2) z2-22

Thua. the limit exists but the value does not exist. -
IL The value exists but the limit does not exist. i.e., the value fla) exists, but lim fix)

does not exist.

eg., Let fix)=[x] Then, fAl)=[l]=
Now, Right Hand Limit :
111_3’111 fx) = 11m [1+A]= IIII:E 1=1
Left Hand Limit :
lﬂ_ﬂx}-hm (1-h]= hm 0=0
Clearly, :h-ﬁ** flx) = Iml flx)

So,lim fx) does not exist.

.'I.'-!-l

Thus, the value exists but the limit does not exist. :
IIl. The limit and the value both exist and are unequal i.e., h_l;u fix) and fla) both exist
but are unequal. e.g.,

{xﬂ—i ,x#2
Let flx) =

3 ,x=2
Right Hand Limit :

. . x?-4 . [(x=2)(x+2)
':hﬂ" ﬂ1)=:]1.]]21' [:-—2]==lﬂ*[ x—-2 ]

= lim(x+2)=lim (2+h+2)=
a2 k=0
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Left Hand Limit :

x? — 4
lim Ax)=lim =—g | = lim (x+ 2)

x—=»2" 2" -2

=,llﬂm‘h+2]=4

lim fix)= lim flx)=4.
=27

x—=2"
So, lin} flx) exists and is equal to 4.
X4
Also, the value f12) exists and is equal to 3.
Thus, Iin; flx) and fi2) both exist but are unequal.
i+

IV. The limit and the value both exist and are equali.e., }iju; fix) and fla) both exist and

are equal.
e.g., Let flx) = x2. Then, 1) =(1)2=1
Now, Right Hand Limit :

lim flx)= lim x*= lim (1 +h)*

x-41" z—= 1" h—0

=lim (L+h%2+2R)=1
=0
Left Hand Limit :
lim fx)= lim 12=H(1-h]2

x =] 1"

=lim(1+h%2-2Ah)=1
h—=0

lim fix) = im flx) =1
So, lim1 fix)=f1)=1.

Thus, the limit and the value both exist and are equal.

2.10 EVALUATION OF LIMITS

To evaluate lim f{x), where : a is a real number and flx) defined by a single rule.

X—rd

7 x ]

1. Find fla), if it is not indeterminate i.e., [g] or [—) or (oo — o) or (0 % =), then
lim flx) = fla)

T—a

t.e., the limit is obtained simply by putting x = a.
2. If fla) is indeterminate, then proceed as under :
Method 1. Method of Substitution :

(i) Putx =a + h ; where : h is very small.
Sothat, h - 0asx —a.
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(i¢) Simplify the numerator and denominator of the function and remove the common
factor and then put & = 0.

Method II. Method of Factorisation :

(i) Factorise the numerator and denominator.
(i7) Cancel the common factor (x — ¢) remembering that,x 9a = x#a¢ = x-a=z0
and then put x = a.

Remark. While evaluating lim M, if flx) and g(x) appear to be factorised easily, then the

x—+a glx
method of factorisation should be preferred over the method of substitution.

Method III. Method of Rationalisation :

In the functions which involves square roots, rationalisation of either numerator or
denominator should be used to simplify and then take the value at a.

Method IV. By using some standard result or standard limit.
Method V. Use of Binomial Expansion :

If degree of the expression is 4 or more than 4, then binomial expansion is used.

n n
ie., (a +h)= [ﬂ (1+ ﬁ)] = qh (1+ EJ
a a

o nh nin-DA* nn-1Dn-2) k'
a{1+a+ TR 31 a“+

3. When fix) is defined by more than one rule. (e.g., the absoclute value function, the
greatest integer function etc.) in the neighbourhood of a.

Then, find both left hand limit i.e., l_i+m_ flx) and right hand limit i.e.,, lim flx).

xX—d

If both exist and are equal, then their common value gives the value of lim f(x).

=0

Calculation of Left hand limit/Right hand limit
Left Hand Limit :

(i) Write lim flx).

=i

(i) Putx =a - h,where: h>0and h — 0. We get Pnﬁﬁﬂ_h}

(iii) The value of }E}: fla — h) is Left Hand Limit of flx) as x approaches to a.

Right Hand Limit :
(i) Write lim fix)

z—=a’

(ii) Putx =a + h, where : h >0and h — 0. We get .Ein::] fla + h)

(iii) The value of .!inin] fla + k) is Right hand limit of f{x) as x approaches to a.
- "y a
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2
CWZ #2103 +2V2 +42 + 1]

2 1
B 2&[;;3+2J§+ 2+1 VZIY3+2V2 +42+1]
[ J3+ 242 = JW2 + 12 =(JE+1}]

_ 1 . 1
_‘JE['\’{‘JE'FHE'FJE*'“ ‘JEI'\'!E*FI*‘JE'FH EE{JE"'I}

(iv) When x = /3, the given expression assumes the indeterminate form [g—]

. x*-9 ; -{12}2—':3}2
Iu?:‘? 2? +4J3x - 15 lm\?ﬁ :2+4J§:
-2 +3) . @2 -G +9)
- {::+5J'th ¥3) xm} {:+5f}tx-—ﬂ

(x-3)(x+/3)(x* +3) _ (x++3)(x% +3)

gl (x +5v3) (x - /3) h‘} (x +573)

_ B+ B2 +3] _ 2V3)(6) _ 1243 g
J3+5J3 63 ~ 6/3
Example 8. Evaluate the faﬂnwmg limits :

JET-JHI"

-7x2 + 15 -9
(i) hm (ii) lim
0 x—3 x‘-5x3+2?x 27
1 2{2_-; 3-Jo+x
li it ettt
(iii) tm pr S +2:] (iv) hm I
: x° -4
v) lim .
s B o
2 _ 2
Solution. () We have, li_t::a 'Jl_: - 2\( 142 (on rationalisation)
x x
e J1-x? -_J1+x J1-x2 + 1422
%0 2x* (J1 x? + 1+ 2%)

{Jl-.t 2 - (J1+:: 'y IETI ¢ 2y -Q+x?)
’H“ 2x% (|J1- : +y1+x?) =90 9 (th:

-2x2

-3 2x% (y1-2% +y1+22) Jl x +J1+1
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0
(ii) When x = 3, the given expression assumes the indeterminate form (E)

; x3-Tx* +15x-9 i (x-3)(x* -4x +3)
o 2t B +27x-27  oof (x-3) (23 -222 —6x+9)

- x? —~4x+3
=3 x% 22 ~Gx+9
- Tim (x-D(x-3) - lim :—1 . 23-1
=3 (x-3)(x* +x2-3) 2322 4+x-3 (8% +83-3
(iZi) When x = 2, the given expression assumes the indeterminate form ( e — o),

| 2(2x-3) . 1 2(2x-3)
P_ﬂ[: 2 3 _3_:2.,.21]_:1[_:,“2[:—2 x(x® - 3x+2)

_ 1 dx-6 | x(x-1-(4x - 6)
= P‘.ié[x-z‘x{:-mx-z}_ =P£“g[ x(x-D(x-2) ]
[:2—1—4x+ﬁ] . [ 2?2 -5x+6 ]

x(x-1D(x-2) =}1—IP£ | x(x-D(x-2)

i (x-2)(x-23) _ (x —3)
T st x(x-D -2 " 352 2(x-1)

2-3 -1

2(2-1 2

2
=,

= lim
r—2

0
(iv) When x = 4, the given expression assumes the indeterminate form (—J

0
lim 3-.,,f5+:|:

i 1- /5 [Rationalising the numerator and denominator]
X =¥ —_— — x

_ 3+..J'5+:: 1+..J'5 X 1
= lim 3-11'5
x4 +IH3+ 5+x] [1+;;5 x ;fﬁ :]

- i (3}2-[1f5+:¢}2 1+5-x
_.1:-14 3+35+I [HE_[JETI)E

9—-(b+x) 1+.JE I

3+.“||5+:r: 1-(5-x) |
; ‘{4-.-.:} 1+ 6-x |
ey 3+ 5+x (x-4)
o |2 E=90+53)
St | B+ BHx)(x-4)
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o =(1+46-x)
= B+ 5+
-(1+6-4) -@ -2 -1
@3+ 6+4) 3+3 6 3

0
(v) When x = 2, the given expression assumes the indeterminate form [—J

5
lim ____xi_:}_____ (on rationalisation)
392 J3x-2 - Jx+2

e lim X =4 x* -4 JB:: 2+J:4:+2
32 J‘.;T-JF J3x -~ 2+Jx+2
o T (x -4}(J31-2+.,,f:|:+ 2)

=2 ([8x-2)% - (Jx+2)°
him *-9(Bx-2+/x+2)

i (Bx-2)-(x+2)
moiiin (x-2)(x+2)(J3x -2+ Jx +2)

x—2 Oy — 4
- lim (x - 2}{x+2;:;!3:2) 2+ Jx+2)
_lim & +2 (322 +x+2)

x=2
- [2"'2”J3{2]-22+J2+2]
_ (4) {JIE + JI}E: {4}2[4} i

Example 9. Evaluate the following limits :

, 1 - z .z_[2__z2

G) lim | L4 & (i) lim ya¥ +2* - Ja® -2
x=2 | x -2 3_._-‘3 x=0 2

oo (4, 1) i 1 1

(u:}fﬂ k:n:z—-# 2-x, (iv) "“ —-I 1-x)

Solution. (i) When x = 2, the given expression assumes the indeterminate form (e — ).
g 1 6x ; 1 6x
ﬂ[x—2+ waﬂj_lﬂ(x—ﬂ _::3-3]

=1im[ . ] [.. (@®—b%) =(a-b)(a?+ab+b?)

=2 | x—-2 .1:3—2-3

3 1 6x
ol x-2 (x-2)(x2+2x+4)
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1
(v) Please try yourself. Ans, ;
v Yy [ 272
Example 13. Evaluate the following limits by using substitution method :
2
() lim (x- 12 +5 (i) lim X_—3%+2
x—1] =2 ,,1:2 —x-2
3 2
e x" +4x" +4x+ 3 A x—1
(s} :IE:{IS x®+2¢x-3 e} Elﬂ 242 _7x+ 5
J 2 2
g i ik wi) lim % ~*~8
x=1 ¥ +3x° —-3x-1 z-—+3 13__33:5'.{_;_3
_ x—3 x° - 32
N1 i g
(vii) bim g S5 e (mu)jﬂ =
Solution. (i) We have, lim (x-172+5
=1
Let x=1+h

h—=0asx—>1

lim [x—1}2+5=lim ((1+A)=1)*+5] = lim (A% +5) =5.
=

x-+1 h=0
2
(ii) We have, lim :2-3x+2
=2 x"—x-12
Let x=2+h, .. h—=0asx-—>2
2_38x+2 2 _
=2 x°—-x- h=0 (2+h)* ~-(2+h)-2

i 4+h*+4h-6-3h+2
= hmb 4+h +4h—-2-h-2

R2+h .. RE+1D
- I =l
= AT 3k A=bhh+3)

o (1) _(0+1)_1
“a5b | Bme3 ) l0+3) 3

e | 2
(iii) We have, lim = +:" ArhY
==  x"+2x-3

Let x=-3+h, . h>0asx—-3
Y +4x% +4x+3 = 3 4 4l 2 LAl
lim x +2x +dx + ” ]im{ 3+h)° +4 23+.F:;} +4(-3+h)+3
r—-3 x“+2x-~-3 h—=0 (-3+h)*+2(-3+h)-3

_kim (B —9h% +2Th-21)+ 4(A° —6h+9)-12+4h +3
A0 h*-6h+9-6+2h-3
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. h’-5h%+7h
-h-&ﬂ h2—4h
hh®* -Bh+T7) .. (R -5h+7) 0-0+7 -7
= lim = lim = » .
h=0 h(h-4) h=0 (h-4) 0-4 4
: : x-1
(iv) We have, lim ——5—
let x=1+h, .. h—0asx—>1
x=-1 . (1+h)-1
= lim
hm oxT —7x+5 ~ hab 20+ A2 —T(1+ )+ 5
=1im 2 h =lim—2h
b0 2(1+h2 +2h)~T—-Th+5 h-o 2h% 34
h 1 |

= m o oh-3) MM Gh-3) - ©0-3 3

3
(v) We have, lim = +8x" —6x+2
=1 x% 4+ 3x? -3x-1

let x=1+h, . h—=0asx—1
< lim 2 +32% -6x+2 _ i (1+A)° +301+h)? -6(1+h)+2
" xo1 2348352 —3x—1 A0 (1+AP+30+A)2-301+R)~-1
i (1438 +3h%+A%)+3(1+ k% +2h)-6-6h +2
=0 (14+8h+3h2 + ) +301+ A% +2R)-3-3h -1
s h® +6R% +3h i h(h% +6h+3)
T A0 h® +6h2 +6h A0 h(h®+6h+6)

L [P +6R+3) 0+6(0)+3 _3 _1
i 2 = —
-0 | K%+ 6h+6

" 0+6(0)+6 6 2°

2
(vi) We have, lim % —%*—6
23 3 _3x% +x-3

et x=3+hAh, .. h—0asx—3

(i x*-x-6 i (B3+h)2—(3+h)-6

x=3 x> -8x2+x-8  h-0 3+h)°-38+h)>2+@B+h)-3

o Y h® +94+6h~3-h-6
A0 RS 2740”2 +27h—8(9+ K2 +6R) +3+h - 3

. h? +5h T h{h+5)

" a0 A* +6h% + 10k k0 h (A% +6h+10)
L h+5 _ 0+5 _5 1

N W 6h+10 0+60)+10 10 2
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x—3
11 hm
(UII]‘ Weha‘ve, :_ﬂ m*m
Let x=3+h, .. h—>0asx-3.
e -3 K 3+h-3 _
"3 | Jx-2-Ja-x = ha0\J3+h-2-J4-(3+h)
. h
e il ——————
b0 f1eh-J1-h

o [ h NItR+1-R)
h0 |(JTrh-JI-R) (JIeh+yI-h)
e h(J1+h +J1-h)
b0 (J1+h) -(J1-h)*
_tim RGIR+1-R) L RGI+h+J1-h)

] (on rationalisation)

k=0  (1+h)-(1-h) h=+0 2h
oo Ji1+h +J1-h Y140 +J1-0
"~ k0 2 = 2
112
2 2

5 i &
-32 .,  x -(2)
. m il
(viii) We have, :hn_ﬂl 3-8 x-2 x° - (2)°

Let x=2+h, .. hl—}ﬂﬂﬂ:—}ﬂ

6 5 5 5
-9 G

x I (2+h)" -2

i =
o2 x5 29 h=0 (24 ) -2

= Lim [2°+°Ci@V R+ °Co(2)® h® +...... ¥A%]) - 2°
A>0 (93430 2%k +3C, .28 + h°) - 20

[By binomial expansion]

4
= lim 5(16h)+10(8R) +.....+ h® - |im h(80+80h +.....+ k%)
A=0 T 3(4R) + 3(2A2) + A° A=0  h(12+6h+A?)

80+80h+....+h* 80+0_ 80 20

S 12+6h+ hZ 1240 12 3
Example 14. Evaluate the following limits :
3 3 7 _
i) lim X2 (i) i E 1%
t—a < _ g =2 x-2
| 10
(iii) tim *_—1 (iv) lim *__—1024
z=l r-1 2 x=-2
' — 1024 10 _ 1024
() lim (vi) lim .

22 x*-16 x+2 % _39
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=Hlﬂg[1-h}

2 3 2 3
= lim —h--j-l-—h ] [ lﬂg[l—x}=-x—x——£- ......

h—0 21 31" 21 31
h? A3
= o= ] h g et T —
}.‘_,“},[ B ]'“-

RHL. lim log(l+x)=lim log(1+0+h)
x=0* h—0
= H log (1 + h)

x? %9
) [ lng(l+::]=[:-—a+§—!m...]]

lim log (1 +x)= lim log(1+x)=0
z=0*

z—=0"

Hence, ].'i.l]'.lln log (1 +x)=0.

(iéi) We have, lim ﬁ
X 3-h

1 —_— ]iIIl T A —_—
L.H.L. :lin;_ o s [B=hl [ 2<3-h<3]

- 3+h
SELN B e

[- 3<3+h<d]

= lim M:E-l.u:l‘

h=0* 3 3
lim iqelim B,

=3 [-'l‘-'] s-3* [x]

; x 1
Hence, lim — does not exist.
x-3 [x]

(iv) We have, hr.!.'l2 [x]
x5
L.H.L. J':li'.llal_ [x] = ﬁh-'lltnln‘ [2-h] [ 2-1<2+h<?2]
= lim [2-1]=(2-1)=1.
h=0*

RHL. lim [x] = lim [2 + A] [ 2<2+h<2+1]
£—=2° h-»0°*

= lim 2=2
h—0*
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RHL. lim — 1% < jim —T10+5]
r0° x242x Hh=0 (0+h)*+2(0+h)

= lim 71h] = lim L
T h=0 B2 4+9h k-0 h(h+2)
T 7 7
=};‘ﬂ h+2 - 042" 9°
. 7| x| 7|x|
lim # lim
20" x° +2x .r-l-r-ﬂ’ :2+2:|:
. Tlx .
Hence, lim 2| | does not exist.
=0 x*° +2x
1
(vi) We have,

In B AR A

S Yo
h—0 3B 0
Example 31. Evaluate the following limits :

i I N
(z) ii_?.?:-] m (it) ilﬂ (x = [x]).
Solution. () We have, lim 1
x—0 3+21|f1-
. 1 . 1
L.H.L. lim =1
£0" 3+2U% A0 349V0-R
1
e B ’ ﬁﬁh—}u, E"“}W
h—0 34 92 Vh = 2Vh . 97Vh g
.
~3+0 3
RH.L. L 1 -
o dds I___:'IE+ 3 2”1 - hl—rﬂl 3+2Uﬂ'+h
1 1 1
".}:l—r}rl:l}l q 4 2Vh 3+m_;...[]
, 1 1
lim

Z lim
0" 34+ 2V=

=0~ 3+21‘|‘"I

Hence, lim
=0 3 4+ 2”-"

does not exist.
(ii) We have, ;li.ﬂu - [x])

LH.L. lim (x-[x])=lim (3—-h-=[3-h])
r -3 h=0

- lim 3-h-2)=lim (1-h) =1,
h=0 h=0
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R.HL. lim {:—[:]}=&imu{3+h—[3+h]}

x—3

= lim (3+ h-8)= lim (h)=0.
A0 fpy
lim (x—[x])# lim (x-[x])

x—=3 xr—+3"

Hence, lim does not exist.
x—=3

Example 32. For what values of k does HHE fix) exists, where fix) iz defined as :
x—

(x-k)* -3 ,if x<0
fm‘{ x + 2k ,ifxaﬂ}'
Solution. We have,

_Jx-Rk* -3 ,ifx<0
ﬂ"}‘{ x+2k ,ifxzu]

LHL. lim fiz)= lim (z-#k)?-3

=0
= li 2
= lim ((0-h-k)*-3)

=(0-k)*-3=k?-3.
R.H.L. lim f[x] = lill"]l* (x + 2k)
-

x—=0"

=;;jn}:| (O+h+2k)=(0+ 2k) =2k.

Since, I_in‘l] flx) exists.
z—

lim fix)= lim fix)
x—=0 x=30"
k%-3=2k
k2—-2k-3=0

(k=3)(k+1)=0
k=3,-1.

b uil

2

I
Example 33. If fix)=y O , forx=E,

1

Find lim f(x), if exists.

3.
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Solution. We have,

r::+1 & fnr:l:}lﬁ
-
fixy=< 0 , fﬂr:=Er
1

2y , f —
1::1':1:---':21I

LHL. lim f(x)= lim (22)

X == ==

2 2

= lim E[E—ﬁ) = lim (1-2h)=(1-0)=1
h=0 |2 h=0

RHL. lim f(x)= 1in}‘(,+l]

1 1 2
=2 e
lim [2iped)clim qen)=140=1
IEIRE 2] h-0 B '
lin%_ flx)= lin:lr* flx)=1
I—!E I-!'E

Hence, li_m1 f(x) exists and is equal to 1.

X ==

ax+b forx>1
Frample I Letfint= {3@:— 2a +1 fﬂrx-r.:l}

Find a relation between a and b, so that, hm: flx) exists.
=

Solution. We have,

ax + b forx>1
Ax) =132 ~2a+1 forx<l

LHL. lim fix)= lim (3bx-2a + 1)

x-+1

= lim (3b(1 -h)-2a + 1)

h=0
= H (36 -3bh-2a +1)
=(3b-2a + 1).
RHL. lim Ax)= lim (ax +b)

=lim (a(1+h)+b) = lim (@ +ah +b)=a + b.
A=0 h-—0

Since, lim flx) exists.

x-+1
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(ii) Lettan"!x =0 = x=tan®
x—=0 = tan6—-0 = 6-20

-1 3
Jim (ta" I)=lim [—H i

Al bim | —2— =t |
50 8-0\tan@® ) e—o0| sin®
. cos O )

lim cos 6

| T cos B _[uau
~e-0| 8In0 _[_ sin 6 )

b
A

|
k| ot

1]

i

0 i

3.5 LIMITS OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

For the evaluation of exponential and logarithmic limits, the students are advised to
learn the following expansions :

nin-1 n{n—lﬂn—ﬂlﬂ_'_

E)(1l+x)"=1+nx+ o1 X ¥ 31

2 3 4 a

. " x %
| 1 =1 — e —
(i) log(l+x)=x g Tra e

X X X X
(2if) log(l —x)=—x— - - - — ik
B 2 3 4 5
2 3 4

2 X X .
(tv)e*=1+x+ 2,!+ 3\:+‘” R
2 3 4
g " x x°
(e*=1-x+ 3] 31+4!

2
(vi)a*=1+x(log, a) + % (log, a)* + ......

Sak. . ia 13 15
(vit) Bm:r=x—a+ﬁ -
2 4
(viti) cosx =1 - I—-+£-— —erees
21 4l

3

(ix]tan::x+f—+i:5+......
3 15

1 1

[I}E=l+i+ﬁ+§ s PP
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x? Bxt

(xf) secx =1 +F+T+

"
8

------

(xii) sinlx =x + 3 'I—E~ -1~ ?_
= ‘4’5 24

B | =
B |

3.6 THEOREM : PROVE THAT : lim f(- x)= lim f(x)
x =0 x— 0"

Proof. Let us consider that ; y = — x in the function fix)
Then,asx = 0* = y—0-

lim f(-x)= lim f(y)
x—=0" y—0

= li:%_ fix). [By changing the variable from y to x throughout]

x —_
3.7 THEOREM : PROVE THAT : () lim & = 1 (if) lim ot S

x—0 X
Proof. (i) We have,
x2 X3 > x2
P_ﬁe 'm(“?"i‘“ﬁ‘“ }[ e _1+i*+ﬁ+§+ ...... :I
=1+0=1
(ii) We have,
2 3
. — - 1+I+E+§+ ...... -1]
lim = |lim
z=0 x x—0 X
IE :3 e IE
[ +ET+EI~+ J 1{1+E+3_'+ ...... ]
=.=-H} x =_:-—H_'| x )
9
X X
Ia!]-.u[1+ﬁ+§+ }=1

N
3.8 THEOREM : PROVE THAT : ’I'hl% = =loga,a>0
—

X

Proof. Since, flx) = '8/

s a* = e [
= g% lega

m log n = log n™|
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We have,
- xln-gu_ . & .1‘.’2 Ia
}i_ﬂ.,a 1_51_1.“0[ 1] [ e =1+I+E+—§!-+. ..... il
(xloga)®  (xloga)’®
{1+{xlng a) + o1 r S O -1
=:: 0 x
3
l+xloga + = {Iug a) + 3l =_(loga)® +...... -1
= 1 3
=0 x
3
[x Iugu+—-{lug u]2+3—[lng a)y +...... }
= lim
x=0 x
s | log % o o)+ = Clog
= lim |loga 51 og a 3T oga)’ +......
= loga
Thus, ];iII'Ihﬂ ;1 = log a.

= = x -0

3.9 THEOREM : PROVE THAT : ()) lim [1+%]" = e (i lim (1+x)V* =

Proof. (i) As n — oo, n is positive and very large so that (ﬂ < 1 < 1) :
n

By Binomial theorem, we have
n
(1_'_1_) =1+n__1+n(n—11_ 1 +n(n—1)(n—2)_ 1,
n n 21 n? 3! n®

(n=-1) 1 (n=-Dn-2 1
21 +;+ 3l -3 P,

1 1 1 1 2
— ills=m sl Tl Tm=
1+1+2|[ n)+3![ n)[ n)+ .....

) cesans all approaches to zero.

=]1+1+

1
Now, when n — o, —,
n

We have,

lim [1+l) =1+ 1+i+— + oernn
n 2l

i —% oo
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3.12Z2 LIMITS AT INFINITY AND INFINITE LIMITS

Meaning of x — o :

If x is a variable. Then, the symbol x — < will be used to mean that x takes very large
values and we write this as x — + « or simply x — e,

Meaning of x - — == ;

If x is a variable. Then, the symbol x — — = will be used to mean that x takes negative .
values having a very large magnitude and we write this as x — — <=,

3.12.1 Infinite Limit of a Function. Let flx) be a function of x. If the value of flx) can
be made greater than any pre-assigned number by taking x close to a. Then, we say that the
function flx) becomes positively infinite as x approaches to a.

‘L.e. 11 = + oo
Le., :Eﬂa flx) =+
e.g., Let fix) = m, x#0
Then, lim flx) =+ ==.
x—=0

Similarly, if the value of flx) can be made less than any pre-assigned number by taking
x close to a. Then, we say that the function fix) becomes negatively infinite as x approaches to
a.

i.e., lim flx)=—e
e.g., Let flx) = =X el
" III ¥
Then, ]im‘j flx) = - oo,

3.12.2 Working Rule for Finding lim f(x). Replace x by k. in the given function and
y

X e

take the limit asy — 0.
In case of a rational function, divide the numerator and the denominator by the highest

power of x, replace x by 2 and take the limit as y — 0.
y

SOME SOLVED EXAMPLES

Example 1. Evaluate the following limiis :

. 8in 2x ) sin 2x
- Ii_m - -
U S (1), fo =
- —
(i) tim, S5 (i) lim 22X

z—0 tan 3x =0 X
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Solution. (i) We have,
" sin 21 3 7 . (sin2x)
lim sin 2x - lim |2z X _2x-0\ 2x
5 B-I . . .'A:—H'.'l.,. E'I F.
]_imﬂﬂ_=]_
2(1 2 80 O
*31)°3 him %829 _ 4
| =0 O |
(i1} We have,
" Ei.l'lz.‘.l'-_ . sin 2x . s1n 2x
Pﬂ X _P—-IPD[ Dx '2]=2':11E1( 2.1:)
. sinB
= = » lim ——=1
2.=2. [ a=0 @ ]
(iit) We have,
_ " 8in 5x 51" -lim sin 5x ]
lim 5055 _ | B2 0| 5| % b
x=0tan3x :-o0| tan 3x 3x| 3| lim tan 3x
L 3 ] x50 3x
[ .. sin® ]
_5(1)=§ N
3.1/ 3~ gin;:} - e
LV .
(iv) We have,
$ sin x* in x?
lim 22%_ = 11111[ 5 -I] = lim [Em: }.limx
=0 x x—0 x =0 T x—+0
. 0
= 1(0) = 0. [ lim E"”"T=1]
Example 2. Evaluate the following limits :
e n 5 o 2
ft) fim Lt (it) lim ms, +:
x—0 2x t-01-8inx
mni
(iii) lim 90X Gv) lim —2
x=0 ] —cos 2x x=0 Jx

) lim 1 —cos m0 _
80 1—cosnd
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Solution. (1) We have,
. sin5x . |sinbx . (sin 5x 5)
e _Pﬂ{{h}*ﬁ'ﬁ]—x*“( 5x 2
5 sinbx) 5 . 8in®
=2[:}lﬂ 5x J=E"1 [ e =1}
.
-3
(i) We have,
cos? x . [1-sin®x
lim = lim : [~ cos? A +sin? A=1]
s=0]1-5inx x-0| l-sinx :
. {1-sinx)(1+sin x)
= lim -
x—=0 {I—E]I'II]
=liﬂ(1+sin:c}=li_lﬂjl+li_ﬂainx
=1+0=1,
(zii) We have,
-IE tan x |
lim X BN& = lim - [+ 1-—cos2A=2sin% A
x—=0 ].*'E'I:IEEI x=0 Eﬂinix
I :
L gtan:- . tan x
1 . * x 1 .!-ﬂ[ X J
=5 lim | —; =9 Y
2x-0fgin“x o| 2 . (sm:)
X e
i 1,'4;2 i x—=0 -
 fim 5521
=¥
=l[l] i 208
2\1 | e=0 B8 ]
_1
=3 -
(iv) We have,
tan > tan >
lim | —2 | = lim | —2 .1
x-»0| 3x x50 i-‘l'-'_ 2
A | 2 i
:"'l
=_1. 1 tanE =l[1] t'a'-;B:l
Gx=0 x 4] =0 @
2

[{]
=
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(i£) We have,

. 8sinx-sgin3x ., |3sinx-(3sinx-4sin®x)
lim 3 = lim =
z—=0 x =l x

[+ sin 3A =38 sin A — 4 sin® A]
« 3 . 3 :
o L A0 x {hm gin x] [ i Si0 0 1

x—=0 IH =0 x 8-+0 8 J

=4(1P=4,

(sin:: L 8in I],
= lim COS X 1

z -+ 0 3
! x 3

(ifi) We have,

lim

x =0

3

[tanxx—ainx)

x—+0 x® cos x

( sin x — sin x cos x tim sin x(1 - cos x)
x~0{  x%cosx

| sinx l-cosx 1
=0 x = x* cosx

E 1 + 1-cos2A =2s8in? A

. \ .2 A
e=0| x x COS x = 1-cos A=2sin® =

(iv) We have,

'sinﬂ::_l_sinﬂ:c'
Hmsinh+sin3:r o e x x

x=+0 2x+8indx =0 2+Elin31
] : -

[Dividing numerator and denominator by x]
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(sin2r _ sin3x
24+ .3
= lim —2—: - "E:
x=10 2+£1]13I.3
1 dx
. (s8in2x . [sin 3x
ﬂm[ 2x )*331.‘.‘%( 3x ]
2+31im(3ma:)
x -0 3x
2D +3(D _5 - lim 3RO
2+3() 5 ol
(v) We have,
i ] 180 degree = 1 radian
. - . =  §
umsm:" - B 180 [ e KX ad }
x=+0 x x=0 - 4 # :dEFEE:h '
180
.ain X I .
oy x " 180 180 fx»0 ®x
- 180° i 180°
E Tt . 8in®
_ % 1= : i ei———=
180 180° [ S 1]
Example 8. Evaluate the following limits :
@) lim ~29_ ) tim, ~=
8-+nf2 E—H‘ x-»n/2 COSX
5-°)
sy . €08 Ax — cos Bx . . I+cos2x
(iti) Eiﬂ P (iv) :Eﬁl (m— 2x)°
2
‘ sec” x -2
) :E":ii[mn:—-l}
Solution. (i) We have, lim s

Let >

s

B=£+h = h-—rﬂasﬂ-&E

2
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1r 3
mt[—+h
Jim 20 tim 2
— -
—=-0 —=| =+
2 [2 (2 hm]
. [—tanh s "
-hm J b E = == A
llim'-"—h‘ = lim ﬂﬂl
h-0 A& BEY :
= 1.

(i) Wehave, Km [2"'“}

s>\ COBX

Let :=%+h =8 h—:-ﬂas:—y%

v
S TR [ oy
e 2 .-H
. RK+2h-m . .
=,{1_1n?1'J v [ cos(90° + A) = — sin A]
\ 1 ” 1
"2;}1-% sin h aas sin h
B A0 R
1
--1(3)--2 [ i 5
e—=0 0
. Ax - cos Bx
(iif) We have, lim = 1m
=0 x
—[. [A+BJ ] . [(B—A] ]
2| sin 2 X|.9n 2 x
= lim o e =
=0 x
[ cuaﬂ—msﬂ=25incznain]};c:l
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_3Dp-2_1 E’ﬂ . =1
3-0(1) 3 h.mta.nﬂ=1
I_'El-il} E ]
(iti) We have, lim 1-tanx
x=r/d (x - n/4)
Let x=£+h =5 h—rﬂaa:—rE
4 4
n
. l1-tanx : l_m(z-!-h)
lim | ————|=lim
sonfd\ x—-n/4d h=0 [n 'n:)
— - —
4 4
"1_1+tanh“
: l-tan h i l+tan A
= lim po -
h—0 k [ tan(4 ﬁ) l—mnA]

\ J

[1-tanh~1-tank

h(1-tan h)

|

tan h

_ —~2tan A AO—
T k0 h{I-tanLti‘- 21!1—%[

(iv) We have,
im JE——J4+ma:u: = Lim

3sin® x

J5 - J:! :mﬂ 2 V5 +4+cosx [Rationalization]
Sain® x V5 + 4 +cosx

l-cosx

.3(1-—ma’ ::}[JE +M)

| (1-cos x)

L.'5{1—::u|:|=1.1|:)|[1+ur:«:-ﬁl:q:)(«J’E+«.i’«l+-.::me.:u:)

=0

5—(4 +cos x)

_auinﬂ x (V5 + 4 +c0s x)

r-

] [ sin® A+ cos? A=1]

|
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(iii) We have,
1 _
lim 1_; = lim e
s=1ginw{x—-1 #—iI_IEiI'I.TL'{I-]-]

= fim | =1 }

r—1| wxsinmix—1)
Let x=1+h = h-o0asx—1

lim xix-1 e n{l+h-1
1| wxsinn(x-1D| a-so|n(l+A)sinn(l+h-1

: rh ; 1 : nh
= lim = e
hﬂu[n(1+h}sinn:h) (P—Iﬂln(1+h}]'r!1ﬂ(sinnh)

il

llm[ 1 1
nh-0\1+A 'lim (ainnh)
nh

h—0
11 [_1_] . sin®
nl1+0)1 [ 00 B =1]

I
3=

r=1

{iv) We have, lim (1- x)tan {-EEE]

let x=1+h = h—=0asx—1

lim [I—x}tan(E]= lim (1~ (1+ h)) t.an(ﬂ{1+h}]
x—1 2 h—=0
=1im(—h]t.an[£+ﬂ)
h—0 2 2
= lim (—h}[—mtEJ [ tan(E+A)=—mtﬁ:|
h-0 2 2
- (E -
. 2 1
_Hhmt[—]—glﬂ m(ﬂ] (E)
L. 2 2 =
2 !
—-“- =
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Example 10. Evaluate the following limits :
@) lim 1-cos x \Jcos 2x i) lim Jo+cosx -2

=0 z” rsn (m—x)

3
ﬁ-ll) lim cot” x—Jd (iv) lim f'1+.’}’.—’3€ﬂt'-‘£+_}*)—xsecx
x -+ /6 cogec x — 2 320 y

cot 2x - cosec 2x

(v) lim
x =0 x
Solution. (i) We have,

s . 1-cos cos 2x 1+ cos x ,fcos 2x
lim 1 cnﬂ:_.Jl:us 2x T IE i J
£ 0 P =0 x 1+ cos x ,fcos 2x

[Rationalisation]

1- cos® xcﬂaﬂx

lim
x—0 g2 {1+cus::1,||' s 2x)

. 2 2 2
. 8in® x +cos8° x—co8° xcos 2x
lim

x=0 12{1+cmxm:l

lim sin® x +cos” x (1- cos 2x)
10  x? {1+cnﬂx,fcn52:l:}

. I ’
= lim 5P x + cos® x(2sin” x) fii

x40 x (1+cnsr1r‘c 2x)

T sin® x (1+ 2 cos? x)

= 11m

=0 x? (14 cos x Jtnaﬂ:}

: 2 lun{1+2ma x)
1

l;m {1+ms:,f 2x)

(1® [1+2(1) .y sin®
T +141] [ oo =]

8=0 B

[ sin?A+cos?A=1]

I

1 — cos 2A = 2 sin? A]

= lim

x=+0

X

!
b | co

(xz) We have,

hm.,,‘5+cua:: 1f5+cus.t A 1}'5+ cosx + 2 [Rationalisation]

x=n (K- x)° :r-n: {r - 1]2 .J5+::u-s.t+2

i S+cosx—-4
=I=-1*'={11.'ﬂ—:u:]'2 [1f5+cﬂs.1:+2

(1+ cos x)

- :-m::: x)2 (J5 +cos x +2)
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let x=n+h = h—os0asx-—on

Km (1+cosx) [l+cos(m+h)l

s=x (11— :}2[1,‘5+ms:+2} ""’“[ﬂ (ﬂ+h]]=[45+mu{u+h}+2]

[ cos (m+ A) = —cos Al

- lim {1-cos h)
h-0 h? [ [5-cosh +2]
h
EEIIIEE 1-cos2A =28in® A
h—rﬂhE[,,ﬁ-muﬁi-E] =:1—cnaA=2mn2%
sin? 2
=2;4n4h’ .
T.iJﬁ—mh+ﬂl
h 2
R e i 800 _
T 4ha0| R H[,,‘ cos h + 2] 00 @
2 -3
_}.{1}2 1 . W S
T2 J5-1+321 2 J‘ 2) 24) 8°
(22i) We have,
ct®*x-3 - (cosec?x-1-3

= lim
r—n/6 cosecx—2 zun/6 cosecx-—2

(=

xr—+x/6| cosecx~-2

.['.' cosec? A —cot? A =1]

1. (cosecx—2)(cosecx+2) T
_I—n:.l'E (cosec x — 2) —:_1;1.55

-cnaec(ﬁ]+2 2+2=4.

(iv) We have, Hﬁ{:+y}m{:+y}—:m:
¥ = Y

R xsec(x+y)+ysec(x+y)—x8ecx
y=0 ¥y

_ lim x[sec (x + y)~secx] + ysec{x+ y)
y—0 Yy
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[2'::05 [a. + %] sin (%)],[m ++Ja]

= lim =
h=0 h

h sm.E
=21 —|. K .,”r'
mcﬂﬂ{a+2) ‘&ﬂg[_) ’}1_13::: u+h+J_)
2

=2cuﬂu.%.{1}.iﬁ+ﬁ} [ i I!'mﬂ=l]

00 @
=cosa x (2Ja) = 2Ja cos a.

s 3
(ii) We have, lim 1-sin" x _
x-S w2 1:{;32 T

Let x=(§+h) = h—lﬂﬂﬂ:ﬁ%

_sin?[®
1-gin®x .. 1-sn [2+h]
x -~ nld 2 }lﬂ 7

co8 X mﬂ[—i‘h]

— 1-cos h= i 1-cos? h
’H*"-'li-am.h.}2 h>0 ginZ K

- i (1-cos h)(1+cos h+cos® h)
h=0 (1- cos® h)

[ (@® -b¥)=(a-b)(a® +ab+b?)
sin A+cos? A=1

. (1-cos i) (1+cos h +cos? h)
Y (1-cos h)(1+ cos /i)

= Lim (14 cos h + cos® h) llm [1+ cos h + cos® k]

h—0 (1+cos h) = lun {1+ cos k)

h-=0

_1+1+(D°
o 1+1

:E
9
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or limﬁ x sin 1% =0 x (A finite quantity between — 1 and 1)
X = x

=0, [ sin 1 lies between — 1and 1]
x

(ii) We have,

Co8 x

lim cosx —cot x . gin x
=0 x

., CO8Xx8in x-—Cosx . cosx(sinx-1
= lim - = lim :
x=»0 X 8ln x x—0 XBIln x

., co8x(l-ginx)

20 x sin x

= Jiy S08x(1-sinx) (1+sin x)

: - [Rationalisation]
£=0 x8in x (1+sin x)

. cosx(l-sgin® x)
=— lim — ,
-0 x8in x (1+8in x)

cos x . cos® x [

1m .
*xr=0 9 81N X
X
X

— ]

sin? A + cos? A = 1]

(1+ sin x)

3
. cos X
=-— lim

" [Ei::](1+ain x)

- cos® x 1
x40 2% (1+sinx) [sinx]
X

(=1 (1) ___ .y BINO
_(ﬂ J(J ; [ '!J.ﬂ o —1]
(iti) We have,

- efn T _ 1 - lim [E:i:u: —1]‘(Bin.t)

=0 x x =0

=0

P |
sin —
* lim xsin —= lim % =1 is wrong.
x -0 x x -0 l

b 4

1
Because, As x — 0, ; —3 oo,
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=1x1=1.

(iv) We have, lim 2*~!.tan [i)

X —pe o*

Let 2. =t = t—=0asx— e

1* EII.II.-'G = 1
(v} We have, x -113:1.-'2 8in x

Let x=g+h = h—:-ﬂasx—:--;—

m£+ﬁ
lim [e“"’-—l]= : e [2 ) 1
x—» 2 8ln x h—=0 EIII(E'i'h)
i 2 d
e™h _ 1
= lim
h—-0 cosh
e—-1
=71 =Y
3 . (@+h)?sin(e+h)-a’sina
(ve) We have, &1_131{' v
- i @.*2h+ h)sin(a+h)-a’sina
k=0 h

. mnﬂ=1
g0 ©
¥ 3
O iat B
" =0 x

¥

-

[As x—0, sinx— 0]

[+ imcont=1]

g—0

a? [sin (@ + k) - sin a] +(2ah + k) sin (@ + h)

=1E]-IPn h
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o2 {Zm(ﬂ—}iﬂ)ﬁn[m]]+h{2:1+h}ain{u+h}

Y h
[ sinﬂ—ain]}=2cuaﬂ+nainc;n]
g hy . h ; |
2a” cos u+§ smE+h(2u+h}sm(u+h}
=P!I1—lﬂ,'l h
h
=aﬂumms[a+f-'i}1im 3 + lim (2a + h) sin (2 + h)
h=0 2) hso _E‘: h=0
2
=a?. cos a.1 + (2a) (sin a) = a* cos a + 2a sin a. .
Example 13. Evaluate the following limits :
2 . 2 ;
& cos” x ey e 25in° x+sinx—1
[
O O e Zein® x—3sinz+1
: : : 2,4
Gii) lim sin x - 2 sin 3x + sin 5x Gv) lim x“+1—-cosx
x—0 x x50 x tan x
2
(v) lim i—m&2f+tau x_
20 xsinx
2
Solution. (i) We have, lim ms- *
s—-x/2 1-gin x
Let :=-E+h =3 h—rﬂaﬂx—rg
-
. costx . % [2+h
lim e =31m
Fone Losinx ""1-ain[E+h]
2
ok 2 « 0
i SRS g B R [ sin? A + cos? A = 1]

h=-20 1=cos h .h;-lﬂ(ll—tﬂ&m

.. (1-cos?h)
m (1-cos h)
= lim (1-cos h)(1+cos h) = lim (1 + cos h)
A0 (1-cos h) k-0
=(1+1)=2.
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(ii) We have,

L _28in° x+sinx-1 _ i 28in’z+2sinx-sinx-1
r-x/6 28in® x-3sinx+1 £-+2/6 2gin® x—2sinx—-sinx +1

[Note this step]

T 2gin x(sinx+1D-1(sinx+ 1)
o6 28inx(sinx-1)-1(sinx -1

(2sinx-1D(sinx+1) . (sinx+1)
= lim

=x—»u5{25in:-1]{sin:-1} _:—rui’ﬂ(ﬂinl—]:l

. : i K 1 3
=#1]| j=+1] =
1='1‘1_1]'1111'1”{mn:n:+:l:l|“ nmﬁ L §+ =_2T= -
- - - £ n i —_—— a
Il_ltn:m{mnx D m'ﬁ_l E_l =
(iit) We have,
. 8in x — 28in 3x + sin 5x .
220 _ (Note this step
=Hmain:-sin3x-sin3:+ain5x
- z2-=0 _ X
oM (gin x - gin 3x) + (8in 5x — gin 3x)
20 ‘ x _
x+3x) . (x-3x Sx+3x) . (H6x—-3x
_ [ﬂnua[ = )sm( 2 )]+_2ma( 2 ]sm[ 3 )
= lim & J
x=0 b
[ ginC-sinD=2cos St & P;J]
_ 2 cos 2x 8in (- x) + 2 cos 4x sin x
_:.—H} : x
_ﬁﬂ-ﬂmﬂxmx:imixnm: [~ sin (- 8) = sin 6]
=um25in:{mﬂ4:—ma2x)
x—0 X
=2 Hm[m:).ﬁm{m&-'maix}
x=0 x x =0 :
. ” i ] : ﬂina_.
=2(1).(1~-1) : : [ n-mT_l]

=2(0)=10,
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. l_mah bt lﬁmu=23m2A
= hm 5 . gﬁ.
h-+0 tan” h = l-cosA=2sin° —
r"' k'
. .2k 1 . h cos® h
=1 28in* —. ——— | = in? — .
20 23— |« i [20in? 2. 22
: cos® h
' . ih"\ i’ hg h!
% sin E T Eh
—Em hﬁ - Ei'nr -{mﬂ )
. 4 /A y
2
“‘“% 1 o Y
=2lim|—=] lim -|——1 & 3
| 52| () et
2
=22. L@ ap [ bm “‘““-_—1]
4 60 8
1
IE,
(vi) We have,
cos3x+3cosx .. dcos?’ x-3cosx+3cosx .. dcos’x
x - u/2 [1; ]3 T xoans2 x Y Cxom2fg )
3 5% 5-%)
[+ cos3A=4cos?A—3cos A
T i
Let :r:=-§+h = h—}ﬂasx-—rz—
S| R
o _ 4 coa [2+hJ
x-sxf2 (g 3 k=0 T T 3
(2'1) [E'(E”‘)}
. (-sink)® —gin® A
= 4 5= 3
A0 (= h) A0 —}
3
=4 im [M} [ lim smﬂ=1]
h=0 620 O
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(vii) We have,
" mx+nx) . nx —mx
; COS MX — CO8 nX . Eﬂm( 9 Jsm[ 2'__]
lim 3 = hm
x=0 x x=0 IE
[ msﬂ-ﬁnsﬂ=25inc+nﬂinD;C]

sin(m+n]x ain(n_m):
= 2 fim 2 A 2

x—+0 x .' x
¢ 3\ ¢ _ "\
(™)) fan(5m)e),

=2 lim ' (m Ir").lilr.l:n (ﬂ m]

x=+0 (m+n]: x>0 (E.:ﬂ]:
L 2 s % 2 F

n“-m
2
Example 15. Evaluate the following limits :

@) lim 1 +cos mx ,fz-sm::—l

—
L

x=1 {I—:}z (&) :Eﬁz x 2
5-+)
vesn 4. 14+ SIRX—COSX . . tolx-cosx
l
) :fl-iﬂﬂ x {w].:—lsT}‘E f1'|;-2;|;)3
1+ cos nx

Solution. () We have, lim 5
x-1 (1-x)

let -2=1+h = h—=20asx—-1

K 1+ cos =x . l+cosm(l+h)
m T = lim 5
=1 (1-x) h=0 [1-(1+h)]

lim 1+ cos(x+ nh) - g l—mp:r:h

b0 (- b)® hs0  p2
. g wh 2 ®h
2sin® — sin® — (.2
s RS o e '[4]
4

[ 1-cos2A=2s8in’A = 1—cma=2si.n=i;‘t]
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zh \2 .
] sm—g [ ; sinﬂ_]
=2'[T]'H h ¢ e
-
n® x>
(ii) We have,
; 2-sinx -1 2-ginx-1 (J2-sinx+1) : o
x]-lﬂm n 2 T aoan n JE (J2-8inx+1) [Bationalieation]
[E"‘] 2"
. (2-8inx)-1
=.|:-|r 2
m(l;-—:] (JZ-sinx +1)
- i,
=
(g—:) {J2—m’n:+1}
Let::E-rh = h—}ﬂﬂﬂ:—rE
2 2
e
i (1-sin x) 3 : l_m(i+h]
x-erﬂ 2 e 2
(E—:] (J2-sinz +1) [E—E—h) [Jﬂ—ain(f-+h]+l]
2 2 2 2
_ l-cosh
T k=0 p2 (J2-cosh + 1)
[ 1-cos2A =2sin’A = 1-mA=2:in=-{‘i]
. 2
2sin? 2 sin2 2
= lim — 2 _ 2 im 2
h=0 h* (J2 - h 3 2
; SMiA-£D ’ “4[%]i{\!'2—mh+ﬂ
B2
Bln—..
=£]im ‘z - 1
4h0| h lim (J2-cosh +1)
p) hA—0D
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et

£ [l—cus%][l+cﬂa g][1+cua h)

1 5 1 1 1 1
= 2 a0 h “2\a+Da+D) " &
(l+msEJ{1+cus h)

Example 17. Evaluate the following limits :

w M cot X o s, I+sec® x
(£) Iﬁﬁﬁ[:—g] (if) fl_r.?i oo

3
g lan” x—-tan x
(iii) lim

x = rid n
Ccos I'l'E

Solution. (i) We have, lim eolx

= mi2 (I—E]
2

Let x:[ih‘lJ = h—>0asx— —

2 2

Iim ———— = = lim
"”‘"2[1_&] h—0 [E+h—E] =0 h

2 2 2

=_]im[M]=—1 [ lim tanﬂ#l:l
h—0 =0
(i1) We have,

3 - 2
lim 1+ sec® x _ lim £1+EEEIH1EEEEI+EEE x) sec? A — tan? A = 1]
I=n tanz:t; e (sec®* x—-1)

[a® + b% = (a + b) (a? - ab + b?)]

 lim (1+sec x)(1- sec x +sec? x)
Y (secx—1)(secx+1)
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g
. l-secx+sec”zx
him

= secx—1

—
—

[ seem=-1]

1-(-D+(-D? 1+1+1 -3
e Ty N B

i

(tii) We have,
3 - -

= rfd m
3 nld cns I‘l‘E * EGE(I'F—J
4 4

i tan x (tan x+ 1 (tan x - 1)

x — n/d cus[:c+E)
4

]

mmﬂu[m_ )

. COS X
= lim

x—nld n
COB [:l: + :l-]

- tan x (tan x + 1) (sin x — cos x)

¥ — n/4 ( TI':]
cos x cos| x + —
4
1 tan x (tan x + 1) (cos x — sin x)
= = 111}
= mid T
ms:ccns[x+—]
4
1 1 .
tanx (tanx + 1) ﬁcnsxhﬁsmx
= -2 lim
r—=wrid T
COSXCOS| x+ —
( ‘J
[Multiply and divided by /2
tan:(tanx+D(msﬁcna:—shl-rfsinx)
_ . 4 4
= -2 lim
x —»mid

4
EUEIEDE(I+ E]

e msE-sini—i-l
: 4 4 JiJ

[+ cos(A + B)=cos Acos B-sin A sin Bl
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tan::{tanx+1]cuﬂ[x+f-]

4
r—=an/4d m
COSXCOS| X+ —

=3 lip fBnx(tanx+l 5 DDOA+D

x-»nid 08 X 1

.

J2

= (-v2)(2V2) =-4.
Example 18. Evaluate the following limits :

. 2
. sin”" 3x . |11  4l1-x
] iy lim <+ —cos
@) Pﬂ? sin 4x {”);—m{x [I+x2J}
1o 2 T
(ii) bim L: e [I+x2 ]} (iv) bm (cos~! )°
lim 1-%
(U] x= I {cﬂs'J I}E :
Solution. (i) We have,
-sm'lﬂx 3 i
sin~! 8x ; 3x w
].im = l]-m &
r-0 gin4x x-0| Sindx
] 4: =
[sin-l 3:]
lim
2 x=0 ax
=4 l [sin-i-:)
r-—0 4x
) . ;
i P S0P Ly
3(1]_3 8—=0 2 a8
e i S Loy
| 80 8 i

2
(i) We have, lim [1 cos ! [1_ = H

0| x 1+ x2

Letx=tan® = 8—-0asx—0
. . 1 +f1-tan’e
lim lq:I::us.t'l ! IE = lim cos™’ 3
x—0| x 14 % 8—=0| tan 6 l1+tan“ 0

= lim[ : cos ! (cos EB}] [ cos 2A =
#—=0| tan @
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1 . tan@
=2 —]=2- [IPTI]

r
(1iz) We have, lim 1 sin™} 2%
x-0| x (1+x

[letx=tan® = B0—=0asx—=0

. L . o 2x 2 1 : 2tan 0
lim | = sin™? PO oy -1
=-rﬂ|::.: [1+:“]i|_n—m[ B'Em [1+tan“ﬂ}]

mE Ty , 2 tan A
_ e 7 it
‘&ﬂ_ma'm~(5mzﬁ}] [ E 1+tﬂn2ﬂ]
. [ 28 . 1
'mkme}zm[ma]
6
] - tMI.H—
=2(1)=2. [ gﬂ—ﬂ -1]
' . 1-
(iv) We have, lim _;E i [Rationalisation)]
:-al{mg I}
 lim (1-vx)  (A+x) g 1-x

x = = : —
s>1(cos? x)? " (1+(Jx) ~ =~ 1{cos”! 2)* (1+ V)
letx=cos8 = O6—0asx—1

1-x 1-cos@

lim = i
x-1(cos™? 2)% (14 +/x) nh—Tu [cos™ (cos 8)]% [1+ Jcos 6]
o 1-cos®
~ 82092 (1+ Jcos )
. g B
2 sin® —
) 2 1
B0 4 E’F 1+ ./cos®
" 4

[ 1-cos2A=2sin? A = l—maA=25inE%]
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smE
= Liim| 2 -
2e0-0| © 1+ Jcos @
2
=l[1]2_ 1 =1(1]=1 [ lim M:l]_
2 1+-Ji 212 4 é6=0 @
{v) We have, lim 1:: =
x=1 (cos™ x)
[etx=cos8 = 0-50asB8->1 [+ Whenever0<8<m, ~-1<x<1]
lim 1—1: ik . 1-cos@ o 1"'!:359
x=1 (cos™ x)° 90 [cos™  (cos0))® ©—0 6
= lim l—c:a - X i [Rationalisation]
a0 @ 1+cos®
_ 1-cos’® .. sin’@ 1
02002 (1+cos® ©—-0 82 "1+cos®
sin 0 1
= hm[—] . lim
a0\ 0O 6—=01+cosB
=(1)2, 1 =l‘ [ lim Emﬂ':l:l
(1+1) 2 a-+0 0
Example 19. Evaluate the following limits :
) JI+:|:~JI—:|: I-x
. Im o .
=) :i—-ﬂ sin! x @) flfli t-2sin! x
o Lim x — cos (sin™! x) . lim sin! x+tan x
(220) x =12 ] —tan (sin™! x) ) =0 Tx-5sin! x
w) lim xf1-J1-x2)
v :
*=3D JI— x? (sin”! x)?
Solution. (i) We have,
lim J1+;?:—J1-: = lim L ' X M [Raticnalisation]
z-+0 sin"! x z-+0 sin”! x J1+x +J1-x
km (1+x)-(1-x)
T xa0sin T (14 x +J1-x)
2x |

i i e
x=0gin x (f1+=x +;F1-.ﬂ
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' 1 =1 - 4 =]
= — 1 tan -tan™" (x)
x—+0 xﬂ- [ il—Iﬂ] ]
y (o 5
=-x
.1 a| ¥1-x [ tan* x ~ tan ™ =tan_1[1-y]j|
= —= | tan Y
X0 39 x2 1+ xy
1+ o
! \ 7]
- xy1-x ; 1-y1-x2
_lim—lj—tan'lxxlx =hm-13-tan-lx{ 2
0 x J].—IE + x? x=0 x (x® +4J1-2x%)
tan-1| XA- 1-x2)
" lim 1 I=+\'11—12 x(1-J1-x*)
=200 (x1-1-x?)] G +y1-2?)
;,'4:=+\'1'--.':|:E
poan-1 | 2= 1-x?)
koo % +y1- 2 (1-y1-22) 1
0 y1-J1-2?) 2 @ a1-x?)
:\:“+~J1*—:.v¢::'t
e [:{1- 1-:3]
: 22 +yf1-22 || Q-J1-22) 14+ J1-22) 1
= lim 2
x =0 #1-1-2x%) x? 1+ 41-2%) x2+,j1-x2
(£ +J1-%2)
[Rationalisation)
! | x(1- 1—xﬂl]q
tan™! =
‘ [ x* +41-x* . 1-(1-2x%) ) 1
= lim dim | ————————| lim
xr—=0 x{l— 1_:21 x—0 IE(1+ 1_:.:2} =0 IE+ rll_xﬁ
::r:2+1.,i1-~:!|:2
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; i 1. . tanle _I
=(1). lim - . lim [ =1
£20 43 (14 J1-22) =20 (22 4+ J1-2?) =0 0 J
=. (1) (1)L
1+1)10+1) 2
(£i) We have,
-smlﬂx i sin! 3x
y sin~! 3x lim | 32 -3 Er—rﬂ 3x
>0 tan7x sx-0| tanTx 7e |7 i (12072
i Tx ; x=s0\ Tx
. i .
. S1n "B
_3w_3 L
7 7 limtanﬂﬂcl
a0 8 .
(iii) We have,
lim x[tan'lx+1 ﬂ] [ ta.nE=1
X —poo x+4 4 4 _
=lim:r[ I[JHI) "‘{1)] [ tan"! x - tan™! y = tan™! ":'-")
T x+4 1+ xy
(2+1 )
4_1 +1-x-4
T ([ i T— [* )
x e 14X+ xoe t+4+x+1
. x+4

. =3 | [
L 2x+5
3 -3 -3
=(1). lim =[ ] -
X =% o= 2+_5_ 2+0 2
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i =] 2
o) Wehave: Mm 32 _BE8l-x )
=0 x

letx=s5mmbh = B—-0asx—0

sin™! (2x J1-x2) = mﬂin_l{zﬂinEJl—EiﬂE B)

lim 11 _ [+ s8in?A + cos? A =1]
x=0 x 80 sin 6
= gin ! mﬂinﬂJﬂuEE 8)
T 80 sin 0
_ lim sin~! (2sin 0 cos 0) i R e R
= lim o [+ =sin = 2 5in A cos A
1
. sin .{sm 20) T (_ﬂiﬂ_]
B—0 sin 6 8-+0| 8In O
=21im(—_-—-]=2(1] [ lim E“’”H*=1]
a0\ 8in 60 @

Aopyi
(v) We have, i@lﬂ%

letx=co89 = 0-—-0asx—1

. cos”!(4x® -3x) . cos”! (4 cos® 8 -3 cosB)
lim = 1

e e i 1m
x =1 [1-x B0 Jl—cnsﬂ

[ cos3A=4cos?A-3cosA]

-1
_umw [ l-cos2A=2sin’ A = l—cnsﬁzzgingg]

00 [1-cos8

E.(Z}
T80 BEEE =i2}1-ﬁ‘2_.—-ﬂu
2sin 3 sin 7
9
2
=3.J2.

3.13 EVALUATION OF EXPONENTIAL AND LOGARITHMIC LIMITS

The following examples are based on the evaluation of limits involving exponential and
logarithmic functions :
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(it) We have,

12
lin}](1+ 2x)V* _ Ii]]%'[(1+ 2x)2=

1P 1
=[lim (14 2x)2= v lim (14 x)* =e]
=0 x—D
:EE, )
(ii) We have,
ﬁmltam —az-b +1]=ﬁm[(a b —aa—b +1}]
z-+0 x x—0 x
_ lim a*(b —1};1(15 -1 K (a* = 1D{b* -1)
.1.'-+D_ x =0 ;'.v;2
(a* -1 |
= lim|Z ]_Hm[ ]
::—ul]k x =0 x
- . a*-=1
= (log a) (log b). [ lim = log u]
=30} x
. 10F -2 -5 +1
(iv) We have, 11{% 7
- x
Please try yourself.
[Hint. See part (iii) of the same example.] [Ans. (log 2) (log 5)]
. x-2
lim
(v) We have, AT, T
Letx=2+h = h—0asx—2
T et N o | S TR,
z=2|log, (x-1)| h-olog, [2+h-1] h-olog,(h+1)
: h
= lim
h—-0log, (1+h).log, e
= . . = ] . =1
B lngﬂe'ﬁm(lug[1+h}) a0 Ral o
h—0 h
(vi) We have, }1_13}_ [x(4V* - 1)
1
Leth=— = h—-0as x—30

X
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. Ux . l A
lim [x (4 —H]:P_:e}]h{-l 1)

A *
=ﬁm("' '1] [ lim 2 1=lnga]

h—0 h =0 X
= log 4.
Example 27. Evaluate the following limits :
g S G .. lim log(a+x)-loga
@ :{Ttli 8in 3x (#2) 20 x
1
= o g (e*-1)
. x-1 v
(iif) i:_r.r} (x) (iv) xl'f; Yo
. log(l+x) 1 log (1+ 3x)
i I HE N AXS
L W) e 3 1
e X(e** =€)
) I e
Solution. (i) We have,
= _gr . (2% -14+1-8°
lin.rJ Eﬂin Bi = h—lﬂ: g [Add and subtract 1 to the numerator]
X —+ x k

[ 3xr _ _{ax _ 3.1:_ x _
lim|@*-D-@ 1}] hm[l:z ) @ 1}]

x-0| sin 3x x—0| Bin 3x gin 3x
3z ( ax
] 2% -1 3x 3* -1 3x
= lim ; - lim :
20| 3x sin 3:] x=0{ 3x sin 3:]

=l et b ()

"'“k 3x ':—H'.l' mnﬂ:r.J 30 X +-0| gin 3x
. limﬂ _1=loga
log 2)(1) - = (log 3) (D e
(g 2X2) -5 foe lim 222 -
e—=0 @ i
1
=1ﬂg2—§108'3.
(i) We have,
a+x x
lug[ — ] Iug(l-l-r]
. !g_g{n+x}—lu§u=lim a _lim a
x—0 x z—=0 _ x X 2—=0 a
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= — lim
 x—=0 E
- ﬂ =
- l:=r=11=l [ lim log (1+x) =1]
a a x—0 x

I

(iti) We have, li:r%l (x)*~1

letx=14+h = h 50asx—1

1 1 Y
lim (x) *~% = lim (1+ ) *41 = lim (1+ )* =e. [ lim (1+I}”‘=e:|

L | z=+0
(iv) We have,
 x(e® =1 e* 1  x2 v l-cos2A=2sin? A
P—I-IE l-cosx =:“_ﬁ x X => 1-—EDEﬂ=EBin2£
EEinEE 2
¢ P,
x
T 4, —
=1im[e 1].llim 4
=30 x 2 x=0 gin? X
\ 2
2 I x |
4 x lil'.%e 1=1
e il 1 2 T
o im o Hing BB, =
Sl | e—0 @ i
=1x2x(1%=2.
(v) We have,
lim log 1+ 3) = lim 1 [log (1+ x)]
x =10 X x-+0 x
= lim log (14 x)V* - mlog n=log n™)
= lng[lim {1+x]”’:| [ lim [log f{x)] = log [Hm f(:c}]
=0 x—4a T—a |
e 1 Vx _ !
=]ngg [ ll._];nn(l+1} I—E-

= 1.
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(vi) We have,

=30

. log (1+ 3x)

3* -1

(vii) We have,

lim
x—0)

2+x

x (e

l-cosx

log (1+3x) 3x

3

= lim
r—-arDI: 3 - ]}
” H!‘I‘.'I.] log (1+ 3x) | 3

lim [3 = 1)
=3l X

AR lug3=lng3'

—e?) _ Lim x(e?.e* —e?)

EE

2
= 2e2,

% 1% 4 % (1)2

Example 28. Evaluate the following limits :

(i) 51_.??;

(i) im (1+5x
x—=0

(v) lim
=]

Iﬂg,j (1+7x)

X

)I.I"Ej:

:in_t_I

SIn X

(iv)y lim

=1

(i) lim 2——=

x-+] SN Mx

=0 1-cosx
e e -1
=l|.m e 4
x40 94in
: 2 _ 2 2
=% lim|& 1 = =2 lim
2 x=0 . g X 2 x=0
sin® —
2
2
P
=%x1x4lim ﬂi
sin —
2

g owE )

r—nlf2
e (I

v

e

2

]

L. . 1ﬂg(1+x}=1'
l =0 x
x —
lim = 1=lugu
x—0 x ]

-+ 1-cos2A=2sin A

= 1-cos A =2sin? %
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Solution. (i) We have,

. logg (1+7x) .. log, (1+7x) log, a

=1 £ g = =t

:hﬂ:- x ey (log, 3) x [ s log, b}
s (lngIE (1+ 'T.r}]. 7

x50 Tx log, 3
il st [ - I“E{”"}ﬂ}
].DEE:'] x-+0 X
= Tlog;e.
. oa¥l-1
(ii) We have, lim — ,a>0
2=l SIN A X
letx =1+h = h-os0asx—>1
. u.‘l‘-—l o 1 ] ﬂ{1+h-1} - 1
w ]
!I—Tl sin T hﬂ sinm(l+h)
_ lim a* -1 - lim | 251
T hoso|sin(m+mh) | kool —-sinmh
=—-—11ﬂ'.|. ﬂh—l h
h—=0 f.l. sinrch
o tim | Y g 2T
_-h—rﬂ h 'ﬁ—*ﬂ'ﬂ sin nh
lim _1=lugu
= - = (log @). (1) " sin®
= “{nga]-{ lim $08 _ 4
e—+0 O i
1

= -Eluga.

(iit) We have,

— ey
lljﬂI (L+52)""" = lim (1+ 5x) \5¥A2
I x—0

= lim [(14 5x)V5*]%2 = (¢)52 [ lim (1+x)"* =E]
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2““1’_1
(iv) We have, lm
:-‘MEI(I—E]
2
Letx=E+h =5 h—rﬂ&sxqz
2 2
2“5‘“1'_]_ z—maj+hjﬁl
hmrz P =1in::] n (1t n
= —
R —+hll=+h-—=
”‘[“’ 2) [ﬂ )kz 2]
1 geah _ 4 2%inh _ 1 sinh 1
B e
h(*“ h) — s1n /3 (g'i'h)

lim
h—=0
B | £.22 1 '
o y .1 % ﬁ [where ¥ = sin x]
2
P ;
lim =loga
1 *=0  x
=lug2:~:1:-:[E] liIl]ElnIH:l
2 . e=0 O I
- 4 log 2,
4
(v) We have,
tim [ S =1 _ gy [ @71 ;
x-0{ sinx ) y=0{ [where y = sin x|
. oa* -1
= log a. y !1_1.1?1 - -]ugu]
Example 29. Evaluate the following limits :
' 4* —~ ] Eﬂ_t _Eh.t
iy lim iy Ui ,azbh
@ x=0 JI+x -1 (&) bt sin ax — sin bx “
Ji 2% .1 tanx _ 1
oce Qoo RS ———
(iif) tm Mo —1 (iv) El_?_i':} Fe
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|: logm - logn=log [E]]
n

lng[1+g] 1 lng(1+;]
= ) = = 1+
o Y, T o [_)
e | e ]
2111 [ Bid 1“5‘1”’:1]
I e x-30 x
(iv) We have,
lm gt — ptnx lim Er-uinxd- sinzg _ EliIII s
0| x—=8InXxX | x-0 X-8Iinx [Nnte . BtEp]
E{x—sinx} El.i.l]..'l: _Eﬂ'm: Ea:i.n:: [Ex—si.nx _ 1}
= li : = h
;l—lﬂ} x —8in x xl—lﬂ‘l (x —sinx)
_ x-sinx _
- lim e*®* . lim (‘E + 1)
x=0 *=0] x-8Inx
. e -1
=el, ;ﬂ y (where y = (x — sin x)]
=1H’1 [.' lime_].:]
=0 X
=],
{r) We have,
log [5 (1+ fﬂ-lug [5[1- f]]
lim log (5 + x) - log (5 — x) _ lim -t 5/] L 5/]
x—0 x x—+0 x

[ log (m.n)=log m + log n)

[lug (5)+ log [ 1+ %H - [lng (5)+ log {1- %)]

= lim
x =+ 0 x
log 5 + log - log 5 - log
. 5 5
= hm
x = I

x x
| lug[1+ g)—lﬂg[l—gj
= lim

=40 X
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X
lﬂg[l—gj
lim =
=0 {___ 5]

§ x x
1 - 1ug(l+ E} .1 - lng[l-gJ
" B x-0 x/5 5 x—=0 (_ x
1 1
ey y | |
s (1) 5 (1)

_2
==.

Example 31. Evaluate the following limits :

J+x . 3 3
@) lim & —Sinx —e i) tim !ﬂgt’_l:x )
=0 x =0 Sth” x
1- 2x
(idd) lim —— S22 T V08 (iv) lim [i ~BEC +5)
x—=0 {ET’ =1 2 =20\ x X
. EMHI _E:

L8 v e

Solution. (i) We have,

lim e3** _ginx-é® lim e?. e —e® —sginx

x=0 x & x—0 X

=0 x x—0
= % lim [e - 1]_ lim (sm:]
x—=0 x x =0 x
=ed(1)-1
=g 1.
(ii) We have,
3 3 3
lim log (1+ x ]=]1'm }ig_(1+x}. x
=0 gin®x x—0 x° sin® x

3
. x
.lim | —
x—=0\81n x

)

_ fim [-23 (e* - H—Binx] _ lim [E3 (e* -1 _ Bin::]
X

lim —— 1
=0 ._1:
T sin 6
a=0 B
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limﬁlﬂg{1+:] i
I =¥ x
=1x (1) . =sinB
lim =1
g0 B8 i
=1,
(tii) We have,
g 1- cos x yJcos 2x - lim 1- cos x ,/cos 2x [1+cuaxJ 2x) (Rationalisation]
x—=0 [E-'FI -1 =0 [E:i -1 [1+EDEI-JC'DE21
; 1 ; 1-cos® x.cos 2x
= hn]ll‘. N . ]]I[l
E e® =1 g x—=0 1+cusxm
. X
x
. 1 . [1-cos? x(1-2sin? x
= lim ; . lim 5
z—0 e* =1 0| x (1+C03.I“IEU‘EEI]
e
.+ 1-cos2A =2sinZ A |
= 1-2sin® A=cos2A |
=1_um{1-n:ﬂix+23'm2xcnﬂzx] li.mﬂxnl=l-
x=0  x% (1+cos x ,cos 2x) x—=0 x
i P sin® x +2sin® x cos® x T sinﬂx(1+2msﬂ I)
x=0| % l:1+u;,',|:|5.:|::.,|rJ s 2x) x—0 x? {1+MEIJ 2x)
[ sin? A + cos? A = 1]
2 P
_hm(ﬂmx) lim 1+2cos“ x
=0\ x x=0| 1+ cos x .Jcos 2x
2 (142) - lim 500 _
=01 [ e0 ©
_3
i
(iv) We have,
lim (1_1ng(1+:~:]]= Hm[:—lﬁg(l+ﬂ
x=0\ x _'.i:2 =0 IE :
. 3 4 5
x° x x
= i I-[I_ A ]
_:l—ﬁ Ii
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2[1 £ x* x* i{
x| -+ ===
2 3 4 b
= lim 5
x=+0 x
2 3
i1 8 2 =[1-a+n-u)
=0l 2 3 4 o
1
=5
(v) We have,
tanx _ _x E.‘I: Eta.n:-:l:_l
lim| 2 Z |=lim ( )
x-0| tanx —x x=+0 (tanx-x)
tanx-x _ £ _
=li111ur:",lin.1['3 1} [ lim £ 1=}
£-+0 0| tanx-x =0 X
i i | £
=e’, IO y [where ¥ = (tan x — x)]
=1x1l=1.
Example 32. Evaluate the following limits :
) lim EHDCE+3) i) im 2% +ax+b
e {x+2)(3x+4) xsex® + px+q
(ziz) ELHI_ I-2%
Solution. (i) We have,
lim (x+ 1(2x +3) - 2x% +5x +3
xam (x+203x+4)  x-oe| 3x*+10x+8
Dividing the numerator and denominator by 2, we get
2+E +-§f
lim ﬁ} IB ['; x%is the highest power oceurring in the fraction]
X—pes 3+'_"+"_§‘
X  x




204 DIFFERENTIAL CALCULUS MADE EASY

2

3 ; +
({£) We have, lim IE i
X —Fwm o +Fx+q

Dividing the numerator and denominator by x2, we get

a b
y ot (14040
xl—ﬁ 1+£+i. 1+0+0
x  x°

[+ x*is the highest power occurring in the fraction]

(tit) We have, lim 1
- (11— x)*

Since, X —b oo = (x —1) 5 =
=» (x=1F¥ =3 e = (1-xP >
1
= 1-2)° =0
lim - =0
v (1-x)°

Example 33. Evaluate the following limits :

= 2
Gy Lim 2x -1 i) lim Ix" +x+7
T = e I+2 I—*”IE—EI'FS
Git) lim T " +6x (iv) lim (2x - D (3x - )
) e P 47 o (2x +1)°° '

) | hm 2¢ -1
Solution. (i) We have, x+2

Dividing the numerator and denominator by x, we get

1
s
lim ; =(2_Fﬂ] =2
X = o i e L 1+0
x
[~ xis the highest power occurring in the fraction]
3x* +x+7

T lim
(i) We have, 1M 2P 90 iR

Dividing the numerator and denominator by x*, we get

3~+1+l
. P 3+0+0
et 12 5,J_ T
X X

[+ x?1is the highest power oceurring in the fraction]

-
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Example 34. Evaluate the following limits :

x*-x7+2 ox -6

() li (i) lim
: :1—?-1-'—3:"+::+? " ”"’;,i4x2+9
(3x — L){dx - 2) (2x = IMx+ 97)35 - x)
lim lim
e RG—1) W) o Y BT o ®
©) lim V35 —1-V22* -1
X =5 o dx+ 3
3
a X 2
1-
xB-x+2 x[ X :3]

Solution. (i) We have, lim = lim
:—1——3: +x+7 :-4—_3:4{1_ b o 7 )

3x* 3x*t
1 2
x* (1‘:5*";5)

= (= co) 1-0+0 _
e 3(1_1_7J' 1-0-0)
3x? 3xt

Bx -6

(1)) We have, lm ——
== Jax? 49

Dividing the numerator and denominator by x, we get
f ( § _ E ] 3y
1 x 5-0

. 5
lim = =—
X —5 oo 9 440 2

4+—2
\ x )

[~ xis the highest power occurring in the fraction]

f \
x[3—1]+x[4—g] 3—1 4—-2—]
- - X/ g \, L VAN X

(3x - D(dx - 2)

(iit) We have, lim = him . = lim - \ Y
s (x+80x-1) 1"“"_1(1_._%)':(1_1] i 1+§ 1_1]
X X \ X\ X
_ (3-0K4 -0) _
T (1+0X1-0)

(2x — IMx + 97H35 — x)
W li
oy Wehave, I T e TIRA

PR ECS
S =Ry

{‘Jl

]
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(-2

el

X x X
_(2-0)1+0X0~-1)
T (1-0+0X2+0)

im y3x?-1-y2x% -1

4x+3
Dividing the numerator and denominator by x, we get

1
Js-—- g
.1'2
[++3)

(v) We have,

X = om

J3-42
" (4+0)

:-vu-

%559

=—-—-?-=—1.
2

[ x 18 the highest power oecurring in the fraction]

Example 35. Evaluate the following limits :

5 o (2x - 3)(3x - 4) i) lim 22 +x4+9
¥t e (4x - 5)(5% — 6) B iSe 24
(iii) lim IEI-IJt;S.:+2Jl’4:-3J Gv) lim -J_( Jm_ J_)
£y 3x" +7x -8 X oo
(v) bim ——= (vi) I %
v vL ,
’“";i412+1—1 £ x4+ 1-~1
Solution. () We have,
3y (. 4
» (2x ~ 3X3x - 4) _ ::2-;:.::::3-*;)
R e [41—5){51—5} I—H-: 4_E 4 E—E)
\ X \ X

[, Pl

3\(. 4
lim ( xJ\ :-:] _2-0X3-0) 6 _ 3

= gl N = e — = = .
: (4_§ 5—5] 4-0)5-0) 20 10

X/ X

Remark. Always remember that :

[ leading co-efficient of f(x)
leading co-efficient of g{x)
0; if deg. f(x) < deg. g(x)
1;if deg. flx) > deg. g(x)

o £ _ |

e g{x}

where flx) and g(x) are pul:_:mumjal functions.

; if deg. f(x) = deg. g(x)
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(z1) We have,

I
E.

2451 - 3
X —F = i
% * ::2(1+—1J

:{1+ i+ E)
PR «=(1+0+0)
1+ —5

i
5.

(Lif) We have,

i (2x - 1¥3x + 2X4x - 3)
X b (823 +7x - 8)
Please try yourself.
[Hint. Dividing the numerator and denominator by x3.] [Ans. 8.]

(iv) We have, ETL Jx (JJ: +c-x ) [Rationalisation]
e - ) (feve+45)
e 1 (Jere+vR)

_ lim J:l_c(x+ﬂ-:c} _ Lim \I'I'_
S S (Jrrcsds) =on(Jrre +vx)

Dividing the numerator and denominator by ./x ; we get

. ¢ e
lim = —_—_—

s [ e 0 JT#0+1

<
[+ fx is the highest power occurring in the fraction]

(v) We have, lim S IO
roe f4x? 411

Dividing the numerator and denominator by x, we get

K 1 1 1
i - 1 J4+0-0 2°
i

e,

[*- xis the highest power occurring in the fraction]

(vi) We have, lim %
‘*“1hx2+1—1

Please try yourself.

[Hint. Dividing the numerator and denominator by x.] [Ans. %}
3
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Example 36. Evaluate the following limits :

2 _ g9y : 1 2 3 n-1
(@) lim EIJ#iJ (ii) Irm[ o+t 2+...+{ 2;)
X =§ ea x +4 fi=t=\ f It i) n
i I' JE’ I‘__ . Ejm 2
(Eig) 1M /X" + X+ x [su}r_} (2x — J4x° + x ).
X—pon -
2x% - 3x -4

Solution. (i) We have, lim ————
ST PL

Dividing the numerator and denominator by x?, we get

9 3 4
_ x x2 2-0-0
lim = =9
= 4 1+0
1+—‘
X

[+ x?is the highest power occurring in the fraction]

(ii) We have, lim [iﬁ+12+12+___+n*1]
n n n

n—es nﬂ

1+2+3+...+(n-1

= li
ﬂl_lf:-‘ nz

o lip 28D [ 1+2+3+...+(n—11=s,;_1="["'”}
a2 2

1]
5
=
S
[}
I
|
N
i

i T 1 1 1
=y , ! L O
ZHT}-[ n] 2[1 0) 2

As it is an A.P. series
where ¢ = 1,d = 1
and n=n-1

(iii) We have, lLim ([,24,,1_4)

X b oo

C yxtextl-x (JxPix+l+ea)
lim W o

£ b o 1

[Rationalisation]
(Je? +x+1+2x)

P rx+1-x°

lim = lim =
e (Ux? b x+14x) 7 (x*+x+1+2x)

x+1

i

Dividing the numerator and denominator by x, we get

gl
. i (1+0)
1m

:—}—(J 1 1 J=[1‘1+{]+0 +1}

e
——

1
2
1+—+ g +1
X x
[** xis the highest power occurring in the fraction]
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(iv) We have, lim (2x - 4x% +x)

 (2x-Ja4x?+x) (2x+Jdx® +x)
= him ¥

X b em 1

[Rationalisation]
(2x + J4x% +x)

1

: x2 - (4x2% + x) . - X
lim ————— = lim ———————e
fom oxtfax ez P 2x+4Jax? 4 x
Dividing the numerator and denominator h_',r x, we get

-1 —1

m —— e r'_
2+1’4+;

[* =xis the highest power occurring in the fraction]
Example 37. Evaluate the following limits :

@) lim (Jx? +x+1-yx? +1) (i) lim (x-Jx +x)
En."
(iii) lim —- (iv) lim (yfx° - 8x —x)
nme—s e p I —oa
2
) lim Ja(Jx+5 -Jx) (vi) ,f‘_’,".;.%_

)
(wii) lim [f"—]
n==| 2n° +3n

Solution. (i) We have, lim {in +x+1 —-J.-:r,2 +1)

X =

s Tira (J:c +x+1- J.'I: +1 {-J:r +;|;.|.]_+.J; +1)

X 3 1

{ 2 +x+14+4x*+1)
[Rationalisation]

[:: +x+1D-(x? +1)

""“ J:: +x+1+-JJ: +1 "*"“J:: + % + 1+~Jr +1

Dividing the numerator and denominator by x, we get
; 1
lim -
T i1+l+i2 + I‘1+i2
X x X
[+ =xis the highest power occurring in the fraction]
1

1
T 14040+ 140 2
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(ii) We have, lim (x - x* +x).

X =5

Please try yourself.
[Hint. (Rationalisation).] [Ans. [— %}]
) [n[u + 1]) :
| (n+
(zii) We have, lim EIT = lim 24 [ T =[ﬂ - 1]] ]
n=%=s ¥ =% = n
o nin+D? . (m+1)?
= li 7 lim 3
-y L n—e= dn
2 2
2 [H+1] = i (1+—]
M= n 4dnam n
1
— 2 —
1 (1+0) g
(iv) We have li_E (Yx* - 8x - x)
2 _ 2 _
= lim Wt 13.1: 2 "M [Rationalisation]
I—=w=

( x? ~Bx +x)

x? - 8x -x? : - 8x

= lim = lim ——————
’_‘”{;i12~ﬁr+:} x—o( fx? — Bx + x)

Dividing the numerator and denominator by x, we get

T, W T

H-[Eﬂ] {J_'E+11 2

[+ x1is the highest power occurring in the fraction]

(v) We have, lim Jx(Jx+5 —x)

vx(yx+5 - %) {-.,]‘I +5 +Jx)
1-r| ]]m - - =
ogrgl 1 { 5 o P [Rationalisation]

= lim J_{I+5-—I] lim 5Jx
TN r#*iﬁ+\f—}

Dividing the numerator and denominator by .fx, we get
_5

:h_[.“u .,J'l+ﬂ+1 2
1‘1+ = +1

~—. [+ +x is the highest power occurring in the fraction)
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2
(vi) We have, Gici 2”3

n-amw= N

. onn+1D(2n+1)
= lim 3
= e 6n
[.. 2 =12 492 432 4 +n2__ﬂ|:n+1][2ﬂ-+1}]
L EE — E

Dividing the numerator and denominator by n®, we get

lim 3 [1+ -!)(2+ l)
n-re B ] n

[+ ndis the highest power of n occurring in the fraction]
1

1l!l 0)(2+0) 22
=% + +0)= 3

6

3
(vii) We have, Lim _an
n-sw 2n* + 3n

[.. sn? =13 403 L g3, +n3=[nm+1]:|2=n2{n+1]2]

2 4
nin+1°
_ 4 . nin+1)?
= lim Z = lim z
n-+=| 2n% +3n n—e= 420" +3n)

Dividing the numerator and denominator by ni, we get

1 2
y (“,}) (1+0)2
= 111n -

u—;-4(2+iﬂ] 4(2+0)
n

A
=,

[*+ n?is the highest power of n oceuring in the fraction]
Example 38. Evaluate the following limits :
3 3 3 3
G) lim I" +2 +{3 +...+n Gi) lim I+2+32+...+n
B = v n"+7 B n
(iii) lim -——‘E——+
L P

Solution. (i) We have,

lim 1 +2% + 3° +‘”+”3, 1: Ena_[n{n+1})2j|

A = e n'+7 2

)

[ n®(n+1

lim lim e
noept 47 aowl pt 47
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. niln+D?
= lim 2
n—se 4(n* 4T
Dividing the numerator and denominator by nt we get

1 2
(1";] (40

4(“ _?_] 4(1+0)

n-l

= lim
n—4w=

-l
Z-

[*» n*is the highest power of n occurring in the fraction]

1+2+32+...+n [ EH:u{u; ]J]

(¢i) We have, lim
=% = n

nin+1)
Tn

= lim —g = lim += lim
H—sss 1 1 — e n n—=

nin+1)

Dividing the numerator and denominator by n?, we get

1
. [“E]_(M]=_1.
| L e 2’

[+ n®is the highest power of n occurring in the fraction]

(i) We have, lim Jx

Dividing the numerator and denominator by Jx, we get

.:*-lﬁ ]
Jl+ ~—+,’ S

Example 39. Prove that : lim (22 +x+1-x)# lim (Jx2 +1-x),

X =% o X = o

Solution. We have,

LHS. = lim (a2 +x+1-2x)

& =¥ =

o Wxlex+1l-2) (YxPax+laexn) ,
= lim J b i-— [Rationalisation]

E=hm 1 (el +x+1+2x)
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2 4x+l-2x

2
: ; 1
Iim ———=——— = lim =
Tz i 1,‘:2+x+1+:¢ "’"[in+::+l+:c]

i
=
=

|

1+0 1

Jit0+0+1 1+1
R.H.S. = lim (J:* +1-2x)

X —pes

2 2
m (2 +1—:}x{ x“+1+x)

E=pe i (]x2+1+x}

[Rationalisation]

L (x*+1-xYH . 1
lim ———— = lim =

toe (Jxt +14x) "‘"[J.t”+1+::]

Dividing the numerator and denominator by x, we get

[» xis the highest power occurring in the fraction]
Hence, L.H.S. # RH.S5.
lim (Jx? +x+1-12) & lim (J2? +1-12)

Example 40. Evaluate the following limits :
s In® +In o 4. 1+3+5+ .. +tonterms
() lim — 3 (i) lim >
n—w=n” + 100" +2 = v n
2
(&2) If lim o 1 W (ax + b}} =0, find the values of a and b.
x| x+1

Solution. () We have,

; nin+1X2n+1)  nin+1)
. In” +In 6 L
im — 5 = li

n—+=n*"+10n“+2 po= [ﬂ3+10n2+2}

[ ya2 = nin + 12{2?1 + 1}, ¥n = n{n;- ]J]
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- ki Mt D2r+ D+3n@+1) . ne+D2n+1+3]
R E{n +10n% +2) no=- 6(n®+10n? +2)

T nin+ 12n + 4) _ lim 2nn + 1(n +2)
n+=6(n®+10n2 +2) #~=6(n’+10n% +2)

Dividing the numerator and denominator by n?, we get

1 2
lien 1(“5)[”"&"] (1+0X1+0) 1 -

nto 3[1+_1_g+g] 3(1+0+0) 3

n nd

[+ n?is the highest power of n occurring in the fraction]

(ii) We have,
. 1+434+5+...ton terms
lim 3
n = o n
: 2n?
T E[ﬂfl}+[n—1}[2}] lim —2
= lim e
=5 o nﬂ - n
[ For an A.P. Su=%[2a+{n—1]d].Here,a=Ld=2]
2
= T Y )
n—ep
4 :
(iii) We have, lim {x +1-{m:+b}b={]
-4 | x+1 ]
2 o L’
= lim{{'t +1) {.t+1}{n;:+b}.=ﬂ
£—re x+1
, {{:“+D-(nxﬂ+bac+ux+b]}
= lim =0
X = oo x+1
2 21 el _
- lim 1% +l1-ax*-(a+b)x-b <0
P (x+1
2 e — —
& - {x (1-a)-x(@+b)+(1 m}:ﬂ
L —3em x+1

Since the limit of the given expression is zero.

This is possible only if :

Co-efficient of x2=0 and co-efficient of x =
(l-a)=0 and —-(a+b)=



216 DIFFERENTIAL CALCULUS MADE EASY

=3 a=1 and -a-b6=0 = —-b=a = b=-a
= b=-1
a=1 and b=-1.

+b
e  lim fix) = 2 and | lim fy) = 1.

Show that a = I and b = 2. Also find f{- 2).
Solution. We have, limh flx) =

ax +
Example 41. Let fix) =

= hmu+b=2
x-0 x+1
al0)+ b
= B4 =2 = b=2,
Also, lim fix)=1
= i 2222 L5
== x+1

Dividing the numerator and denominator by x, we get

b
u+;
lim =1
roel 342
X
[ x1s the highest power occurring in the fraction)
=5 u+ﬂ=1 = a=1
1+0
ax+b 1:+2 x+2
Rex) = x+1  x+1 x+1
-2+2 0
RN =1

Example 42. Evaluate the following limits :

2
; + 1
() If lim {I -t’ﬂI+bJ} =2 | find the values of a and b.

x—om | x+1
(i1) i [1’+"?]J= (iit) Iim[ I + ¢ + . ]
m - e —
(¥ i - it ek :‘3 IE IE

lim -JIE+1— 3 +1 ; ! 1 ”
+.—.—.-_-.-
Oy prrpy o fnftery

(i) lim (5—_—1] ;

x=m\x+1




LIMITS (CONTINUED) 217

- lim {241 (ar s i)
Solution. (i) We have, MY | =92
; .
=} e {(: +D-(z+Dax+b)| _,
Prgargad (x+1)

. |x®+1-(ax®+(a+b)x+b)
= hﬂ{ x+1) =3
2 2
i Hm{x +1-ax -{u+bl:-b}1=2
z—se (x+1
(1-a)x® —(a+b)x+(1-b)]
= .'.I.:‘I—l--{ {I"' 1] 2 "-{1}

Since the limit of the given expression is a finite non-zero number. Therefore, the degree
of numerator and denominator must be same.

For this, we must have,
Co-efficient of x2=0

(1-al=0 = a=1
Puttmg this value of a in equation (1), we have

b {:1- Da? -(Q+b)x+(1- m} é

Ty x+1
=(1+b)(x+ 1| _
= }l—ﬂ{ x+1 }_2
- —-(1+b)=2 = -1-b6=2 = b=-3
a=1,b=-~3.
2\* 9\*2 T ' 1\
{ii}Wehava,lim[H—] lim [[ _) ] Y v Hm [1,,_,_) -
o - x X = x X =4 oo x
(Zii) We have, lim (""1'27"'"35"' ..... .+«-’E§-]
X=pew= | y x x
_ i ":1+2+i x)
=™ x
- _EE [ 5 _x{::+1}]
l-l—I 2
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Dividing the numerator and denominator by x?, we get

i 1
: i [ 1+ u) 1
x lﬂ 2 - 2 2
[+ x?1is the highest power of x occurring in the fraction]

Jr2+1-Yx® +1

(iv) We have, lim
£—pw ":.i.t‘ +1 -Q:‘ +1

Dividing the numerator and denominator by x, we get

(v) We have, |

X ix+ 1),
{ 1
lim | 1+ 1 = lim 1+L =
X —4w x+1 X ~bus x+1

lim

X = o0

H
.-"‘_""-..I
-
+
ek
=
*
(=
!
.
Wt
‘
ol
e

1
L —
1=
: B
pr—
(=
+
-
+ |-
b
T
]
+
e
]
o
=
+|.,..|.
H
k-]
iy i e
T
I.":.'
i B
¥
ek
+
= |
o
-
Il
]
| R |

—El-m
(vi) We have,

i 3 X

o (1

lim [I } = Hm ~—%
x=sm| x4+ 1 x—ew= [ 1’&":

1+~

\ X ;

X = oo

-1
—-zN~-1) =
(1_1]' "1 lim (1-1] }
X

i x x
= [1+—1.] i [1+ 3)
L X 3 X—dom X

-1 x
="'_=_12._ { Yim [1+1] =e]
e e X =hesm x .

=
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Example 43. Evaluate the ﬁ:liﬂwir:g limits :

oo

(iii) lim e

x+6
x+1

(i) lim
4o

f o

(iv) lim il sin

L

(ii) lim &*
X b wm

: 2n

n

[~

I+
; x+2 o x . | @
(v) fl-_fi[1+3J (vi) f‘_ﬁﬁ sm(5—r] )
Solution. (i) We have,
E+d r+d
lim [:+E] _ lim ([x+1}+5]
o=l x41 X —4 o *x4+1
x+d (x+1)+ 3
= lim [1+i) = lim [1+ 2 —]
X3 x+1 X -3 x+1
[ {x+1) 3
\ 5 5
_:h-lulll_[1+1'+1] '[1+x+1] :|
3 r+1
5. =— a
- i [f1s 2 (10 8)
X —4 e x+ x+1
B c+17° 5
« Hin [1+i "1 % 1+i]
X x+1 e x+1
3 L 3
=e5.[1+i) { Pﬂ[1+-xl~] :e}

=e? (1 +0)P =eb,

(i) We have, lim e”
X~ — o
Letx=-y = y—o o asx— -
lim e* _ lime™ _ lim [l
I=% —m ¥=hm ¥ EI
: o : 1 1
(i) We have, lim e ™ = lim —|=—=0.
X —%ma Xyl @ oo
3
(iv) We have, lim ‘=— sin (E]
. N —F oa M
2T 2n
let —=0 = n=s—
n a8

]:'}‘:ﬂ,
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2.

3

Ts

10.

11.

12.

13.

14.

15.

EXERCISE FOR PRACTICE
Evaluate the following limits ; (Q. No. 1-15)
. tan Bx sin S5x
. * I o
W :Tﬂ sin 2x &) 1‘:l:llil- tan 3x
s e 4x - sin 3x + Tx
(i) =0 tan 3x (tw) r=0 4x + s1n 2x
2 lim 1-cosx - lim 3 sin 2x + 2x
{l}:--iﬂ :2 [u]r-iﬂﬂx+2tal'13:
. Xcosx+2sinx . 8in 2x (1 - cos 2x)
L 1 w ] =
Wi T x? + tanx (v} P Ernu x°
. tan 3x - 2x . 1-cos 2x
(i) lim ) (if) lim

20 3x -58in"x
i L cos 2x — cosec 2x
':”I]::—rﬂ X

XCOS X+ 8INnX

i
{l}rl—?ﬂ- ::2+t.ﬂn::
% e 1+ cos 2x
(®) x = rf2 l::'I:—E.ﬂ:}E
(@) lim ﬂina."';—ﬂin\."';
; b | =4
(i) lim 1508 %
xr=+x tan® x

sin "x+tan " x

- lim
mr-ﬁﬂ Tx - Hsin”

x =0 cos 2x — cos Bx
- .. sec 4x - sec 2x
(ip) lim

z—=0 secdx —-secx

B . 3
i) lim dsin“ x-2sinx

z—=0 3;‘2

Gl ZE=E
r—=nf2 CO8 X
SO T cot 4x — cos 4x
@) J%8 (n-8x)P

2
; cot® x -3
(iiy lim
= n/6 cosec x — 2
. . cot x
{ii}) lim
x-anf2 B
2

sin~! x

X

W 1"’
@) :Tﬂ 2x

=

. tan " 2x
. hm
G2) A sin 3%

L B =d*-2%41
(i) lim
(i) m -
5

N i
[“]:h-runs x-5

. logx-1
s 1
[“':I :l-]Pr X=—g

252 +5x+9

(ii) Ilgn_ T3

X
(ii) lim {J:ﬂ 4x — x)
X~
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10.

12.
14.

(i) 4
(5) o
(W) 5
(i) 2
K) 5
() -
(1

(£) %
()1

@i - 1
. () %
1
7.0 5T o Yo
11. (i) 1

. 4
13. (i) )
15. (i) 1

(iv) g

(iv) 4

(iv) %

(ii) - 2

(ii) 4

(i) %

(ii) (log 4) (log 2)

ol
(#i) =
(if) 2.
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Continuity

4.1 INTRODUCTION

In this chnpt.er, we define the concept of a continuous function at a point and on an
interval. The meaning of the word ‘continuous’ is same as we use in our daily life. The study of
continuity of a function is based on limits. Here, we also prove the cﬂntmmtjr of some of the
well-known functions. _

4.2 CONTINUITY AT A POINT

Let f be a real function and @ be any point in the domain of f. Then, f is said to be
continuous at a, if :

(©) lim flx) exist.
ie. lim fix)= lim fx)both exist and are equal.

I=a r—=a’

(i) P_ﬂ fix) = fla).

4.2.1 Continuous Function. A function f is said to be a continuous function if it is
continuous at every point of its domain.

4.2.2 Domain of Continuity. The set of all points where a function f is continuous is
called the domain of continuity of f.

4.2.3 Left-Continuity at a Point. A function f{x) is said to be left continuous or con-
tinuous from the left at x = ¢ if and only if :

lim_fx) exist and is equal to fla).

4.2.4 Right Continuity at a Point. A function f{x) is said to be right continuous or
continuous from the right at x = a if and unl:,r if :

lim flx) exist and is equal to fla).

x—a’

Note. The concept of continuity at a point is defined only for those points, which are in the
domain of the concerned function.

4.2.5 Continuity of a Function in an Open Interval. A function fix) is said to be
continuous in an open interval (g, &) if and only if it is continuous at each point in (a, b).

4.2.6 Continuity of a Function in a Closed Interval. A function fix) is said to be
continuous in the closed interval [a, b] if and only if :

223
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and

and

and

and

Proof. (i) Since f and g are continuous at x = a.

Therefore rhﬂ fix) = fla) (1)
im g(x) = gla) 2)

We have, lim (f 4+ g)(x) = im [fix) + g(x)] = Iim fix) + lim g(x)
= fla) + gla) [+ By using (1) and (2))
= (f+£]{n}.

f + g is continuous at x = a.
(if) Since f and g are continuous at x = a.

Therefore, Pﬂ fix) = fla) (1)
lim g(x) = gla) -(2)
We have, Pﬁ (f-glx) = Pﬂ (x) - gx)] = 11_13: flx) - ;1:1_'3:. g(x)
= fla) - gla) [-- By using (1) and (2)]
=(f-gia).

f - g is continuous at x = a.
{i#i) Since fis continuous at x = a.

Therefore, lim fix) = fla) (1)

X =k

We have, P_ﬁ {efix) = El_ﬂ cflx) = ¢ lim flx)

=cfla) [** By using(1)]
= cfis continuous at x = a.
(fv) Since f and g are continuous at x = a,

Therefore, Pﬂ Ax)=fla) (1)

lim g(x) = g(a) .(2)

We have, El_l.l: (f.8)x) = liﬂ [Ax) . glx))]

= lim flx). lim g(x)

= fla) . gla) [ By using (1) and (2)]
= (fg) (a)
fg is continuous at x = a.
(v) Since f and g are continuous at x = a,

Therefore, lim Ax) = fla) (1)

X=—ir

X—=ri
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; £(x) :m;ﬂ fix)
Weave, (L= | 15| - S0
fla) 3 ; .
B St [+ By using (1) and (2), provided g{a) = 0]

gla)
= (i] (@)
&

£ is continuous at x = a, provided g{a) = 0.

4
(vi) Since fis continuous at x = a.
Therefore, alrlf:. flx) = fla) 1)

(1), .. [1]_ _ 1 B . . |
We have, P_jﬂ [?) (x)= P—lﬂ [mjl = llﬂ s [-- By using (1), provided fla) # 0]
1 1
T " [?] (@
1

— is continuocus at x = a, provided fla) # 0.
f

Theorem 2. If f and g be continuous functions, then,

(i) f + g is continuous (ii) f— g is continuous
(iif) ef is continuous, where : ¢ is a real number
(iv) fg is continuous

(v) £ is continuous at those points, where gfx) # 0.

S I . .
(vi) — is continuous at those points, where f(x) # 0.

Proof. Let Df and D: be the domains of f and g respectively.

Then, domain of (f + g) is Df M DE.

Let “a” be any arbitrary pointin D,n D,

Then,a e D;anda e D,

Since, f and g are continuous at every point of D, and D_ respectively.

li‘l‘l}: fx) = fla) (1)
and Pﬂ gix) = gla) . (2)
(i) We have,
lim (f+g) (x) = lim [fx) + g(x)] = Lm fix) + lim g(x)
= fla) + gla) [ By using (1) and (2)]

=(f + g) (a)
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f+ g is continuous ata for alla € Dfﬁ Dg,
Hence, f + g is continuous.
(ii) We have,

lim (f-g)(x) = Eﬂ [flx) - glx)] = Eﬂ: fx) - Pﬂ glx)

X =¥

= fla) - gla) [

=(f-g)la)
f—g is continuous ata for alla € th DE.
Hence, f — g is continuocus.

(i) We have,
lim (¢f) (x) = lim ¢. f(x)
=¢ lim f(x) =cfla)
= (c¢fa)

cf is continuous ata for alla D,nD,.
Hence, cf ia continuous.
(iv) We have,

lim (fg)x) = 11_93] [Ax) . glx)] = P_’fl fix). lim g(x)

X=+ I—rit

= fla) gla) [

= (fg) (a)
fgz 18 continuous ataforalla e D,,-n DE
Hence, fg is continuous.
(v) We have,
lim f(x)

(Y oy o [F@)]  x2a’ " _ fla)
hﬂ‘[ g] )= P_‘E.‘;[gm] " lim g0 g@)

(£
g
£ 18 continuous at a for alla € D.

g
where domain [i} = [(D," D)) - {x : g(x) = 0])] = D(say).

4

Hence, [i] is continuous,
g

{(vi) We have,
lim l (x) = lim —1- = -
x=al f  x—a' flx) lim f(x)

X—+i

1
fla)

By using (1) and (2))

[By using (1)]

By using (1) and (2)}

By using (1) and (2)]

[-:

By using (1)]
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This is the sum of a constant function a, (which is continuous) and the product of the
identity function x (which is continuous) and the polynomial function (a, +a,x + ...... +a,,x")
of degree atmost n (which we assumed to be continuous).

Therefore, using algebra of continuous functions, it is continuous.

Thus, the continuity of a polynomial of degree n implies the continuity of a pelynomial
of degree (n + 1).

Hence, by the principle of induction, every polynomial function is continuous.
Theorem 6. Prove that every rational function is continuous.

Proof. Let flx) = % be a rational function, where : p(x) and g(x) are polynomial func-
glx
tions.
The domain of fix) is all real numbers except the points at which g(x) is zero.
As p(x) and g(x) are polynomial functions, hence they are continuous.
Also, quotient of two continuous functions is continuous.

Hence, fix) = p::i is continucus in its domain.
qlx

Theorem 7. Show that the modulus function given by f(x) = |x|, x € R is continuous at
every point of R.

x ,ifx>0
Proof. Wehave, flx)=4 0 ,ifx=0
-x ,ifx<0
Let ¢ be any real number.
Ifc =0, then,
liug_ flx)=0= lin[:’l_ flx)
= lim Ax)=0 and f10)=0.
lim fix) = A0)
=» fis continuous at c=0.
If e = 0, then,
lim f(x)=c= lim flx)
= P_:Pt fx)=c and fe)=c [ e>0]
lim fe) = 0
= fis continuous at allc > 0.
If ¢ < 0, then,
lim f(x)=-c= lim flx)

lim fix)=-¢

=
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and fle)=-¢ [ e<0
=5 lim fix) = fic)

I—C
=+ f1s continuous at all ¢ < 0.
Thus, f is continuous at any real number c.
Hence, |x| is continuous for all x.

Theorem 8. Let fand g be real functions such that fog is defined. If g is continuous at a
and fis continuous at gla), show that fog is continuous at a.

Proof. Since, fog is defined.
We have, Range (g) ¢ Domain (/).

As g i1s continuous atx =a,

lim glx) = gla) A1)

I—u

As fis continuous at x = gla),

lim RAy)=flgla)l -A2)

¥—gla)

lim {fog) (x) = Pﬂ flgtx)]

L=

, ~* By using (1) '
= ﬂrlji_ﬂm, flgx)] [ Asx—a = glx)- gful]
= FEE:EI fly)
= f lg(a)] | [By using (2)]

lim (fog) (x) = (fog) (a).

Thus, (fog) is continuous at a.

Theorem 9. Show that the composition of two continuous functions is a continuous
function.

Proof. Let f and g be continuous functions such that gof is defined.

Then, range (/) < domain (g).

Let a be an arbitrary point in the domain of f.

Then, a € domain (f) = fla) e Range () [~ range (f) < domain (g)]
= fla) € Domain (g)

Thus, fis continuous at a and g is continuous at fla).

llf.'lf.lI flx) = fla) (1)
and Jim - e(y) = glfta)] -(2)

lim (gof) (x) = lim g{fix)]

=g

. * By using (1)
=fm_rﬂu._,ﬂ'[ﬁx}] s Asx—a = flx)-> fla)
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= lim gly)

y=fla)
= glfla)] [By using (2)]
=5 hm (gof) (x) = (gof) (a)

Thus, gof is continuous at a for all @ € domain ().

Hence, gof is continuous.

Theorem 10. Prove that the exponential function e* is continuous.

Proof. Let flx) = ¢* and ¢ be any real number.

As domain of e* is R. [Putting (x = a + A))

Iim oz = lim go+h = lim g gt
:—mej i':-«ﬂ’E .I:-M:i‘\‘z"E

=Ea.£i_l'ﬂleh=e“.(1}=e“ and fla)=e®
We have, lim flx) = fla) = e”.
I=q

= flx) = e* is continuous at x =a for alla € R.
Hence, flx) = €* is continuous.
Theorem 11. Prove that the logarithmic function is continuous.
Proof. Let fix) = log x.
As the domain of f is the set of all positive real numbers.
Let a be any positive real number.

Then, P—ﬂ flx) = il_l:f: log x
= lim lug[u : -E]:I [ logm +logn=log(m. n)
= lim | log a + log i] =loga + lim log {.’i)
ot a L a
=loga+0 [ Lim 1u’g(£]= log 1=ﬂ]
X =il il
=loga

lm )= o

Thus, fix) = log x is continuous at a for alla € R*.
Hence, fix) = log x is continuous.
Theorem 12, Prove that the following functions are continuous :
(i) the sine function, sin x
(£f) the cosine function, cos x
(iit) the tangent function, tan x.
Proof. (i) Let fix) = sin x and let @ be any real number.
Clearly, domain (f) = R.
lim Alx) = lim sinx

I3 r=a
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Put x=a+h = h-=0asx—a

= Ein}] sinta +h) [ sin(A+ B)=sin Acos B + cos A sin B}
—5
= lim [sin a cos h + cos a sin A
Hh=0

=sina. lim cosh +cosa lim sinh
b0 =0

=sina(l)+cosa (0)=sna

lim fix)=fla) forallae R.

i

Thus, fix) = sin x is continuous at a for alla € R.

Hence, sin x 1s continuous.

(i1) Let fix) = cos x and let a be any real number, clearly, domain (f) = R.
lim fly) = Jlglﬂ COS X

X =0

Put x=a+h = h—=0asx-—>a

o }!in}; cos{la+h) [+ cos(A+B)=cos AcosB-sin A sin B]
-
= }II_T.T‘IJ [cos a cos h — sin a sin Al
=cosa . lim cos h —sina lim sin A
b=l h—=0

=cosa .(1)=sina (0)=cos o

lim fix)=fla) forallae R.

X—ail
Thus, flx) = cos x is continuous at a for alla € R.
Hence, cos x is continuous.
(1ii) Let flx) =tan x

tan x = sinx _ f(x)
cosx glx)
where flx)=sinx and g(x) = cos x.

Since f and g are continuous for all x,

f

- i8 continuous, provided cos x # 0.
&

tan x is continuous at every point of its domain.

Sin X
COS X

where Domain of tan x = ( ] = [R - {x : cos x = 0}].
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SOME SOLVED EXAMPLES

Example 1. (i) Show that the function

fx) = £ if xis an integer
0 ; if xis not an integer

is discontinuous at each integral value of x.

x” -1 forx#1
(zz) If flx)=4 x-1 ;
2 forx=1
Find whether f(x) is continuous at x = 1.
Solution. (i) We have,
) = x ;' l‘f:manfnteger .
0 ; if xis not an integer
Let x =a, where:aisany integer.
. - [~ (@ — k) is not an integer,
SN Pl Uil famRYEY = fla~h)=0
” Kim -+ (a+h)is not an integer,
and JYim fix)=m fla +h)=0 & PlEAIRD
:l.':-lﬂ-- ﬂI:‘ = :lin:" ﬂI} =0
= P_lﬂ fx}=0
Also, fla)=a = :11_1& fix) = fla).
Hence, f{x) is discontinuous at x = a.
21 el
(i1) We have, flay=4 x-1 o
2 forx=1
2
i . [x*-1 . (x-Dx+1D
= - 1]..'|Il
im 1) i 21 - i B2

=1i_rﬂ{:+1]=1+1=2.
Also, it is given that, (1) = 2.
y_ﬂﬂx]=ﬂ1}=2.

fix) is continuous at x = 1.
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Example 2. (i) Test the continuity of the function flx) at x = 2,
2

x° -4
orx#+2
ﬁxj: I—zf ;
( forx=2

(ii) Show that the function,

i) s le swhenx#0
1 swhenx=0

15 discontinuous at x = 0,
Solution. (i) We have,

x4
Aty forx=2
0 forx=2
2
-4 . (x-2)(x+2)
lu‘n = li = ] = lim _
flx) :—ﬂ[:—z) lim = =lim (x+2)=2+2=4

Also, it is given that ; A2) =0
lim Ax) = A2)
flx) 1s discontinuous at x = 2.
(ii) We have, fix) = II . WA }
1 ;whenx=0
lim fx)= hm f0-h)= hm ﬁ h)

=

=]1]I[ =1ilT.l =]irn—1=—1
h=0 = h h=20—-h Rh=0
And lim_ fx) = lim 70 + &) = im fR) = lim Y = lim 2 = lim 1=
: x—=0" = h—=0 h—=0 h h=0 h h—=0
1111.3 ﬂ::cht 11111 fix)
X —

Hence, fix) is not continuous at x = 0.
Example 3. (i) Discuss the continuity of

x ;ifx=21
Ric) = [J:'E sifx<l
(ii) Discuss the continuity of

fix) = {ﬁ f""{.'1“&“':}] at x = 0.
0 ;ifx=0

] atx = 1.
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Solution. (i) We have,
x : ifx21
ﬂﬂ:{xﬂ* if:rt‘:l}

Let a be any real number.

Case I. Whena > 1,
lim fy) = hm fla-h) = 11m (@a-h)=

And, Jim ﬂ:r]=£1ﬂﬂu +h)=lim (@ + h)=a
Also, fla) =
lim f[:]-‘ llm  Ax)=fla)=a

s flx) is continuous at Each a> 1.
Case Il. Whena < 1,
lim f(x)=lim fig - h)= lim (a - A)?

= lim (a2 - 2ah + k%) = a®.

lim Ax)= hm fla + h)

And, Jam,
= lim (a + h)? = lim (a? + 2ah + h?) = o
Also, fla) = a®
Jim )= I, fo)= o) =
s flx)is r:nntmunus ateacha < 1.
Case IIl. When a =
lim fm— lim (1-4)=}im (1-h) = lim (1-2h +h% =
And, lim f(x)=lim A1 +h)= lim (14 k)=1
Also, fil)=1
:ILDE flx)= lun fix)=AA1)=1

- flx) i1s continuous at a = 1.
Thus, from all the three cases, it follows that f{x) is continuous atx=a forallae R

Hence, flx) is continuous.

(ii) We have, f{x}_{m 'f””}
0 ;ifx=0

As we know that the identity function x is continuous and the modulus function |x| is

continuous.
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Ei cxz20
(ii) We have, Rx)=4x
0 ;x=0
Jim 0= im0~ = im -
= hm-—hi=limi=—1
h—=0 -} h=0 = h
And, lms* flx)= lll‘l‘.l flo+h)= %_IH] flh)
e 1. Wrwee o
| B e
Also, fld)=0
Im f(x)= lim flx)
=0 =30

= flx)is not continugus at x = 0.
Example 5. Show that the function

x sm d ; forx#0
fix) = ¢ 18 continuous at x = 0.

0 ; forx=0

1
Solution. We have, fix) = [" sin = forx#0}

0 ; for x=0]

lim f(x)= lim [I sin E]

=0 x—=0 x
= ( x (a finite quantity between — 1 and 1)
= {
Also, fid)=0

lim, flx) = 0=

flx) is continuous at x = 0.

Aliter. rl.i-'ﬂ';l_ flx)= AI_IH} flO-h)= 11_1;::] A=h)
= - h sin (i) = h sin 2
' h
= 0 x (a finite quantity between - 1 and 1)
= 0.
And, ,]L“& flx)= llm fO+h)= hm fih)

=0
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= () x (a finite quantity between — 1 and 1)

= 0.
Also, A0)=0
:lﬂ_ flx)= fl’ﬁ flx) = 0) = 0.

fix) is continuous at x = 0.
Example 6. (i) Show that the function

-x? rxs0

x? x>0

ﬁ:r)={

} is continuous at x = 0,

Sin x
3 : ——+cosx,x#0| . :
(ii) Show that the function fix) = { x l is continuous at x = 0.

2 yx=0

- 2 -
Solution. (i) We have, ﬂx}-{ " ”‘5”}

x2 ;x>0

lim f{x}=}.lﬂ f(0-h) = Pﬂf{- h)

x=0

=lim-(-h)?® =0
A=

And, Iiﬂ'fjl_ flx) =};]ﬂfm +h)= Jlnlﬂl flh)
. 2
= ;l.lﬂ (h) =0.
Also, f0)=0
ling_ flx)= li.‘l.'g* fx)=Ff0)=0

flx) is continuous at x = 0.

mn:+cmx'x¢ﬂ
(ii) We have, flx)=4 =x '
2 rx=0
limf{x}=lim(ﬂmx+ma.t) = lim [Em1]+ lim cos x
=0 x=0 x x—0 x x—0
=1+1=2 [ limHmB=1]
a—=0 8

Also, fldy=2
lim fix)=f0)=2

flx) is continuous at x = 0.
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Example 7. (i) For what value of k, is the following function continuous at x = 0.
l-cosdx 220
filx) = 8x® ’ :
k rx=0
(ii) Find the point of discontinuity of the function
‘_16 .
flx) = II_E ;i.fI?'-'E .
16 ;ifx=2
Solution. (:) We have,
1-cos 4x
flx) = [ Bx? e
k x=0
: . 1-cos 4x
B g
- lim | 28107 2x [ 1-cos 2A =2sin® A
_.1;—14:!,qu B;:E = 1~m4ﬁ=25in22¢&
f_« 2 . 2
= lim |82 2% | _ 1m[”“‘2”] s(1P=1.
=0} 4x =30 2x
Since, the function f{x) is continuous at x = 0.
ll_lﬂ fx) = flO) |
= 1=£ . | [ AO)=k]
. The value of k for which the given function is continuous is k = 1.
x*-16 ., -
() We have, foy={ z-2 ¥ **?
16 ifx=2

' 4 _ '
The function flx) = x —16 being a rational function, it is continuous at all points of its

x -2
domain, i.2., for all real numbers except 2.
Consider the given function at x = 2.

lim f(x)= lim [" ’15] = Lim (x* +4)(x" — 4)

:4?' w3 ) .:I:—E =2 I:I —2}
o (@244 (-2 (x+2)
:lﬂ' {I - 2]‘

=I]l:ﬂ_ (x2+4)(x+2)

=H[{z_hﬁ+4] 2-h+2] [Pat x = (2 - A)]
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Je gl de ;x#0
Solution. (i) We have, fix) = x2 '
2 ;x=0
]iniuf{;;.:]jn%[l"““:g"] [~ 1-cos2A =2 sin? A
X =% = x
.. 2 ! 2
- m(h; :]=2H(“:’) =2(12=2,
Also, f0)=2
lim fx) = £0) = 2.
flx) is continuous at x = 0.
l-cosdx 40
(ii) We have, flx) = x” '
8 (x=0
: . (1-cos4dx + 1-cos2A=2sin? A
lim f(x)=lim ( ]
=0 x—0 x? [::r 1- cos 4A = 2sin® EA]
. 2 » 2
(2803)
=) x z=0 4x
" 2
=8 I;D(M] -8(1)2=8
Also, fl0)=8
:liﬂ fix)=f0)=8
flx) 18 continuous at x = 0. _
(iii) Please try yourself, | [Ans. fix) is continuous at x = 0]

Example 13. (i) Discuss the continuity of
2 .
ﬂ-ﬂ={1 o ’IEI} at x = 1.

x x>1
(ii) Discuss the continuity of
X COS i yx#0
fix) = x at x=0.
0 ; x=0
-1 :x51
Solution. (i) We have, flx'= '
- A5 - T |

lim f(x)=lim f1- )

x=1
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= H [(1-h¥-=1] [ Ax)=x2*-1forx<1]

- 11 2_ — =- 2— =
= lim [1 4422 1] = lim (h%-2h)=0

And, Iliﬂ f{x}=,l.i_13'fl fAl+h) [ Ax)=xforx>1]
=lim (1+h)=1.
Also, fA1)=(1P-1=0
im f(x)# lim flx)
x—=1 x=1
fix) is discontinuous at x = 1.
1
(ii) We have, Ax) = {’“m; ”"‘*“}
0 rx=0

lim f(x)=lim f0- &)= lm fi—h)

=0

=— lim h cos — [ cos(-8) = cos 6]
h=0 h
= 0 x (a finite quantity between - 1 and 1)
= {).
. o T : 3
And, :h_{:{}f ﬂ:}—,ltlﬂf{0+h]—}lllﬂ flh) = }.’ﬂ[hm“ h} i
= 0 x (a finite quantity between — 1 and 1)
=0,
Also, fid)=0
]inI:]l_ flx)= HIISI* fx)=f0)=0

‘fix) is continuous at x = 0,

Iix

Example 14. (i) Show that flx) = em — ; for x #0 and f(0) = 0 is discontinuous at x = 0.
e’ +

(ii) Discuss the continuity of the function

%-x ;05::-:-;4
fix) =41 ; I=%~nt:=%,
%—: ;%-:::EIJ
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Solution. () We have,
Vx
eVt _1 -
cx2(
fx)=1{e¥* +1 '~
0 rx=0

lim f[x}=iﬂf[ﬂ—h}=;iﬂ f-h)

x—=0"

k0| L k=0 e'm"+1
e=h +1
=u=_1 [‘_' .E*:-.l—:i:u]
+1 e~ oo
And, m, f{:}=ﬁlﬂ f(ﬂ+h)=%1_ﬁ flk)
ki eVh _1 Dividing the numerator
T hol VP +1 and denominator by eV*
: 1
; PO
Vh =
= lim € = m =1
h=0 1+_1_ 1+0
Vh
. e
Also, f0)=0
lim f(x)# lim fx)
=0 x—=0"
fix) is discontinuous at x = 0.
| %—: ,ﬂﬁ:{%
(ii) We have, flx) =41 : x:%.
g-x : -%—-ixﬂl.
i i (B
h:rith{xl—Eﬂf[z h]
:l’-—l-E |
|1 (1 1 1
S bl i fll =|——x|for0<x<—
o] [ (e
=H(h}=u

: ool
And, tim, f(x}-mf(aﬂ)



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



CONTINUITY 249

Example 16. (i) Discuss the continuity of

~1+x2 rx<—-1
2
r+x
flx)=<1+ 3 ;x==IYatx=-1.
.I+:.t:2 x> - 1

(it) Determine the value of k for which the func:mn

sin 5x
3x
k

fl) = sif x=0

is continuous at x = 0.
;ifx=0
Solution. (i) We have,

~1+x% x<—1]

. 2
flx) = 1+:+; ; x=-1
1+x° : x>-1

Iim flx)= hmf{—l h)

z==1"
=H_1+[_1_h}2 [v Ax)=-14+x%forx<~-1]
==1+(=1-02=-1+1=0 ‘
hm fl’:] hIt:]ﬂ—1+h}

[T |

=m1+{*1+h1=yﬂ{h}=ﬂ [ fx)=1+xforx>~1]

2
Also, -1 =14+ 1+; B i g =14+0=1

lim f(x)= lim fix)=0

z=-1 t=-1
lim Ax)=A-1)
x—-1
Hence, flx) is not continuous at x = - 1.

SINBT . ifxx0
{ii) We have, fx)=1 3z '’
kR ;ifx=0
sin 5x ginbx &
Hﬁﬂ Pﬂ[ 3x J =—=0 bBx KE
_Ehm[“’“E"}:Em:.ﬁ.
J z=0\ bHx 3 3
Since, flx) is continuous at x = 0,
lim Ax) =f0)

-0
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= —=k = k=

Hence, the given function is continuous for & = % ;

Example 17. (i) Determine the value of the constant k so that the function

g
flx) = *Lk; : i i g} ts contlinuous.

1 rx<sd

(i) If flx)=qax+b ;3<x<5},
F rxad

Find the values of a and b so that f(x) is continuous.

" : kx? x<2
Solution. (i) We have, flx) = { Lo 2}

When x < 2, fix) = kx?, which being a polynomial function is continuous at each x < 2
When x > 2, fix) = 3, which being a constant function is continuous at each x > 2.
S0, let us discuss the continuity at x = 2.

lim f(x)=lim fi2-h) [+ fix) = kx? for x £ 2]
- 11 2 - 1 2 e
= im 2(2 - h)* = im k(4 + h? - 2h) = 4k
And, Jlim ()= hm 3 [~ Ax)=3forx>2
=3
Also, f2) = k(2) = 4k. [© Ax)=kx?forx=2]

Since, flx) is continuous function.
lin:; flx)= li]]él‘ fix) = f2)

=5 4k =3
= p=S
4

Hence, the given function is continuous at &k = g .

1 :x=3
(ii) We have, flxy=dax+b ;3<x<b
7 :;6=x

When x < 3, fix) = 1, which being a constant function is continuous at each x < 3.
When 3 < x < 5, fix) = ax + b, which being a polynomial function is continuous at each

x € (3, 5).

When x > 5, flx) = 7, which being a constant function is continuous at each x > 5.
When x = 3, let us discuss the continuity of the function at x = 3.
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lim f(x)= hm 1=1
x=3 -3

And, lim f(x)= lim (ax+b)=3a+b
x—3" 3"

Also, fi3) = 1.

Since, fix) is continuous at x = 3,
]].II:'.'ll_ flx)= llm flx) = A3)

=5 1=3a+b

= 3a+b=1. ...{1)

When x = §, let us discuss the continuity at x = 5.
Iim fix)= 1]]]1 ax+b)=5a +b

x5
And, ]Jm fix)= llm i=
Also, f5)="1.

Since, flx) 1s continuous at x = 5,

lim f(x)= 11111 filx) = A5)

x=56"
= Sa+b="T
From equations (1) and (2), we have
a=3,b=-8,
Example 18. Discuss the continuity of the function :
2-x ;x<2

)=
& 2+x ;x22

}ut:s:=21

Solution. We have, flx) ="

2-x ;x<2
2+x ;x22

lim f(x)=lim A2 -h)

x—=2

=H2—[2—h}=}{1ﬂh=ﬂ

And, lim f(x)= lun fi2+ h)

z—2"
=ﬂ[2+2+h}=4.

Also, fl2)=2+2=4
lim f(x)= 1]]11 flx)

x4 2

lim f(x) does not exist.

Hence, flx) is discontinuous at x = 2.

.(2)

[ Ax)=2-xforx<?2]

[+ Ax)=2+xforx=2]
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Example 20. (1) Examine the continuity at x = 1 of the function
dx-4 ;0<x=51
-5, 25253

4x? - 3x s lex<2
(ii) Discuss the continuily of the function

x ; 0s5x<l]
flx) = 5  x=] atx =1,
2-x ; x>1
Solution. (i) We have,
bx-4 ;0<x=<1
fx)= 4x% - 3x ;1<x<?2

= Jhs -
=mlﬁ{1_h}-4] [+ Ax)=bx-4:0<x<1]
= lim (5-5h -4) = lim (1-5h)=1.

And, ]ixlil*f[::]=}1li1%ﬁl+h) [v Ax)=4x?-3x;1<x<?2]
- ,!if}_-, [4(1 + AP = 3(1 + A)] %}li_lﬁ} [4(1 + h2% + 2h) - 3 — 3k]

=lim (4+4h%2+8h-3-3h]=lim (4h2+5h+1)=1
h—0 h—=0

Also, fil)=[5(1)-4]=(56-4)=1.
lim fix)=lim flx)=A1)=1
x=1 x=1"
fiz) is continuous at x = 1.
x ;0=£x<1
(ii) We have, fixi=¢ & ;x=1
2-x ;x>1
li.t:l:t_ flx)= Iin;x_:::l [ flay=xfor0<x <1}
And, ]iﬂ;‘ flx)= rmi'f (2 -=x) [~ Ax)=(2-x)forx>1]
=(2-1)=1
~ Also, fil) = 5.
: lim f(x)= lim fix)=1
=1 z—=1"
lim flx) exists.
x—=1
But, EI_IE flx) = A1)

flx) is discontinuous at x = 1.
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Example 28. (i) Show that the function defined by :
(e - 1 sxel
ﬁx) = x-1
-1 rx =g
is discontinuous at x = 1.
(it) Show that the function defined by :
X
e X 20
fx) = {} x|+ 2x* *
k ; x=0
remains discontinuous at x = 0, regardless of the choice of k.
Solution. (i) We have,
lx] -1 e A |
_ﬂ.’t‘.‘] =4q x-1
-1 roym]
hmﬁx}#hm fil-h)= [1 Al
x—=1" ﬁ—} 0(l-h- 1]
. 0-1 ., 1
B flﬂ]ﬁ(h)'ﬁ =
And, lim f(x)=1im f(1 4+ h) = lim 1t
x-»1* h=0(1+ k- ]J
- m(l 1)_m[2) = 0.
h=0\ h h=0\ h
lim f(x)# hm flx)
x=1 x=1"
lim Ax) does not exist.
Hence, fix) is not continuous at x = 1.
i ;ﬂ yx#0
(ii) We have, flx) = {|x|+2x
k ;x=0
i X
lim f(x)= lim ] |x| ===x forx < 0]

x—0" x—0" ,klj:] + 2.:).'2

X

lim

™
And, lim f(x)= lim 2 5| = ljm*[ 2
x—0° -0 | |x|+2x% ] =x-0

T+ 2x

i
.
10" | —x + 2x r—0 x(— 1+ 2x)
f 3\
1 1
li ==1
o0\ — 1+ 2x, ( 1+n]

d

|x]| =x forx > 0]
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Since, the given function is continnous atx=-1
]imlﬂ:}=ﬂ— 1) = -4=k

S

= k=-4.
The function fix) is continuous atx =- 1 for k = - 4.
x ;x<1
(iZ) We have, fx)=41+x ;x>1}
3
— " =1
g 2T
lin;‘ flx)= linll_ (x)=1 [ Ax)=xforx<1]
And, ]m:.'ln flx)= ]iﬂit* (1+x) [v fAx)=1+xforx>1)
= x4
=(1+1)=2.
3
Also, fill) = 2

=21

lim f(x)# lm% fx)
E fix) does not exist.

Hence, fix) is not continuous at x = 1.
Example 32. (i) If the function fix), defined by :

I-cos2x 0
fo)={" 222 '*7
k :x=0

is continuous at x = 0, find the value of k.
(ii) If the function f{(x) is defined by :

(1-coskx
x8in x Ll
flx) = 5 1 Ly -
L & T
is continuous at x = 0, find the value of k.
Solution. (i) We have,
l-cos2x 0
fo={ 222 7
% yx=0
limf(x)=1im[1'““:2") [* 1-cos2A=2sin? A
x—0 x—0 D x



266 DIFFERENTIAL CALCULUS MADE EASY

. [2sin® x . (sinx}* . (8in®
= lim 5— | = lim o lml—— =1
=0 0y x—+0 x B—0 e

Also, fl0)=Fk.
Since, the given function flx) is continuous at x = 0.

Hﬂx]:ﬂﬂ} = 1=k = k=1
The function fix) is continuous atx=0fork = 1.

(ii) We have flx) = 1 -

=0 x =}

lim fx)=lim [1_ cus h)

2 gin? [%} 1
= lim % — [** 1-cos 2A =2sin® A]

B k2
=— . (12.(1) =
2 (1)%.(1)

1
Also, fl0) = 3"

Since, the given function flx) is continuous at x = 0.
,lri_]ﬂ} flx) = A0)

2
= %:El = k=1 = k=2z21
Hence, the function flx) is continuous atx =0 fork = = 1.

Example 33. (i) Discuss the continuity of the function :

x—|x|
;x#0
fix) = x % at x = 0.
2 ;x=0
. ; 2] ;x<2] .
(ii) Show that the function fix) = (] :x>2 is continuous on [0, 2.
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Solution. (i) We have,

x- le
fx) = x#0
x=0

b =
2
lim f(x)= lim [ ] "“'"’]_ lim (2”:
X =20 | X =30

x-—-+0 -+ X
: e . fx-x .0
And, lim f(x)= lim = lim =lim — =0
x—=0" =0 x =0\ x 0"
Also, fid) =2,
lim f(x)# 11]]1 fix).
z—=0

ll_ﬂ flx) does not exist.

fix) is not continuous at x = 0.

(ii) We ha - x| ;x<2
RS flx) = 2] ;x>2
Here, fix)= |x| =xfor 0<x<2.

flx) being a polynomial function is continuous. For all x € (0, 2)
Now, let us discuss the continuity atx = 0 and at x = 2.
Continuity atx=0:

lim f{.r]-hmf[ﬂ h]-hm ﬁ._h}-hml—hl-hmh 0

=0

1 =1 = —] h h =I. =
And, }fg.ﬂxl lim £(0 + h) = lini"fth) lim [A|=lim } =0
Also, f0)=

lim f(x)= lim fix)=A0) =0

flx) is continuous at x = 0.
Continuity atx=2:

hm f(x)=lm A2 -h)=lim|2-h|=1lim (2-h)=2

2
And, x]i"% f(x)=lim f2+h) = lim (2 + ] = lim (2) = 2.
Also, f2)=2.

iy 00= T, fla) = =32

fix) is continuous at x = 2,
Thus, the given function fix) is continucus on [0, 2].

Example 34. Discuss the continuity of the function (1 — x| + [x - 1] ai the pointsx = - 1,

0 and 1.6.

Solution. We have, fix)={1-x] + [x-1].
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Continuityatx=-1:
lim_f(x)=lim fi-1-h)=lim (1 -(-1-h)] + (-1-R)-1D)

r-a=1

= lim (24 h] +[-2-A) = lim (24 (-3) =1

And, lim f(x)=lim fi— 1+ )
h=0

x=-p=1*

=m{[1—{—1+h]]+[(—1+h}—1])

=H{Iz-h]+ [-2+h]}=%i_13}}{1+[*2]}=_1.

Also, A-D=l-(=D]+-1-1=[2+[-2]=2-2=0.
lim f{1:|= ]iJIl+ ﬂx}:—l

-1 z—=-1

hm flx)=-1.

r—4=1

lim Az) - 1)

-3

Hence, flx) is not continuous at x = — 1.
Continuity atx=0:

lim f(x)=lim f©~h)=lim f_ k)= lim ([1 - (A + k- 1)

=l‘_‘f%,“1+"1+"1"‘”=l‘_,“h (1+(-2)=~1.

And, lim f(x)=lim f(0+A)=lim Ak) = im ((1-A] + [-1+A))
x-0* k=0 | h—0
= ,{1_15 O+(-1)=-1
Also, A =(1-0]+[0-1D=1+(-1)=0
lins_ flx)= lilrg+ flx})=-1
;];i—lﬂ:u fix)=-1
Pﬂ fx) = A0).
Hence, fix) is not continuous at x = 0.
Continuity at x = 1.6 : Please try yourself. [Ans. flx) is continuous at x = 1.6].
Example 385. (i) Discuss the continuity of the function :
EH: e E-—H.\:
ﬂi‘} e EH: +E-1.|".1: f x#0 at = 0.
1 s x=
(it) Examine the continuity of the function :
IEHI
flx) = {14l iX#00 stz w0,

0 rx={
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sin 2x <0
(i) We have, fix) = X ’
x+2 ;xz20
Since, the function sin 2x and the identity function x are continuous functions.
sin 2x

is continuous at each x < 0.

The quotient function
e 4

Also, the function (x + 2), which being a polynomial function is continuous at each x > 0.
So, let us discuss the continuity at x = 0.
lim f(x)=lim (E"‘Z’"J = lim [““‘2") x2=1x2=2.

=0 x=-»0

X x=»0 X
And, lim flx)=lm (x+2)=0+2=2
z-=20* x=0
Also, fl)=0+2=2
i = i = =
r-ﬂll' F(x) 111:\'!]]* ﬂ.’C) ﬁﬂ] <

Hence, fix) is continuous at x = 0,
Example 38. For what value of k the following functions are continuous at x = 2.

Jox+ 2~ Jdx+ 4
flx) = x-2
k re=2

:x2 2

Solution. We have,

1J5x+2-.,,f4:r+4 _—

f{I]: x—-2
k rx=2
Hnif{x}=ﬁn%[1fﬁx+2x:‘2{'4x+4]

=42

- lim Jox+2 - Jdx + 4 . JOx+2 4+ Jdx +4
x—-2 J51+2+J4x+4

(Rationalization)

(5x +2) — (4x + 4)
=3 {:-2)[J51+2 +,j4x+4)

=

) (Bx+2-4x—-4)
— lim
x—+1 {:—2][J5x+2 + J4x + 4]
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— lim (x-2)
2| (x-2) (JBx +2 + Jax + 4)
I 1 1
=hm =
x-:z_.jET:+2+J4:¢+4] J10+2 4+ /8+4
1 1 1
" J12+412 2Y12 443

Also, A2) = k.
Since, the given function f{x) is continuous at x = 2.

lim Ax)=f2)
x—2

1 1
S - g
= &3 T P a3
1
H 5 ' tinuousatx=2fork = ——.
ence, flx) is continuous at x or il

Example 39. (i) Discuss the continuity of the function :

L —
fix)=yx-a at x = a.

] ;x=a
(i) Discuss the continuity of the function :
|x - 4
ixed
flx)=3 x-4 *
0 rx=4
Solution. (i) We have,
2~ al
—txta
filx)=¢x-a
1 x=a

- : . [la-h-

z-va” -0l a-h-a
T ol T
h=0 — h—=0 - h
) o . |la+h—~ad
Mnd,  im = Jim e )= iy 120
K|
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lim :
= am fix) does not exist.

Hence, fix) is discontinuous at x = a.

|x - 4]

- 4
(ii) We have, fx)={z-4 "7
0 x=4
ol )
% rx<4d
2 =192  ...4d
: (x'—4)
0 cx=4
(-1 ;x<4
=3 fixy=4 1 ;x>4
| 0 ;x=4

flx) = = 1, which being a constant function, is continuous at each x < 4.
flx) = 1, which being a constant function, is continuous at each x > 4.
Let us discuss the continuity at point x = 4.

im f(x)=lim (-1)=-1
x4 £—+d

And, lin:* flx)= liT_ (1)=1
Also, fld)=0.
lir=1_ fix) = :liﬂl* fix)

}ﬂ filx) exists.

But, liﬂi flx) # 4)

The function fx) is not continuous at x = 4.
Example 40. (i) Discuss the continuity of the function :

 x—1 :
—_— i x]

fix) = | =1 v at x = 1.
| 0 yx=1
(i) Discuss the continuily of the function :

x

flx) =31+e"* J atx =0
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Also, fl0) = 0.
ling_ flx)# lin;* flx)

hi i
n flx) does not exist.

Hence, flx) is not continuous at x = 0.
Example 41. If the function f(x) defined by :

I"I_4

+a; x<4
|x-4|

flx) = 1 a+b ; x=4)

et +b; x>4
Jx - 4]

is continuous at x = 4, find the values of a and b.
Solution. We have,

£=d +a; x<4
| x - 4]

flx)=4{ a+b ; x=4)

x4 +b; x>4
| x—4]

; ; x—4
:Iiﬂ}_ f{I}-x]rl-lﬂ:' {II—4I +E)

lim( *=4 +a]
by 4 s

lim(-1+a)=(-1+a)

x—=4
: ; x-4 : x—-4
And, lim flx)= lim ——+b|= lim +b
4" =4\ |x -4 s+4tlx—-4
= lim (1+6)=(1+)
Also, fid) =(a + b).

Since, the function fix) is continuous at x = 4,

lim f(2)= lim f(x)=f#),

x4
— (~l+a)=(1+b)=(a+b)
= ~1l+a=a+b and (1+b)=a+5b
=5 b==1 and a=1

The function flx) is continuous atx =4 fora=1and b=-1.
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Example 42. (i) Show that the function defined by :
le = EI E

il
x% -4
flx) = < 3 - 15 discontinuous at x = 2,
| % ;x=2
(ii) For what value of k the function defined by :
x* - 16
cx# 4| ,
fix)=4 x-4 is continuous at x = 4.
k rx=4
Solution. (i) We have,
lx-2 xz2
zt-4
flx) = | h
4 rx=2
4 ¥

bm f(x) =i - |2-h- ﬂ
:-;n".n.:'l' flx 1m fl[ﬂ -h)= [{2 -

= lim | -4l = lim = lim
hs0|\d+hZ—dh—-4) kool a2 _ 4k ) ko0 h(h-4)

. 1 1 -1
g - (h 4] 0-4) 4°

|12+ h~2]
2+h):-4

And, lim f(x)= hmf[2+.h}_1 (

x=2" h—0

= lim =1i'|.'ﬂ

p
:]_‘jm 1 = 1 =1i
aisolh+4) (0+4) 4

Also, fl2) = i

lim f(x)=# lun flx)

=2

lim2 flx) does not exist.

Hence, fix) is discontinuous at x = 2.
2 -16
x—4
k x=4

(ii) We have, flx) = i

h

h

(1A o -
h-0(4+h*+4h-4) k-0 h® +4h ) h-0 h(h+4)
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x*-16 . (x=-4(x+4)
1 = 1 =1
cn i l‘.i‘}[ ;_4] iy Ry

=,I;I-Tl (x+4)=(4+4)=8.

Also, fld) = k.

Since, the function filx) is continuous at x = 4.
=5 il_ﬂ flx) = fl4)

= 8=k = k=8

Hence, the function flx) is continuous at x = 4 for k& = 8.
Example 43. (i) Determine the value of constant m, so that the function :

m(x?-2x) ;x<0
fix) = { cosx  :x0
(it) If the function f(x) defined by :

2x* +k :x20
x) =
i {-ExE-hk ;.tr.:ﬂ}

is continuous at x = 0, find the value of k.
Solution. (i) We have,

L

} I8 continuous.

{m(xg -2x) 1x< ﬂ}

Rx) = cos x :x20

fix) = m(x? - 2x), which being a polynomial, is continuous at eachx < 0
flx) = cos x, which being a cosine function, 18 continuous at each x > 0.
So, let us discuss the continuity at x = 0.

litg_ fix)= l'ugt_ [mix? = 2x)] [ Ax) =m(x? = 2x) for x < 0]
=m(0-0)=0,
And, lin&‘ flx)= linét* (cos x) [ Alx) =cos x for x 2 0]
x4 X
=co50=1

Also, flo)=1
: lim f(x)# lim flx)
x—0" z=0*
li-'ﬂr fix) does not exist.

Hence, the function fix) is not continuous at x = 0 for all values of m.

5 2x* +k ;x20
(ii) We have, flx) = )
-2x°+k ;x<0
lim f(x)= lim (-2x2+ k) [ flx)=(-2x% + k) for x < 0]
x—=0" -0 .

=(0+k)=k.
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1.

4.

3.

7.

Hﬂ:_f(ﬁ)=]jn:_ (3x + 2) [ Ax)=3x+2for2<xs54]

=34)+2=12+2=14 T}

And, lim f(x)= lim (2ax + 5b) [ flx)=2ax +5bfor4<x<8]

x-4" 4"

= 2a(4) + 5b = 8a + 5b ...(8)

Also, f4)=3(4)+2=12+2=14 ..(9)
Now, putting the values of equations (7), (8) and (9) in equation (6), we have

8a+5b=14 ..(10)

Solving equations (5) and (10), we get
a=3andb=-2.

EXERCISE FOR PRACTICE
2 -1
If fo={z-1 **1,
2 - L |

Find whether fix) is continuous at x = 1.
Examine the continuity of the function :

2x -1 ;x<2
ﬁx}={3?x ;:EE}EtI:E'
Examine the continuity of the function :
bx-4 ;0<x=1

fix) = 3
4x° -8x :1<x<2

}atx=1+

x - |x
;xe0) | .
Show that flx) = 2 * is discontinuous at x = 0.
2 - x =0
For what value of &, the funection :
x* - 16
cx2d] | .
fAx)=4 x-4 is continuous at x = 4.
k rx=4
For what value of &, the function :
k cos x R n
n-2x 21 . : n
filx) = 1 'mcnntlnuuuaat.s.*:E.
3 Ly =%

Discuss the continuity of the function :

{:r—eﬂain[ ] ixEa
xr—a atx = a.

flx) =
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B.

9.

10.
11.

12,

13,

14.

15.

16.

11.

Discuss the continuity of the function :

2lal+ 2
fix}) = x %20 atx =0.
0 cx=0
Determine the value of the constant k so that the function :
2 _
x° -3x+2 gt |
fix) = x~-1 is continuous at x = 1.
k x=1
el* _1
Show that the function : ﬂx}::ﬁﬁ when x # 0, fi0) = 0 is discontinuous at x = 0.

Find the point of discontinuity in the function fix) if any,

sin x :
+cogx ;ifx=0
flx}=3% «x P
5 (ifx=0
Show that the function :
Tx+5 ;ifx=0] e fanct
=15-8x :ifx<0 is continucus on.
! _— . 1+x
Discuss the continuity of the function =
-
If the function f{x) defined by :
2 :;x=<3
fix)=qax+b ;3 <x<5} is continuous, find the values of @ and b.
9 ;x2b

Discuss the continuity of the function :

sin 2x <
flx) = x ? 3
x+2 vx 20

Show that the function flx) = |x - 4| is a continuocus function.

Answers
Continuous 2. Continuous 3. Continuous 5. k=8
k=6 7. Continuous 8. Discontinuous 9. k=-1
x=10 13. Continuous 14. a = % ,bh=— % 15. Continuous.
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Differentiability

5.1 INTRODUCTION

In the previous chapters, we studied the functions, limits and continuity. In this chapter,
we will use the concept of limit to introduce the idea of differentiability. It help us to study
rates at which physical quantities change.

5.2 DERIVABILITY OR DIFFERENTIABILITY AT A POINT

Let fix) be a real valued function and a be any point in its domain. Then, flx) is said to
have a derivative at x = a if and only if flx) is defined in some neighbourhood of a and

lim L@+ "; = (@) oxists finitely.

h=0
where i be any small but arbitrary (positive or negative) number.
The value of this limit is called the derivative of flx) at x = @ and is denoted by f'(a).

fla+h)~fla)
: :

i.e., f(a)= lim
h—0

Now, flx) is differentiable at x = g, if and only if lim f(x) - fla) exists finitely.

T—a XxX-4a

Alse, lim [0 = fiw) exists if and only if lim [x) =~ f{a) and lim f(x) - fla)

X -0 X—a X—ra” xX—a x=ra* xX—a

lim fath)-fw and lim flath)~ja) both exist and are equal.
h-s0" - h h—0* h

or

5.3 LEFT AND RIGHT HAND DERIVATIVES AT A POINT

If the function fix) invelves modulus function, bracket function and/or is defined by

g fla+ h)- fla)
h—0 h
such cases, we calculate,

i f@R=f@ o flath) - fla)
ha0" h h—0* h

These limits are called Left Hand Derivative of flx) at a and Right Hand Derivative of
fix) at a and are denoted by Lf (a) and Rf ‘(a) respectively.

288

more than one rule, then may depends upon the sign of increment h of x. In

separately.
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RHD.Rf'0) = lim |

(
- Jim (22A=2) iy (2]
h—0" | +h h—0\ +h

0
r“f[l[ll+.&_] [ﬂ}]

[ Ax)=2+xforx=0]

i =
o (2 + h) {2+ﬂ]]___ lim [E)=l
A0 | h h—0* \

Lf'(0) # Rf(0)

= f(0) does not exist.
= flx)is not derivable at x = 0.
Example 4. Show that the function fix) = x* for x <0 and f{x) = x for x > 0 is not derivable

at x = 0.

Solution. We have,

= [’(0) does not exist.

_ x? :1x<0
el 2

x>0

f(ﬂ + k) - fF(0)
h-:rtl' h

. [w? -0
=h11-r:11'( h ] h—0" Gk

f{D+ h) - £(0)

[ Alx)=x2for x < 0]

L.H.D.Lf(0) =

R.H.D. Rf(0) = k—rﬂ h [ fix)=xforx> 0]
; h-0 ;
Jim (257 = Jim, 1=
Lf‘(0) = Rf(0)

= flx) is not derivable at x = 0.
Example 5. Show that fix) = [x] is differentiable at x = 1.

Solution. We have, flx) = [x].

L.H.D.

R.H.D.

h=0 h
= lim ”1*"]*[11) [ [1+h]=ﬂfurh—}l}']
k=07 h and [1]:
. (0-1 _ 1
- Jim (2] = - jim (7)==
fA+h) - FD] _ .. [[1+A]-[1)
Rf'(1) = ﬁl—pﬂ'[ 3 ] = hlhllg*{: 2 ]

1-1 [ [1+ A] = 1for h— 0*
S ano [1]=
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- h—0*\ A
Lf’(1) = RF'(1).
= f’(1) does not exist.
= flx) is not differentiable at x = 1,

—m(ﬂ)=u.

Example 6. Show that the function f{x) defined by :

xtan™ (i] sxz0

ﬁx) E X
0 ,;x=0
is continuous but not derivable at x = 0.
Solution. We have,
xtan™ (l] x#0
fix) = )’
0 ;x=0

Continuityatx=0:

lim f{:)=mﬂu_m= %1_:3 fi-h)

x=0

= lim—htan*l(iJ

h—0

=D:tan'1=-==ﬂx%

And, ;hﬂ* flx)= Pﬂ f0+h)= ;l;]_'f}: h
=0xtanlee=0x =
2
Also, fid)=0
liII'!]'l_ f(x)= HII&_ Ax)=A0)=0
fix) is continuous at x = 0.
Derivabilityatx=0:

. afl
= i ht:-ml[—]
o h

h=a0

= 0.

=G

=

L.H.D.Lf(0) = lim (

h—{" h

f(0+h}-f{0}] i

k=20 h
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R.H.D.Rf(0) = lim "fm+hl—f({l}]
h—=0* \ h
k!
w3
= lim h
h=0" h
\ )
= -1 ..1_ - 1 = X
N h]ﬂtl* kt h] =tan™ e =3
Lf’(0) = Rf’(0)

= f(0) does not exist.

= flx) is not derivable at x = 0.

Example 7. If fix) is differentiable at x = a, then evaluate :
tim ¥ f@-a” f)
x—a x-a

Solution. Since flx) is differentiable at x = a,

fla+ h)-fla)
h

f [u}=%1£}:-

2 2
We have, lim = fla)—a fix)

1=+ X=-0

Put x=a+h = h—=0asx—a

2 _ .2 2 _ .2
Hm[x fla)-a f(::}]= i {{ﬂ-i*h} fla)-a f{u+h)]

im
x-a a+h-a

I—=r{

=0

= lim

k=0

({a" +2ah+ h?) fla) - a? fla+ h})
h

h—0 h

"a?f(a) + 2ahf(a) + k2 f(a) - a’fla + h}]

k=0 h

o

| 2
i [P @ (2 +20) - a [f{u+h)-f{n}l]

- lim (hﬁm (h +2u})_ ng[ﬂu+ h) -f{n}]]
h—0 i h h

_ i _ 3 [fla+h) - fla)
IIl__“_.'j"[f.'.r,}(h.+2¢:] a }l]ﬂ( P

= fla) (0 + 2a) - a®f "(a) [

= 2afla) - a*f '(a).

v h=20" = h>0]

(1)

By using (1)]



DIFFERENTIABILITY : 295

Example 8. Prove that the function f(x) defined by :

22 41 rxsl

B Sad } is differentiable at x = 1.

flx) = {
Solution. We have,

x%+1 xs1
2x ;x>1

o

LHD.Lf'(1) = lim L3R -1
h—0 h

[[{1+ B2 +1 - (D2 + 1:.]
h

[ fx)=x*+1lforx<1]

= lim
h=0"

= lim
h—0"

1+h®2+2h+1-2
h

= lim (h+2)=2.

i "h(h+2}]
= lim
A=

h=0" h

f -
RH.D.Rf'(1) = lim kf{“ "; f “}) [+ Ax)=2cforx>1)

f —
- Vi 2{1+h}-2{1}]= lim [2+2h 2)
h—=0" | h h=0* h
i
= lim E]= lim (2) = 2.
h=0" | h h=0
Lf'(1)=Rf'(1)

fix) is differentiable at x = 1.

Example 9. Show that the function fix) defined by :

x? sin[i) ;x20

flx) = x
0 rx={
is continuous and differentiable at x = 0.
Solution. We have,
x? sin (1) ;x#0
flx) = x

0 x=()
Continuity atx=0:
lim f(:}=,{iﬂf{ﬂ—h]=£iﬂﬂ—h]

x—=0"

= lim (- h)* sin (iJ = lim A? ain[ih)

= lim - A% sin (1] [* sin(—8)=-s8in8]
h—0 h .

= 0 x (a finite quantity between — 1 and 1)
=0
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And, IIEE* flx)= }ll_lﬂ_I flO+h)= Alﬂ) f(h)
ek
= }lllirllj h sm(h]
= 0 x (a finite quantity between — 1 and 1)
=0
Also, flo)=0
: Iin&_ flx)= li‘f} fAx)=A0)=0

fix) is continuous at x = 0.
Derivability at x=0:

1
h%sgin—=-0
L.H.D.Lf’(0})= lim [f{ﬂ+h}—f{ﬂ}J = lim [ h ]= lim (&EinlJ

h—0 h h= 0 h b0 h
= 0 x (a finite quantity between — 1 and 1)
=0,
R.H.D. Rf(0) = lim [f O Eh =T m)]
h—0" h
{ N
h? sin (%) ~0 .
= AIEJI* h = hling‘ (h sin [-ED
\, /
= 0 x (a finite quantity between — 1 and 1)
=0
Lf(0) = RF(0)

= f'(0) exist.
= flx) s derivable at x = 0.

Hence, the given function flx) is continuous and differentiable at x = 0.

Example 10. Show that the function fix) = |x-1| + |x- 2| is not derivable at x =2,
Solution. We have, flx) = |x-1| + |x - 2]

Ir- —
LHD.Lf(2) = lim [{f&*A -7 {2])
.Jl—-*-ﬂ_ 1 h

|l" _ -I_ L _ o
lim (12+h-1]+|2+h-2]-(]2-1]+]2 EI}J

h—=0 \, h

f - e
- jim [LL38141b1-21-0)
h-207 h

[1+h+[~h]‘1]

lim
h=0

[ |h|==hforh<0]

i
L g
&8
——
= ol =’
) SRR

|

=
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o)

= =

{wnwn)

=

= h i
i 3 = oo h
L J J
i 1 1 1
| e e e e e
= lim |e ["" A 1= lim |e [" "‘] v |h| =hforh>0]
h—0* h=0*
= lim ¢ " = lim L
= é =—1 =10
E L}
Lf(0) = RfF(0)

= f'(0) does not exist.
= flx) is not differentiable at x = 0.
Example 15. Find the values of a and b, so that the function f(x) defined by :

g
x“+3x+a ;x<1
%) = *
A {b::+2 ;:::::r.I}

ts differentiable at each x € R.

2 L]
Solution. We have, fix) = {"‘ +3x+a ;x= 1}
b:-l*ﬂ ;x}l

As it is given that, flx) is differentiable for all x.
flx) is derivable at x = 1
= flx)is continuous at x = 1.

= lim f(x)= li]flil‘ flx) = A1).

=1

: f(x]=x2+3x+ufﬂrx£1
im (x24+3x+a)=lim (Bx+2)=1+3+a

= x=1 P and f(x)=bx+2forx>1
=% l+3+a=b+2=1+3+a
B 4+a=5b+2 (1)
= a-b+2=0.
Now, flx) is differentiable at x = 1.
=% Lf(1)=Rf’'(1) ...{2)
" ; Ir'.$"(1+.‘1}—)"II]J]
LHD.Lf'(1)= han;_ h >
§ 2
_ i | 2R +3{1+h}+u]~—(1+3+u]]
h—=0" i h
') o oA
- i (1tA2+2h+3+43h+a-4 u]
h-—0 h

%
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-
=
e

k=0

Lf(1)=5

RHD.Rf'(1) = lim

= lim
h—=0*

= lim
h-a0*

Rf(L)=b

=

lim (kh + 5)=5.
hat

h? +5h
=
f(l+h) - f(D)

G
(b(1+h)+2-(a+4)
S e
'b{1+h}+2-i:b+23]
i h
(b+bh+2-b-2
.

- lim [hth +5}] _
- h

A=
.{3)

[ By using (1)]

4
Eﬁ)= Im 6=5b
L h h—0"

(4)

From equations, (2), (3) and (4), we get

b=5

From equation (1), 4 +a=5+2 = a=7-4=3

= a=3

Hence,

a=3 and b=5.

Example 16. Discuss the continuity and derivability of

{:caﬂi ;x:ﬂ}
fix) = X atx=0.

Solution. We have, fix)= {

Continuity at x =01

xr-»0"

h=0

0 +ryxmi)

£ Cos

1 x#0
X
0 rx=1

lim f(x)= lim f(0-h)= lim fi-h)
ﬁ—r_l}' h—=0-

=lim—hcm[—l—)=ﬁm—hmﬂ[l) [+

cos (—8) = cos 6]

-h k=0 h

= 0 x (a finite quantity between — 1 and 1)

L 1 . 1
f{x)-’ll:_ﬁﬂ:mh}-m flh) = Aﬂ(hm"]

h

= 0 x (a finite quantity between — 1 and 1)

= {0,
And, lim
x=0

= 0.

Also, flo)=0
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lim f(x)= :1—iini.:l.* fix) = 0) = 0.

=0
- flx) is continuous at x = 0.
Derivabilityatx=0:

fla+h)—£(0)

We know that, f{a) = lim

k=0 h
ey — . FO+R)=[10)
=3 fIDB—H y
hms%-—ﬂ 1
| “E‘_’:‘(“E‘I]

which does not exist, because %in}] (ms %) oscillates between - 1 and + 1.

f '(Q) does not exist.
= flx) is not derivable at x = 0.
Hence, the function fix) is continuous at x = 0, but not differentiable at x = 0.
Example 17. Show that the function :

=z

2 € =1
x5 ——— ;x20
flx) = e* +1 r
0 sx=0
is differentiable at x = 0.
Solution. Please try yourself.
[Hint : See Example 13.]

Example 18. Show that the function fix)= | x-1 | + | x + 1| is not differentiable at x
=%
Solution. Please try yourself.

[Hint : See Example 10.]
Example 19. Discuss the differentiability of the function :
fx) = 2 +2 rxsl
Ix rx>1
Solution. We have,

3
x*+2 251
ﬂx}_{ﬁx ;I.'Jl}

Since, filx)=x3+ 2forx <1 and
fix) = 3x for x > 1, which being the polynomials are differentiable for allx < 1 as well as

for all x > 1.
So, flx) is differentiable for all real values of x, if it is differentiable at x = 1.

# £ i f{1+ h_]' = f[u
LHD.Lf'(1) = hlin{}" ( . ]
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Derivability atx=1:

' iy _ e | FA+R)=F(D)
- LHD.Lf(1) = hlﬂlg_ ‘ 2 ]

[ Ax)=x+a forx<1]

lim ((1+h+a)—(a+ 1}]
0" h

=

lim 1+h+u—u-1]_ lim [E] _1
h—0" h T h=0- \ A :

RH.D.Rf'(1) = Yim |f&FR=F {”]
h=0" | h
L Vi i
g | EL R +1 {u+H] A npa—
h—0* X h
) .u{1+h2+2}:}+1—n—l]
= 11]]1
h-0" i h
5 2 _ 2
- lim a+ah® +2ahk | tim ah” + 2ah
h—0* hk h—0" h
= lim th'l'h}] = lim (gh+2a)=2a
h—0" | h h—0"

For differentiability of flx) at x = 1, we must have,

1
Lf'‘M=Rf'(1) = 1=28 = a=2
i : 1
fix) is differentiable at x = 1 fora = -2- ;
Example 22. Show that the function fix) = |x-2| is continuous but not differentiable at
x=2
Solution. We have, flx) = |[x - 2|
Continuity at x =2 :
111:21_ f{xl-hm fi2-h)= lun |2-h-2]
= }lﬂ |-&] = 11111 h=0.
And, lim, f(x)=] hmf(2+h}-11m 12+ h-2|
_ 11
%lﬂ lh| =, h=0.
Also, fi2)=12-2| =0
lim f':I}= lim ﬂx:l=ﬂ:2]=
x—2 x—2'

flx} is continuous at x = 2.
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Derivability at x=2:
Saa 0" | h h—0 h
M Lﬁtﬂ] [+ |h|=—hforh<0)
A0 | A
(—k
= lim —)= lim (-1)=-1.
A=20" | h b0
RH.D. RF'2) = lim | L2+P - ‘2}]
h—0* | h
= lim '|2+h—2[—{2—2|:| 5 L [Ihl—ﬂ]
h—0* | h h—=o' h
(h
= lim —J=h‘m (1)=1 [ |h| =hforh>0]
k0t \h) hoo
Lf(2) # Rf'(2)

= f'(2) does not exist.

= flx) is not differentiable at x = 2.
Hence, the function f{x) is continuous at x = 2, but not differentiable at x = 2.

Example 23. If f{2) = 4 and f{2) = 1, then find the value of lim

Solution. We have, lim

xf(2) - 2f(x)

xf(2) - 2f(x)
x—-2

=l

=32

|

x=2

x—2

|

Putx=h+2 = h—0asx—=2

xf(2) - 2f(x)
r-2

lim

x=s2

= him
h=20

|

2+R)f(2)-2f(2+h)
2+h-2

|

[2f(2)+ hf(2) - 2f(2 + h)

- lm | A2 N Q2B B
- lim hf{2}-2[f(2+hll-f[2}]:l
h=0 i h
i [ hf(2) [ 2[f[2+h]—f{2]]':|
h=0| h h
= lim £(2)~2 lim flash)- {2
h—0 h—0 h
=R2) - 2f"(2)
=4 -2(1) =2 [ Itisgiven that:f{2)=4 and f'(2) = 1]
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Example 24. Show that f{x) = {x] is neither continuous nor derivable at x = 2.
Solution. We have, fix) = [x].

Continuity at x=2:

lim f(x]=!1_rﬂlﬁ2—h)=,{1_ﬂ [2-h] = lim 1 =1,

x =2
And, ,tllrnzl* flx)= EI_IEE A2+ h) = }ﬂé [2 + k] = Elﬂ 2 =2

lim f(x)# lim fx)
=2 T—=2"

lim flx) does not exist.
=2

flx) is not continuous at x = 2,

Derivabilityatx=2:
LHD.LF/2) = lim | L@+ -f@]_ 1m [12+h] s [2]]
k=0 | h A0 h
f - -
& K [ 2) = lim [uJ [+ [2+h]=1forh<0]
h=0" 4 h A0 h

_“lm(l]_“
- k=0 \ h W

h—0* h
i
~ lim [2+m-[21] o 352 ([2+h1-2)
h—s0* | h h—0*
. 2-2 i 0 s
_hILT*kT)_;L“&'EE]HG _[. 2+ h]=2forh>0]
Lf'(2) = RF(2)

=» f'(2) does not exist.

= flx) is not differentiable at x = 2.

Hence, the function flx) = [x] is neither continuous nor differentiable at x = 2.
Example 25. Show that the function f{x) defined by :

xsiri[i) rx#0
flx) = x)?
0 rx=0

is continuous but not differentiable at x = 0.

Solution. Please try yourself.
[Hint : See Example 9.}
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Example 26. For what choices of a, b and ¢, if any, does the function :

’m:ﬂ+bx+c ;ﬂﬂxﬂf
bx—-c s l<x=2
c jx>2

-

-

fix)

is differentiable at x = 1 and x = 2.
Solution. We have,

ax® +bx +c

flx) = .

bx—-e¢
€

0<x<1
rlex<2
rx>2

w

Differentiabilityatx=1:

LHD. LfA1) = lim | [Q+m-FD
"L h

A—=0

] [ Ax)=ax?+bx +cfor0<x<1]

= Iim
hA=0"

Ha(+h)2 +b(1+h)+cl—(a.12 +b. 1+.:;|]
h

ru{1+h2+2h}+ﬁ+hh+c—a—b—cJ
h
h

f'\!:l-+4r.-:a"12+2|e1h+n!ah--';rf) [Mah+2u+b]
h h
L

= ;,IEE- (ah + 2a + b)
Lf'(1)=2a+b
[f(1+h}—f(1]

T

[(B(1+h)-¢) -(a.1? + bi1+cfl:|

= lim
=0

= hm
h—0"

== llm
h—=0"

|

(1)
R.H.D.Rf(1)= lim

h—=0*

h—0* h

[ Ax)=bx-cforl<x=2]

)

h+bh-c—a-b-c]
h

(bh—a - 2¢
h
RFD) = lim ( )

(. a+2c
el
Since, (1) exasts, therefore we must have
a+2c=0
b=2a+b = 2a=0 = a=0
a+2c=0 = ¢=0 [
a=0ande=0.

= lim

hA=0" i
( bh _a+2c
. h h

= lim
h—0*

= lim
h=0" |\

And,

Also, a = 0]
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w1l [M] [+ |h| =hforh> o0l
h=0" | h
= lim, |4] = lim h=0
A=0 h=0
& Lf (0) = Rf'(0)
= f'(1) exists. =
=» flx) is differentiable at x = 0.
2x+3 ;x51
Example 29, If fix) = { 3 } is differentiable everywhere, then, find the
ax“ +bx :x>1
values of a and b.

1

4.

B.

™

1.

Solution. Please try yourself, [Ans.a =—3 and b = 8].

EXERCISE FOR PRACTICE

/
Examine the derivability of the finction :

3-2x :x<d
ﬂﬂ'{zx-? ;:24} atx

Find the value of p, if the function :

=4,

2 !
flx) = pr +1 ;x21 is differentiable at x = 1,
x+p ;x<l

Show that flx) = |x — 5| is continuous but not differentiable at x = 5.

2+x :x20
Let )= ’ i
fz {2-: ;:{{.'l}
Show that flx) is not derivable at x = 0. .
R

E R T

Show that flx) = 4 Em:: i ¢ iz derivable at x = 0 and £'(0) = 0.
0 cx=0

If flx) is derivable at x = a, then,
Prove that : lim xf(a) - af(x) = fla) — af "(a).

x—a X=0
Show that flx) = |x ~ 2] is continuous but not derivable at x = 2.
Find the values of a and b so that the function :

2 ;
fix) = [: b"'a‘""f 'IEI} is differentiable at each x € R.
x + 2 ‘,.1:}1

Answers

Not derivable 2 p=T 8. a=3and b =5.
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Note. The above result can alse be extended te any finite number of differentiable functions as :
Let flx) = c,f (x) + cfo(x) + ...... + ¢ f, (x)

wherec,, ¢,, ...... ¢, are constants.
Then, By using theorems (4), and (5), we get

difx_ Fa)] = f ) = i fegfy06) + Cof @) + s + €, ()]

Iclflllx}] + e [cJE{x]] + enans + &4; e, f, ()]
= ::lf{{x) + c,l"ﬂ'(x} . +c,f.(x)

Thus, the derivative of a linear sum of a finite number of functions is the linear sum of
their derivatives.

Theorem 6. The derivative of the difference of two functions is equal to the difference of
their derivatives,

. d d d
lL.E., —k-y=——)-—— (0
= (i ) dx (u) i (v)
_du_dv
dx dx
where u and v are differentiable functions of x.
Proof. Proceed as in theorem 5.
Remark. (i) The results of theorems (5) and (6), can be summaries as :
d d
5 (uxv)= TE {u]taflﬂ}
_dudv
dx dx
(1) In general, if u,, u,, ...... u, are n differentiable functions of x, then, we have
du, du du
— (U2 lUgt 2= —LF—2 B
dx 103 WS dx T dx dx

6.7 PRODUCT RULE OF DIFFERENTIATION

Theorem 7. If u and v are two differentiable functions of x, then, prove that :

d dv du
— (U =u. —+yp
dx de dx’
Proof. Let u = flx) and v = g{x)
Then, Y = Uy (1)

Let & be a small increment in x and &u, dv, 8y are the corresponding increments of i, v,
¥ respectively.
: v+ 8y =(u+du)(v+dv)
= uv + udv + vdu + dudv ..(2)
On subtracting (1) from (2), we get

Oy = wdv + vdu + dudv
By uﬁu vou ﬁuﬁu

= =" &c &: ™ [Dividing both sides h}.r. ox]
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337

(i) Let

=

(i1t} Let

(iv) Let

y:[_::+—1-)[:2+—1?)=x3+l+x+~%-
X - 3 X x
y=ad+x 42 +x3

LT EVE SN G S R S

d':c o e
[ 2 (=) ="-‘="_1}

dx
y =(2x + 3)?
=4x?2 +9 + 2(2x) (3) [ (a+b6P=a®+b?%+2ab)
=4x? + 9+ 12¢
ji 8c+12+0=8x+12. [ %(I"]=nx"'1:l
1][ 1) Jr =z 1
= | X+ — «E+— = AVE +—F — + ——=
y[ x Jx x  Jx xdx

|}
=]

. 1 -~ -, -
IRL ' SRR SRS L

=22ty

2% T2 2 2
= %J;_Ex]";ﬂ +2x1”2 _2;;"’2
3 1 1 3
=§£_2xﬁ+2§_2x“§
-3 E )

Example 7. Differentiate the following functions w.r.t. x

ol 1)

71

iy 2x° +3x+4

Jx

1 3
(2E) | x° + —]
( x2
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i {x -1. 2{2+5x}(5} (2 +5x)% (3x2)

-1)?
_L., -1 (2+5x)-(2+5x)° (3x%)
- (x? - 1?
_(2+52) [10x° —10 3x%(2 + 5x)] _ (2+52) [10x® - 10 - 6x2 - 15x7]
(x° - 12 (x? - 1)?
[2+5x1[—5: 6x° -10) _ {2+5:}{5:3+E:: +1m
(x? - 1? (x® - 1?
(if) Let y:ﬁtﬁ
d d
by [V =5) & (Va4 45)- (Vo + ) & (V- )
. (Vo - 45)
[By using Quotient Rule}
(fa- J‘](u+2—f) (Va + r)[u-_)
(Ve - 5]
1
R[] s g
(Va - 4x)’ (Va-vz)° r(Va-4x)
1-x
(iii) Let = v
d d
dy _ (1+J_)E;{ _r)_(l-ﬂ)&!‘(l-‘-ﬁ} [By using Quotient Rule]
- (1)
[1+J;].[n-2—j.;)-[1—£)(u+#)
) (1+~-"E]2
**Remembe d J’" V2, _ ; 1_1 -1.I'E_ 1
m rE[ I}:—[ Y= —x - = 9.V2 EJ"
d 1
)5
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& n(:c +yx? +a? ]u

7R
> Fea Yon(xefiTrat)

= e Lem o y=(xedra )]
Gii) Let y=(x+fva?)

Please try yourself. (Ans. yx° +a° = = 10y]

dy
dx

[Hint. Put n = 10 in the part (i{) of the same example].

(iv) Let y= Z *i _yal+st
- Ju -:l:

2_2£( 2 2)_( 2 z)i( z_z}

. =)
[By using Quotient Rule]
J ——( 2)_ Ja? —-: -~ %)
e — a‘ +x a’ + x* ?- a‘ ~x
(a? - x%)

u + .1: :II:-.IJ-'.:',2 —:.1r:2 :-Jag +:!:2
(0+2x)—- {D 2x) +
EJa +x? 2]:: = x3 a? + x* a? - x?

(a? - (a® - x?)

x(a® - x*)+ x(a® +x%)

9
_ Jat+x? Jat -t 2a"x
(a® - x%) a?+x? Ja? -x* (@a® -x*)
2a’x

a® +x% .(a® - x%)*?
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Proof. Let y=tanx (1)
Let 8x be a small increment in x and &y be the corresponding increment in y.
y + &y = tan (x + &) .(2)

On subtracting (1) from (2), we get
&y = tan (x + 8x) - tan x
sin(x+8x) sinx sin{(x+ &) cos x - cos (x + &) sin x
= cos(x+8x) cosx cos (x + &x) cos x

= sm(:c+5x—:sl:} [+* sin(A-B)=sin A cos B - cos A sin B]
cos (x + &x) cos x

sin ox
= cos (x + 8x) cos x

= oy

& _sin & - 1 [Dividing both sides by &x]
S dx cos(x+dx).cosx

Proceeding to the limits as 8x — 0 :

lim 2 = Jim | S0 :
Gc08x & —0| Ox cos(x+8x).cosx
dy . (sindx . 1
— — — e imiaia | ® hm
dx ai‘ﬂ’u( B ] -0 coS (x + 0x). COS X
dy _, 1 . sin®
dx = ~COSX.COSX 3‘3}; =1
dy 1
dx cos” x = sec’ x
B = Bo02 %,
Hence, I (tan x) = sec* x
7.2.4. Theorem. By using definition, prove that :
-:—x (cot x) = — cosec? x.
Proof. Let y=cotx o 5
Let &x be a small increment in x and 8y be the corresponding increment in y.
y + &y = cot (x + &x) .A2)

On subtracting (1) from (2), we get
dy = cot (x + dx) —cot x

cos(x+8x) cosx N sin x cos (x + &ix) — cos x 8in (x + ox)
= - sin (x + &c)sin x

= sin(x+8) sinx
8in [x - (x + &)

= {:1&.?}35:: [+ sin (A~ B)=sin A cos B —cos A sin B]

" sin (— &x) e — 8in dx
= sin(x +8&)sin x sin (x +dx)sin x

[~ sin(-8)=—sin 6]
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Proof. Let y=cotlx

=3 ' x=coty ..(1)
Let &y be a small increment in y and &x be the corresponding increment in x.
x + &x = cot (y + &) (2)

ﬂn subtracting (1) from (2), we have

dx=cot{y+dy)—coty= :z[{;:g;h:z;

sin y cos (¥ + &y)— cos y sin (y + &y)

sin (y + oy) sin y
[+ sin (A - B)=sin A cos B — cos A sin B)
_sin[y-(y+8)] _ sin (- &y)
“sin(y+3d)siny sin(y+8)siny
= P14 [~ sin(-0)=-sin 8]
sin (y + &y) sin ¥y
® = sinty Dividing both sides b
Proceeding to the limit, as &y — 0, we have
& . -1 sin &y
—= lim
ﬁg'lflnﬁy E:r—ru[sm{y+5y}smy Ey]
3 1 . sin dy
bR | 1
= dy Eyl—r?u sin(y+ &y)sin y E:-Elﬂ dy
_ -1 1 [ lim Elnﬂ_1i|
siny.smny B-+0 0O
de -1 i
=3 dy ﬂinﬂ}t=—+r:|nu£ua.-i:_'J.r
dy -1
= dx cosec? y
=3 g
'+ cosec? A—cot® A=1]
1% cot? y i
dy -1 : ;
= dsc 1az) [ x=coty]
-1
Hence, 2 (ot x) = T
dx 1+x

7.3.5. Theorem. By using the first principles ; prove that :

d -1
o fSEE'I x) = ————
dx xsj:E -1
Pr. fLet y=secly
— X = secy A1)

xe R-(-1, 1)
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dy =2 cos (2x + 1 + &) sin O«

8y _ 2cos(2x + 1+ &x) sin &
& G
Proceeding to the limits as6x —= 0

.y
al"_?n'a";_allfn 2cos (2x + 1+ &x).

[Dividing both sides by &x]

sin &x
&x

dy 4 1 . {sindx
g dr-ﬂﬁ;lrlﬂlucﬂﬁmx+1+aﬂ.ﬁllﬂlﬂ[ o J

=2cos(2x+1+0)x1 [ lim Emﬂ:l:l
60 B

dy
dx =2cos(2x + 1)

Hence, % (8in (2x + 1)) = 2 cos (2x + 1).

(fi) Let y = cos bx - A1)
Let &x be a small increment in x and 8y be the corresponding increment in y.
5 y + &y = cos blx + &x) : o (2)
On subtracting (1) from (2), we have
&y = cos (bx + béx) — cos bx
bx +bdx+bx\ . (bx+bdx—bx
( ]“‘“( 2 J

=—2sin

[ msﬂ—msﬂ=—2sinﬂ+nsinc_n]

2 2

r’

=_23m (Eb:-l-bﬁx]ﬂiﬂ .-E.'.-ﬁ_:..:-)
2 L 2

b
W 2

— 5y=—25in[b::+£?]ain

. Sx) . (bbx
—2s8in| bx+— |8in| —
Y - 2 2 [Dividing both sides by &zl
o Ox

: [ b&:] : (bﬁ:)
—2sm|bx+—|s1n| —

2 2 [b]
=4 = p 4 -E

& a
[Multipl_‘,r and divide the R.H.S. by %]

2
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gm[mhﬁ]_m[ﬁf-&]

= £ [Jx+ﬁx—£]
) S [-.,fx+ﬁx—.f£] : 2
' 2
[Mulﬁplr and divide the R.H.S. by["-”‘ *5;‘ -Jx ]]

sin["x-'-ax_‘E]
=2¢UE[J::+&C+J;] 2 {J::+&-J§)x(@+&]
2 | [1||r:i:+5x—-u‘;} C 2% S+ 5% +4%)
2
[Rationalisation]
sin["lllx-"&_\&_]
N Jx+ 8 ++/x 2 FroTg e
_cuﬁ[ 2 ] [f_ﬂax—-ﬂ} '[ax{,;‘ﬁaﬂﬂJ
Z
sin .J:::+&|:=—~.E
:ms[-,,llx+ﬁx+d’;] [ 2 ] 1
2 [Jﬂax-ﬁ] “(Jr+ox +4x)
2

Proceeding to the limits as éx — 0.

2

Ein["lx+ax-&}
1
[1fx+&r-v’;] (Jx+ & +4x)

2

lim 2« lim ms[*”&”ﬁJ_

T m-0dx &-0 2

2

-Bin[Jx-l-&_E]-

. 1

x>0 [fx+§a:—ﬂ] *a}Eu{m.*E}
2

g—=0

= c08 (‘E +‘E] 1 |: lim S8 _ 1]
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E=i— lim Eln(j‘+§} lim 5‘“( 2
= d}' 2x By-0 Gy -0 *(@)
— 2 ot
-1 | . sinB
= o siny.l [ }lﬂ. 5 41}
—J1=cos®
= v 2:“5 4 [+ sin? A +cos?A=1]
1=t »
= i = - Gy _ -2 [ x*=cosy]
dy 2x dx 1- 4
d -
Hence, — (cos™! x?) = 2%

= i

Example 9. Differentiate the following function w.r.t. x using the first principle :

(i) tan! [x (ii)x tan1x
gl
i) 2%
e »
Solution. (i) Let y=tan™! fx
= Jx = tan y (1)
Let &x be a small increment in x and &y be the corresponding increment in y.
& Jx+ 8¢ =tan (y + &) .£2)
On subtracting (1) from (2), we have
Jr+dx—Jx =tan(y + §y) —tany [Rationalisation]
{-JI+EI Jx) (JI+§.‘C +Jx) _sin(y+8) siny
1 {Jx+5:c+«r} cos(y+8y) cosy
x+dx—-x  sin(y-+dy)cos y—cos(y+dy)siny
= [1}'::+Ex+JJ_c] cos (y + 8y) cos y
— _._._j‘f.__= sin (y + & - y) [+ sin{(A—-B)=sin A cos B — cos A sin B]

(Jx +8x +/x) cos(y+8y)cosy
3 S s (EE D), —=20

cos (y+0y).cos y

%=Nx+&+»f;]- bin by

dy.cos(y+8y).cos y
[Dividing both sides by &y]

Proceeding to the limit as 8x — 0, so that &y — 0 :

(rrEz 4. hm[ Sy ]

Sy.cos({y+dy).cos y

= lim
& -

11’11E
—rﬂﬁ_',l
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" az ; sin (6z/2) ; .
& ﬂllﬂln [z COS (3 + EJ:I ; Ellglu[ 52/%) i + &lliﬂﬂ sin z
=5 = = _ -
; , g oz : sin (6z/2)
P 2 P
—-zcoszx1+sinz [ . sin® :|
= — - -+ Im =
sinz.sinz.coszx1 60 A

-le—sinzzd—sinz

Ml a5 [- ®in? A + cos® A =1]
Ei1153+d1—sin23
—gin~ :I:Jl—x +x

1 2
= |[By using equation (4)]
x? J1-x*

dy _:—1,‘1-.1:2 sin~t x

1l

PO

X

d [sin_l.t:] x-J1-x% sin'x
Hence, = ;
dx

12 -Jl—:ﬂ

Example 10. Differentiate the following functions w.r.t. x using the first principle :

(i) cos™! (4x° - Jx) (ii) cos™! (2x + 3)
2
(£ii) tan™! (1 _zg ] (iv) sec™! [:c i : ]
Solution. (i) Let y = cos~! (dx? —- 3x)
= 4¢3 - 3x =cosy (1)

Let &x be a small increment in x and &y be the corresponding increment in y.
- 4(x + 8x)® = 3(x + &x) = cos (¥ + &) .(2)
On subtracting (1) from (2), we have
4[x% + (8x)® + 3x* 8x + 3x(8x)?] — 3(x + dx) — (4x® - 3x) = cos (y + dy) —cos ¥
= dx® + 4(8x)® + 12x? 8x + 12x (8x)? — 3x - 38x — 4x3 + Sx =cos (y + By) —cos y

= 4(8x) + 122 By + 12¢ (8x)2 - 38x = — 2 sin (J'*'ﬁé’ﬂ’]m(ﬁﬁgy—y]

[ cﬂﬁC-msD=-—25inC+D i C_D:l

sin
2

= Bcld(8x)® + 12x% + 12x 6x - 3] =— 2 sin (:y - %Jsin (%] [Dividing both sides by &y]

D ¥\l
Eu:= 1 .'?.sm[y+ 2)3111(2]
8y [4(&x)® +12x% +12x8x-3] By
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Proceeding to the limit as éx —» 0

F_ log x sin [: + E) sin [fﬁi)q
. by 2 2 CoS X dx
a}:linuﬁx-ﬁlulinﬂ [_@'E,] -{ i +1ug[1+;—)}
L 2 =
[ log (x + &x) . log x !
dx -Ein[%]- cOsx X dx
_lngxélﬁlusln[x+i]+ﬁ!‘1§u (af_) -ﬁllﬂlﬂ[ = gln [1+?)]
dy L\2/ ]
E dx lim flog (x +8x). log ]
[ . sin® j|
<+ lim =
80 08
[+ m logn =log n™]
& T Vx|
~logx.sinx.1- % | lim 1t1~g[1+§)EJE < lim log (1+x)
x &0 x . VVx
= =log lim (1+ x)
{lng x) (Ing x) x—0
=loge=1
—sin:lugx—m:'rxl
G (log x)?
dyz—:csinxlng:c—t:usx
dx x (log x)*
Hence. & [ cos x =—xsinxlugx—cnsx.
dx \ log x I{lﬂgx}ﬂ
(iii) Let y=a'* A1)

Let &x be a small increment in x and &y be the corresponding increment in y.

- y 4+ 8y=qgV*t® .(2)
On subtracting (1) from (2), we have

Vvl _ o Jx g frplErs-dE g

Sy=a
m Jx : -
J_ Multiply and divide the
[m J‘]"““a" - V) [R.H.S.by(Jx+ﬁx—J;}]

&.’, i@ gVt -V _ 1,‘1: + 8 —+x
§F ey J" o [Dividing both sides by x]

Proceeding to the limit as dx — 0

N - gVt R-iE g Jx+8x - Jx
lim = lim |a {m_ﬂ]x[ 5 .

fx—00x &0
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252 DIFFERENTIAL CALCULUS MADE EASY

Example 19. (i) Discuss the continuity of the following functions at x = 0.

fe) = x? El'f:ﬂ-;:' ;x#0
0 ;x=0
|sin x|
- X #
(ii) Hmd & AEEUL
1 x=0
Solution. (i) We have,
fx) = :asin% :x20
0 x=0
ﬁmf(x}=1im.t25iﬂ-l
z—0 xz—0 x
= 0 x (a finite quantity between — 1 and 1)
=0
Also, flo)=0.
lim fix) = f(0)
flx) is continuous at x = 0.
(i) We have, fx)=1 x a0
1 ifx=0
i ;if x>0
: x
= fix) =4 1 ;ifx=0;
== ;ifx<0

gag LA R IO-R=n A0

i sin(=h)|_.. (_sinh vt g ez
—HI:— “h ] H( o ] [* sin (- 0) =—sgin 6]
. (sinh
“'E’b[ h ]"1
Also, flt)=1

him fx) #A0)

flx) is discontinuous at x = 0.
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260 DIFFERENTIAL CALCULUS MADE EASY -

Solution. () We have,

sin 3x
x<0
tan 2x
3
= —_— y =u
flx) 3 x=0
log (1+ 8x)
x>0
e -1 J
foou k' .
lim f(x)= lm sin 3x = lim sin 3x _ 2x _ 1
x—0" =0 \tan2x ) =x0| 3x tan2x 2x
(sin 3x) 3 2x 3 3
= lim —=.1 ——|=(1).| = ——
==0"\ 3x ) 2 xﬂ[t&nﬂx} ( ]{H 2
And, lim f(x)= lim 1"52*3’”]
x—=0* :—ID‘L e =1
- K lﬂg{1+3::]_3x_ 22: i}
:r-rﬂ"’_ Jx e -1 2x
, ’lng{1+3x]) 8 .. 2x 3 3
= lli.'l]. P I.III]. = . | =— = —
20" \ 3x 2 20" | e** -1 L [ ]'{1} 2

)
Also, fl0) = 3"

. . 3
Ill_flél, f(x)= :huﬂ* f(x)=f(0)= 2
Hence, flx) is continuous at x = 0.

(ii) We have, flx) = {Em ® ks D}
x :x20

lim f(=)=lim f(0-h)=lim fi- k)

=%1_:3:& Ein{—h:l=}l1_lﬂ (—sinhll:—’l:lﬂ (sin h) = 0.

And, :IHIDI' f{1}=mﬂﬂ+h}=mﬂh}=;ﬂ}]{h]=ﬂ
Also, fl0)=0

lim f(x)= lim Ax)=70)=0

=0 x—=0

Hence, flx) is continuous at x = 0.
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1)
= x2 cos h}]‘.; i-(%]+mn(%]2:

17

_ x2 l ..EE_ -1 + 2x 51 .].'

=X cuskxj.dx(x ) xsmx

=::2cn31.{—1:c'2’!+2:-:5i111=—-cnsl+215inl
x x x x

=2xainl—ma—1~_
x x

(ii) Let ¥ = x° gin x (tan x + sec x).
dy _ad

[x° gin x (tan x + sec x)]

dx

= x° sin x.%[tanx+sec x) + x° (tan x + sec x]?j;:—{smx}

+ sin x (tan x + sec x) 5 (x%)

= x° sin x.(sec? x +sec x tan x) + x° (tan x +sec x).cos x

+ sin x (tan x + sec x) . 5x*
= x° Ein:csec::{iecx+t-anx}+xs cos x (sec x + tan x)
+ 5x% sin x (sec x + tan x)

= x%(sec x +tan x) [ x sin x sec x + x cos x + 5 sin x} .

sin x
(ii1) Let y=x¥, P
y=xtan x
%:%[:ﬁt&n:]:xa.?j;[tanx}+tanx.£{x3]
= x? gec? x + tan x.(3x2) = x%(x sec® x + 3tan x).
_ l-cos x
(fu) Let Y= l+cosx
[+ 1-cos2A =2sin%? A |
= 1—maA=EEin2£
2sin? X x g
= 2 . tan®= 1+cos 2A =2cos” A
Emazi 2 2 A
9 = 1+ cosA=2cos —2-




You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



DIFFERENTIATION—| 463

=[sec“ x)[1-tanx+1+tanx] 2 sec” x
(1- tan x)° ~ (1-tan x)?
2 2
_ cosx cos? x = 2 -
,_sinx)’ (cosz-sinx? (cosx—sin)
cos x cos® x
i < +» ginA+cos’A=1
cos® x +8in? x — 2 sin x cos x 2sinAcosA=sin2A
_ 2
" 1-sin2x °
" sin Vx
(i) Let y=—7
b _d(snfz
de dx| Jx

J‘ “""{5111\{_} (sm«-‘r_}—(\f—]
(=)

o . L (45) - Gin 5 S o
x E(J;:I:m{xuﬂ}

B

: dx
1 sin +/x 1 3-1
Cos . — =—x
_‘E 'EzJE 2Vx 2" |
X : - 1
=1 =
2 2':”2
_Vx cos Jx —sin Jx _1
2x/x ‘ - 2Jx _
1+8in x
(izi) Let Y= V1—sinx
l+sinx l+sinx (1+sin x)*
= X = o g
'Jl—si.n: 1+8in x Jl—si.nﬂ.r [Rationalisation]

_J(1+sinx)® 1+sinx

[ sin2 A + cos? A = 1]
E‘DHEI : cOo8 x

1 +Bill.'l:
" COB X m:—sen:+tan::
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dy 3

dx 2’
1 -3 a+bcosx
(vi) Let Lt [rerm—

y_{:__d_ cos ) a+bcosx
dx dx b+acosx

-1 d [u+bcusx] g d{ 4., =1
- ;e (008" X) =
1 (u+bms:]2 de|b+acosx dx 122

b+acosx
F[b+n¢nﬂ:}.—g—{a+bcﬂﬂx}—{ﬂ+bcnﬂx}.£[b+ncmx}q
N ds ds
1_{u+bcn5.tfl= (b +a cos x)*
(b+acosx)® - .

-1 l:{b+ucn3:}{ﬂ-—&sin:l:]*[ﬂ+ﬁﬂﬂﬂ:){ﬂ~—usin:}:|

{b+acﬂs:|:]2—{a+bmnx]2-‘ (b + a cos x)*
u (b +a cos x)®

—(b+acosx)(-sin x) (b + abcos x - a® — ab cos x)
2 2

b2 + a® cos® x +2abcos x —a® - b? cos® x - 2ab cos x (b + a cos x)*

(sin x) (b% -a?)

) b2(1-cos® x)—a® (1-cos® x) (b + a cos x)

[+ 8in? A + cos? A = 1]

% - a?) (sin x) b% - a*

(b —a*)sin? x (b + a cos x) (b+acosx)

u+bmsx]

i’ SRR L |
(vii) Let ¥ = sin [b+ucuax

Please try yourself.

. _,[cosx+sinx
(viif) Let y =tan i
Please try vourself.
, T T l+tan A
Hint. Dividing num. and denom. by cos x, then applytan| —+ A |=——.
4 1-tan A

[Ans. 1)
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J1+5in:r +J1-3i11:r.:]

] = -1
R Aok [m-ﬁ:.r;

| Wl+sinx+J1-sinx) (J1+sinx +1-sinx)
cot™ | ([l+sinx - Jl-sinx) (Jl+sinzx +1-sinx)

[Rationalisation

= cﬂt"l

[ (J1+sin x +1-sin x)?
(1+sin x) - (1-sin x)

= eot-] -[-J'1+ainx}2 +(J1-sinx)® +2 1+sinx J1-sinx
B l1+sinx—1+sinx
-1 1+Einx+1—sin:c+2\/1-ain2:c
=cot 2 oin [+ sin?A+cos?A=1

E "2+2 cos® x
= cot ™! - _ cot™} w
Bln x SN X

[+ 1+cos2A=2cos? A
 ocos?t | =&1+cuaﬂ=2cn52%
=cot™ N sin 2A = 2sin A cos A
sin — cos =
L 2 2 =:5inﬁ=25in£cus£
; 2 2
X x
= 1eot=| %
y = cot™ [“ﬂ 2} 2
dy _1
de 2°
Example 42. Differentiate the following functions w.r.t. x :
1-x x+2 x? +1 sl ¥ =1
y tan™! +tan™ .-\ cosec ! +cos ™
(i) tan {I+x) n [1_2:] (i) [xﬂ—.l] [:r2+1]

Jx +1 Jx -1 1 J1+2% -1
(iiL) sec™! m + sin~! E (iv) sin? m + tan~! 2
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Solution. (i) Let y = log [x + e"r;]
dy Jz Jx
S A = +
dxllug(x+e }]*I+EJI dx{I e’")
[ ] 0+ {eﬁ:n] IV T [1+e (ﬂ}
dx J:+E”E
1 1 1 2&+_eﬁ
+E 2»,!; = x+e“'r; ENE
_ EJ;+E ‘_
2£[x+e‘f;].
(ii) Let = lﬂg [ log {log (x* )}]
&_4a [l{:-g [log { log (x°)]] = 3 [lug (log (x°))]
dx log (log (x*)} dx
1 1
[10 (x*)]
" log {log (x°)) log (x3) dx :
= 1 o " 1 3. " ]‘.-3 d {Ia}
log {log ()] log(x°) x° dx
1
3 3 3{ I
lng (x%).log {log (x*)} x
_ 3
~ xlog (x®).log (log (x*)}
(iii) Let y = log (x + 5)8
y=6log(x+5) [ logn™ =mlognl
- =—[61 5)] = ] o
I dx[E og (x+5)] = +5) dx[:c+ [
b (1+0)= ?
x+5 x+5
(iv) Let y= 1ng[tan(£+£]]
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=101 Jog 10. E‘i—{m x)=10%* log 10.(10)

=10. 10'%* log 10.
Example 51. Differentiate the following functions w.r.t. x:

(i) log x . e >+ (i) log JI :iij
(£11) e .sin (log x) (iv) € ;gr_
Solution. (i) Let y=logx.e®rx+®
i:%:i llog x . e ***'] = lﬂgx.iiem‘“a} 4 ptanxex? f:t__ﬂﬂgx}

= log x.etan =+ g; (tan x + x2) + P ¥+

o=

tanx +x° _d_ _E_ 2) l
=€ [lugx[dx {tan:c]+dx(x ) +x]

= El:an:+.':i |:

log x . (sec® x +2x) + 1].
x

2
N 1+ cos 2x 1+ cos 2x a
(ii) y=logy— " & =lg| T &

i
B | =

1+ cos 2
log [ = ) [+ logm" =n log m]

=
I

[log (1+ cos 2x) — log (1- ¢*)] [ logm-logn=1log [-':f)]
d

—_ [log (1+ cos 2x) - log (1= 2*)]

i

B-|&
I
B |= M= M=

(
k-;: [log (1+ cos 2:]]-*% [log (1-¢* ]]]

1 d 1 d .,
2 (1+ cos 2x) - o
Tromwan & TG }}

.__«:_%._._.___ — &8 _d._ e 1 _ pix .E. ]
_[1+maﬂx}{u smﬂxdx{ﬂ.r]) (1-5311(0 e .dxiiﬂ]

[~ 23in 2x 2 g2% ] [ e?* gin 2x ]

[ = =

[

B |

+ &
..1"'““32: (1-e*) 1-e** 1+cos2x
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Differentiation—III

8.1 INTRODUCTION

So far we have discussed the differentiation of algebraic functions, exponential functions,
inverse trigonometric functions and logarithmic functions. In this chapter, we will be mainly
discussing the differentiation of the implicit functions, logarithmic differentiation, differentiation
of functions expressed in parametric form, differentiation of a function with respect to another
and derivatives of higher order.

8.2 IMPLICIT FUNCTIONS

An equation of the form flx, y) = 0 not expressing y explicitely in terms of x is called an
implicit equation.

An implicit equation may determine one or more functions. A function determined by
an implicit equation is called an Implicit Function,

e.g.,

. . . ) : e e s . 2x+6
The implicit equation 2x — 5y + 6 & 0 determine cne implicit function y = 5

8.2.1 Derivative of Implicit Functions. Most of the functions we have discussed so
far have been explicitly defined by an algebraic equation e.g.,

the equation y=x2+1

defines a function, where flx) =x2 + 1.

Not all functions are defined in such an explicit way.
e.g., An equation in x and y such as:

y +8in y = x?

is not easily solved for ¥ in terms of x or x in terms of ¥, such a function is said to be defined
implicitly by the given equation.

For the differentiation of such functions, we differentiate both sides w.r.t. x, but when

we differentiate the term containing y, we shall apply chain rule of derivatives of composite
functions.

Elg"’-
d , . dy
— (81N y)=cos y —
dx RRyi=emy -
Note. The following derivatives will be found very useful in implicit differentiation :
2y el 9 d o 1 dy
(:}dxb' y=ny™" .= (ii) 7 (log ) e

534
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= frl =y|ncol nx- i
dx 1,‘ 1-x2
-1 . m -1 .
= ™" % ginnx | n cot nx - . [ y=eM™" ¥ 8innx]
J1-22
Example 12. Differentiate the following functions w.r.t. x
(£) (sin x)an* 4 (cos x)5*c* (ii) (sin x)°°** + (cos x)5" %
(¢ii) (tan x)9"* + (sin x)5n* (iv) (tan x)*" * + (sin x)ion=
(v) (tan x)'°8* 4 (sin x)°o* %,
Solution. (i) Let y = (g8in x)!*"* 4 (cos x)*ec* (1)
- Here, we cannot take logarithms
Let AR directly as log (m + n) # log m + logn
dy du dv
=—+
T a .(2)

u = (sin x)tan*
Taking logarithms on both sides, we get
log u = log (sin x)ta0=

= log u = tan x log (sin x) [+ log m"™ = n log m]
Differentiating both sides w.r.t. x, we have

1 du 1 d . : 2

T tan x . =TT (sin x) + log (sin x) . sec*x
= %=u[tanx.zi+lng{sinﬂ.secﬂx]

= (sin x)**"* [tan x . cot x + sec? x log (sin x)]
[ u = (sinx)"¥]

— % = (sin x)*2* * [1 + sec? x log (sin x)) .(3)
Let v = (cos x)%c*

Taking logarithms on both sides, we get
log v = log (cos x)*ec*

= log v = sec x log (cos x) [- log m" =n log m]
Differentiating both sides w.r.t. x, we have
—:—f-é— =secx. cn:x i (cos x) + log (cos x) . sec x tan x
(- 8in x)
- %=U[sm:::. e +aecxtanxlug{mux]:|
= (cos x)*¢* [- sec x tan x + sec x tan x log (cos x))
= ﬂ = (cos x)**¢*  gec x tan x [log (cos x) — 1] ()

dx



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



DIFFERENTIAL CALCULUS MADE EASY

Taking logarithms on both sides, we get

log z = log (x¥)
= logz=xlogx [+ log m™ =n log m]
Differentiating both sides w.r.t. x, we have
1de 1 .
S de = E L tlogx.
= %:z{l+hgr] [ z=x%]
x
= d:c]:f [1+!ﬂgI]
d
Putting this value of PR (x*) in equation (3), we have
d
Eu = cos (x*) . x* (1 + log x) (4)
Let v = (8in x)* [For solution see Ex. 8 (iii)]
{—{E = (sin x)* [x cot x + log (sin x)] we(B)
Substituting the values of equations (4) and (5) in equation (2), we have
g = x* . cos (x*) [1 + log x] + (sin x)F* [x cot x + log (sin x)].
(v) Let .y =xtaRT 4 (tan x)oot ol 1)
Let y=u+v
dy du dv
= — +
= TR (2)
u =xlanx
Taking logarithms on both sides, we get
log u = log (x**"*)
= log 4 = tan x log x [+ log m"™ =n log m]
Differentiating both sides w.r.t. x, we have
1 du 1
erodT =tanx . = + log x . (sec® x)
= %:u[t&::+ﬂm2:.lug::1
Let | v = (tan x)ot=
For solution see Example 9 (vii)
—{tj-{ = (tan x)** _ cosec? x [1 — log (tan x)) . (d)

dx
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About the Book

This book is based on the latest revised syllabus prescribed by various state boards. The book is ideal
for intermediate classes in schools and colleges. It comprises of Limits, Functions and Continuity.
Differentiation and various applications of derivatives like Rate of change of quantities,

Tangents and Normals, Increasing and Decreasing Functions, Maxima and Minima, Rolle’s
theorem and Lagrange’s Theorem, Approximation by Differentials and Curve Sketching.

The salient features of the book are :

* [thas been divided into fifteen chapters. In each chapter, all concepts and definitions have been
discussed in detail.

* A large number of well graded solved examples are given in each chapter to illustrate the
concepts and methods.

* The remarks and notes have been added quite often in the book so that they may help in
understanding the ideas in a better way.

» Atthe end of each chapter, a short exercise has been incorporated for the quick revision of the
chapter.

+ Allsolutions are written in simple and lucid language.
* Thebook will guide the students in a proper way and inspire them for sure and brilliant success.
» Thebook serves the purpose of text as well as a helpbook.

About the Author

Deepak Bhardwaj is an M.Sc. M.Phil. in Mathematics. He is working as the Head of Department
(Mathematics) in Parth Public Sr. Sec. School Gharaunda (Karnal), Haryana.

He has been teaching Post-Graduate, Graduate and Engineering students for the last eight years. He
is the recipient of “Avantika Rajya Shikshak Samman-2004", He has written books on Real Analysis

and Abstract Algebra for the Post-Graduate students of Kurukshetra University, Kurukshetra and
Maharishi Dayanand University, Rohtak.

Level: Intermediate Classes
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