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- Part
ALGEBRA & ADVANCED
MATH

BASIC Let a, b, and c be any number.

LAW 1. Law of closure for addition:

OF a+b

NATURAL 2. Commutative law for addition:,
- NUMBERS a+tb=b+a

3. Associative law for addition:
a+(b+c)=(@+b+c.
4. Law of closure for multiplication:

axb
5. Commutative law for multiplication
axb=bxa
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6. Associative law for multiplication
a(bc) = (ab)c

7. Distributive Law
a(b+c)=ab+ac

BASIC 1. Reflexive property
LAWS OF a=a
EQUALITY 2. Symmetric property

Ifa=b,thenb=a
3. Transitive property
Ifa="bandb=c thena=c. Thatis, things
equal to the same thing are equal to each other.
4. Ifa=bandc=d,thena+c=b+d. Thatis, if
. equals are added to equals, the results are equal.
5. Ifa=bandc=d, thenac=bd. Thatis, if equals
are multiplied to equals, the results are equal.
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INEQUALITY

Theorems

on

Inequalities

OTHER
IMPORTANT

PROPERTIES
IN ALGEBRA

s

LAWS OF
" EXPONENTS
(INDEX LAW)

] (am)n = amn

A statement that one quantity is greater than or Jegg
than another quantity -

Symbols used in inequality
a>b  aisgreater than b
a<b  aislessthanb
a<b  aislessthanorequal tod
a2b  ais greater than or equal to b

1. a>bifand only if -a <-b

2. Ifa>0,then-a<0

3. If-n<0,thena<0

4. Ifa>b,c <0, thenac < be

5. Ifa>b,c>d, then (a+c)> (b +d)

6. Ifa>b,c>d,anda, b, ¢, d >0, then ac > bd

7. Ifa>0,0>0,a> b, then ~ < Il
a )

1. ax0=0
If a x b =0, then either # = or b = 0 or both @ and b

are zero.

3 9 =0ifaz0-

= unélefined

0

8|x @la o

’

1. a"=axaxa..(n 1
8 am=
factors) ) a™
LAt xan = a"”" 1
m < and s =qm
a = m-n a
a" 9. a"=1

(abc)r = an b o0

-

10.If a™ = qn, then m =n
(provided a #0)
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FRUFERITIES OF

| RADICALS . a* = ¥a
z 2 ar = o = (Ya)"
U i
g 3. (\[t‘i_) -
c 4. Yax¥b = ofab
PL: z \/-!; a .
S J. —= = n/— provided that b= 0
. b \b
‘-"_5_ PROPERTIES OF 1. log: MN =log,M+log, N
z LOGARITHM 2. log, \\,’ =log,M-log,N
v i
Y
E 3. log. M" =nlog.M
5‘ 4. log.a=1
< 5. log,a' =xlog,a=x
z 6. log,1=0
Q(-, 7. Iflog.,M=N,thena¥=M
v 8. Iflog.M=log.N, thenM =
-é 9. logeM=InM '
h e =2.71828... (Naperian logarithm)
10. log 1o M =log M (Common logarithm)
11. log .M =logM / logn=InM/ Inn
12. If log, x = a then x = antilog, a
13. a*= antilog, x
14. log,, 4250 =log 10 (1000 x 4.25)
=log 1000 + log 4.25
log,, 4250 =3 + 0.6284 = 3.6284
3, the integral part, is called the characteristic
0.6284, a non-negative decimal fraction part, is called
the mantissa__ |
—— \
POLYNOMIALS
Expanding By multiplying two brackets together, each term in
Brackets one bracket is multiplied by each term of the other
bracket.
 (@+b+o)(d+e)=ad+ae+bd+be+cd+ce
— i - M i
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Factorizatlon Factorization is the opposite process of CXpandip,, :i

brackets. The usual process includes Lhdn},"\b a lone
expression  without any brackets to a shorte,
expression that includes brackets.

22 -6 +4=2(x*-3x +2) =2x -2)(x - 1)

Special Lo (x+y)(v-y)=x2-1°
Products 2. (x+yP=ad+ 2+ 1p
and 3. (v - y)PE=x2- ._\I/ G l/“
Factorlng 4, (x+y+2P=x2+ 2+ 224+ 20y + 20z + 2yz
5. X+ = (v +y)(x2-xy + 1)
6. A3 -_1/-‘ =(x-y@2+ry+1?)
7o x-y= (= (A) = (¥ = ()2 + () + ()
= [k +y)(x = y)(xt + x2y2 + 1)
Division of Carrying out the division of polynomials is ng
Polynomials different, in principle, to numerical division
Consider the following example.
Erample Divide x'-10x2-9 x - 20 by x - 4. i
Solution A " By long division
a3 +4x2 + 6x + 15 remainder 40
X=4)x-10x2 = 9x - 20 L¥+x=x
- Xt a4y
4x3 - 10x2 2,43+ x =442
- 4x3 - 16x2 :
6x2 - 9x 3.6x2+ x = 6x
- o- 6x2 - 24x
15x-20 4.15x+x=15
- 15x - 60
remainder - 40
Solution & BY SYNTHETIC DIVISION

Write the coefficients of the terms, su plying zero as
the coefficient of the missing power OF

1 0 -10 -9 20 |4
4 16 24 60 4
1 4 6 15 40
The quotient is x* + 432 + 6x + 15 remainder 40
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Factor Consider a function f(x). If f{1) = 0 then (x - 1) is a
Theorem factor of f(x). If f{-3) = 0 then (x + 3) is a factor of f(x).

Use of factor theorem can produce the factors of an
expression in a trial and error manner.

Example Factorize 2x3 + 5x2 - x - 6

Soluction fX) =203 +52 - x -6

f1) =213 +5(1)2- (1) -6 =0,
hence (x - 1) is a factor
f-1) = 2(-1)3 + 5(-1)2- (-1) - 6 = -2,
hence (x + 1) is not a factor
f2) =223 +5(2)2- (2) - 6 = 28,
hence (x - 2) is not a factor
f-2) = 2(-2)3 + 5(-2)2 - (-2) -6 =0,
hence (x + 2) is a factor
f:3/2) =2(-3/2)> + 5(-3/2)*- (-3/2) - 6 =0,
hence 2x + 3 is a factor. -

Thus, 2x3 + 532 - x - 6 = (x = 1)(x + 2)(2x + 3)
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Remainder “ck If a polynomial f(x) is divided by (x - r) until a remainder
Theorem which is free of x is obtained, the remainder is f(r).
: If f{r) = 0 then (x - r) is a factor of f(x).

Erample Find the remainder when x* - 10x2 - 9x - 20 is divided
by x - 4. ’ '
Y Sotution © fM)=xt-10x2-9x-20
x-r=x-4
r=4

Remainder = f(4) = 4* - 10(4)2 - 9(4) - 20
Remainder = 40

Ervample Find k such that x - 3 is a factor of kx3 - 6x2 + 2kx - 12.
Solution I Remainder = f(3) = k(3)* - 6(3)2 + 2k(3) -12=0
k=2
BINOMIAL {} Expansion of (a+b)"
THEOREM '
Proi:erties 1. The number of terms in the expansion n'+ 1,

2. The first term is a" & the last termris b",
3. The exponent of a descends linearly from n to 0,
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4. The exponent of b ascends linearly from 0 to n,
5 The sum of the exponents of 2 and b in any of the

terms is equal to 7,
. 6. The coefficient of the second term and the secong

from the last term is 1,

Used to determine the coefficients of the terms in 5

Pascal's Triangle
binomial expansion.

(a+b)° 1

(a+ byt 1 e

(a+b)? i b2 JEE |

(a+ by Tk o A

(a +b)* 1= a6 . 4 ]

BarrE L 5 1010 5 1

rm term of n! R S, |
(a+b)" 1) 4

To get the middle term (for even value of n),

setr= i +1
2

Erample Find the 3t term in the expansion of (x2 + )3,
Solution A Using the properties and Pascal’s triangle:

(P +yP = (@ 45y + 100 2
= x10 + 5x8y + 10x6 2

Solution & Using the formula:

n! n-r+1 1 r-1
(n=r+1)i(r-1)! i 7
r=3 n=>5
a'=x b= y

rh term =

5!
(5-3+1)!1(3-1)!
=10 x5 32

=+ 0 7
n(e Eﬁw\\

(x2 )5—3+1 (y)3-1

Jrdterm =
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TRIGONOMETRIC

IDENTITIES

Basic Identities

Pythagorean
Relations

entity is a <
L?ly va}iue of the variable or variables, Ecllzit‘fi‘h
that are satisfied by some value or values ¢ ong
variable are called conditional equation, the
Consider the following equations:

% & L Qb titiatissmuate conditional equatio,
true only for x = +)
(x +2)2=x2+4x + 4.... identity

sin0=05...ccccrrnnnnn, - conditional equation
: true only if § = 30° 13

sin0 +cos26=1........ identity

From the right triangle shown:

sec9=—=c—/c-= 1
b b/c  cosH
csc6=£=c—£= 1

From the Pythagorean theorem:

2+ 2 = 2
dividing both side by ¢
@ p 2 a) (b)?
S+ = or - +|=| =1
c? c? il (C] (C)

~

then;
sin? O+cos?0=1
Dividing a2+ p2 = 2 by b2 we get,

¢ tan26+1=5ecze
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Dividing a2+ b2 = 2 by a* we get,

2

0

R
1+cot 0 =csc

ym and sin (x + y) = sin x cos y +cos x sin y
pifference of Two sin (x-y) = sinx cos y - cos X sin Y
Angles _ cos (x +y) = cos x cos y —sinx siny

cos (x - y) = cos x cos I + sin x sin Y

tanx + tany

-

tan (x+y) = _
x*y) 1-tanxtany

tanx —tany

« tan (x-y) =

' (-9) I+tanxtany
Double Angle Double angle formulas can be derived using the
Formulas : sum of angle formulas.

Consider the following example:
sin 2x = sin (x + x) = sin x cos x + cos x Sin X

Thus;
sin2x = 2sin xcos x

We ca apply similar procecjlure to the rest of the

formulas. g
‘ cos 2x =cos2 x - sinZx
=1 -2sin?x
o = 2 .CQ_S% «\'41_1,,‘____'
T/’:a; 2x = Ztan.qx‘ :
/ —tan®x | '
1 s . SR S \ - 7
Half-Angle : The half-angle formulas may be derived from the

following relations from double angle formula:
cos2x=1-2sin?x

\ X 1-cos2x
7 SINX = J)J————
V2 .

Let2x =0, thenx = %

Formulas

1—cos 0O
2

=

then sing-‘—
e >
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APPI\ ing, similar proc t‘Lllllt‘ the follow;i Ing fq
can be derived:

Powers of i 1 — cos 2x
Functions o 2
R 1+ cos2x
costy =
2
" 1-cos2x
tan-x = ——————
1 +cos2x
Product of sinx cos y = 4 [sin (x + y) + sin (x - y) ]
Functions sinxsiny = 4 [cos (x - y) - cos (v + )]
cos x cos iy = & [cos (x + y) + cos (x - )]
Sum and " ) X+y X -y
Difference of sinx + siny =2 sin e
Functions SAn -y
(Factoring sinx -siny =2 cos e e
Formulas) 2 2

il

(0} _ [T¥cos0
Cos (—E i

- ()) 1 —cos0
an | — —_—
2 sin®

sin 0

it

1 +cos0

_ [1~cos B
V1+cosO

X+y
cos X + cos y =2 cos — | cos

X+yy .
COS X =*Cos i = -2 sin — | sin

sin(x + v)
AN.X FIANY W e
COSXCOSY

sin(x -y
tanx-tany = ___(___)_
T Cosxcosy

el
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