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> A TABLE OF DERIVATIVES
-1

L D) = mu""' Du 15. Dfcos™" u) = — — D.u
1Dt Dt pe 11'“

3. D.(wv) = uDv + v Du 16. D (tan"' ) = 3 usz“

u tDu~-ubDy
& D’(:) 2 17. D,{cot™ ' ) = T D.u
5. D (e") = e"Du
= 18 Do = b2
6. D.(a") = a*inaDu =t PN at
| =
= =1
7. D{Inw D«‘” 19. D fesc™ ) = ———==D.u
uNu®—1

8. D,(sin u) = cos u Dou 20. D,(sinh 1) = cosh u Du
Doy by 21, D, (cosh u) = sinh u D,

10. D, (tan u) = sec? l: Du 22. D (tanh u) = sech’ u Du

11. D,(cot u) = —esc* u Dou 23. D.(coth u) = —csch? u D.u
12. D, (sec u) = sec u tan u D.u 24. D (sech u) = —sech u tanh u D,u
13. Difesc u) = —cscucotu Dou 25. D (csch u) = —csch u coth u Du

14. D.(sin™! u) =

1-u? °

> A TABLE OF INTEGRALS

Some Elementary Forms

n+|
l.Jdu=u+C 4.Ju"du 4 1JrC (n#-1)
n
du
2 jadi=au+C 5. | —=lnju| +C
u
3 f{ flw) + glwldu = j Fluwdu + f gluydu
Rational Forms Containing a + bu
d 1
j u+l; ;—[a«%bu—a Inja + bu|] + C 10 u du . a l FC
g o @+ b b2+ bu) a+ bu
Wdu- 1)1
7. f =—|=(a + bu)® - 2ala + bu) + a*lnja + bu}] +C du I u
75t ! 1L, =- +C
atou b)? ula + bu) ama+bu £
u du 1
8.f, —ii +]n[a+bul}+(’ du L2 ““"b“I .
= o= ==t +C
e e u*a + bu) @) on |
Zd l 2
9.j,u :2:5{(1-%[)14— i[ ~2aln§a+bzt[]+C 13 du < 1 ln ’
lat bu) b “Joula+ b ala+bu) o |a+bu
Forms Containing Va + bu
o ] —_— ua + bu)”? 2an —_—
\ 3/2 16. n\/ S — = =i/ L
14. fuwa + budy = T —— (b~ 20)(a + b2+ C Ju a+ bu du b+ 3) 3 u""Va + bu du
e 2
15, fuZVa +budu = s (156%° ~ 12abu + 8a%(a + b + C . J’ G = e
Va+bu 3b°




2 ) = o L =3
18. f S 8a9Va + bu + C 2. f L s o f -
U

Va+bu 156° "“Vatou o aln—lul 2aln = 1) | w"Va + bu
u" du u"Va + bu 2an u" ! du Va+ budu e du
19. = - 2. | ————=Wathita| ——
Va+bu b2n+1)  b2n+1) ] Va+ bu u uVa + bu

[ 1 l Va+bu—Va et n J'Vai-budu (a + bup’? l)(Zn-S)[\/a+budu
— I — 3. = - - — -
2 f du (Va | Vatbu+Va u" aln — Du"! Zq(n =1
"V, - + b
uVa + bu I 2 e aTou

un-}

= G ita=l)
N=a =

Forms Containing a? + u?

1 %
~=tanh! 2 + C if lul <a
a a

1 u .
| - = Ccothele S 6 il
=tanh'=+ € if lu| <a 4 4
a ar

1
—coth™' 2 4 € if [u| >¢q
a a

Forms Containing Vu? + 4>
In formulas 27 through 38, we may replace S c

In(@ + Vu? + a* by sinh™! : . -

a j u* = a’du Nui t g

2
= - +infu+ V=gl + ¢
e u u
Inju + Vi2 —a?| by cosh! - = .
a u* du o~ g —
- —Vu ta‘~—2—lnlu+\/uzia2f+C

In by sinh~! 2

u u u f du - L e .
du e L EEE u
2. | ——=——===hlu+ Vulta?| +C
fv*? | ' S
= a? — e
B Vrtddu=-Vidta = —lnlu+ Vil a’] + C e
2 2 % du = \fuzta2+c
e u e evidEa o tau
2. |Vl taldu= §(2uZ Fgvaul gt
= 37 f{uz + a?)P2 gy =%(2u2 * 5a)Vu? £ g?
—-8-In[u+ Vi = a?| + C ¢
a
ey e dhe N2 e 3
Vu?+a’du —— a+ Vi + a? Sln’qu wial+c
W | ————=Vilta-am |8 -
iU u
38.f = Ee e
W xap?  rgnyrx g
Forms Containing Va? - 12
du u Va* — u? du a+ Va? - y?
CEER w Q| D=V T
j\/az‘uz e f - a = =l = c
e — a’ u P e
40. f\az—uzdu=%\/az-uz+-a2-sin”;+C = \/a3~uz-acosh“g+c
2 u
ﬂ - [V&—da  VaTg
41 J'u‘\’mduzg(%'—az}\/az~u2+%sm"E+C 43.[ - au e ~sinte + ¢
= e u a

(This table is continued on the back endpapers. )




; 3 . o
u® du W gy Va —u’
44. -———-—:=~-—\/a*~u“+—-sm"—+€ 46 e = S
Vat—u’ 2 2 a Va? - y? au

a+ Va*—ut

u’
(@> = ud du = ~-L8£(2uZ = 5a*)Va® - u?

= 47.

U

du 1
45. ——=--In
f14Vu — u? a |

i 0
= —=cosh'-+C
a

< 4. j L
(e =wu?) a*Vat = 42
Forms Containing 2au — u?
e = 2 d :
19 1 Vom - ildu=—aat 2au-u2+(—2—cos"‘ 1~5>+C s ~Voau = +acos |1 -2 +C
2 2 a \/"au i a
 — 2’ - au — 3a° 5 +
50. | uV2au — w’du = St V2au — u’ S5¢ f i = (e 3o) V2au ~ u*
6 V2au — u? 2
a’ dae o u
+-cos“1(i-—)+c t—cos!' [I==]+C
2 — 2 a
. : 56, f = \ 2au — u’ i
51 I}M = V2au — u* + acos™ (1 = —) +C u Vg~ u* au
— LT 57. f e
e o =
52, i du:_Q\Zau . —cos‘(]—g)wLC (2au - w?) ‘/2 a*N2au - u?
u? u a -
u du u
58. =t C
53 f——-—fi————-—___u___ = cos“(l = —> +C f(Zau =) W‘ aV2au ~ u?
V2au — u* a

Forms Containing Trigonometric Functions

59, fsin udn= ~cosu + C T2 | coPudu=—cotu—u+C

1 i
60. | cosudu=sinu+C 73. | sin"udu =~ = Sin"™ ! cos u + fsm”"2 udu
n

tan u du = 1 n[secul e 74,

U 1 n- | n n-2
I cos" udu = ~ cos" ™"y sin u + cos" * u du
n n

|
: tan""! y ~ Jtan”’2 udu

62. tan" u du =
n

cotudu = In|sinu| + C

63.

1
cot" udu = ——— ot y fcot”“2 u du
s

secudu = Injsecu + tanu| + C = Inftan 37 + $u)| + C 1

1 =
sec” udy = . 2t sec"™ u du
s

64.

csc u du = lnjesc u — cotu| + C =

1 =
n =5 o2 . T
Bl 78, | csc"udu= S ucotu+n_1fcsc 2 u du
_sin(m+ nu  sin(m — nu
= 79. | sin mu sin nu du = +
66. | csc’ udu = —cotu + C “ 20m + n) 2m — n)
sin (m + nu sin (m — nu
= 80. | cos mu cos mudu = — + +C
secutanu du = secu + C 20m + n) 2m - n)
+ =
68. | cscucotudu=—cscu+ C 81. | sin mu cos nu du = — = - r«l)u e =C
2m + n) 2m — n)

sin*udu =3u~Isin2u + C 82 | usinudu=sinu—-ucosu+C

cos’ udu = $u + §sin2u + C 83. | ucosudu=cosu+usinu+C

tan’ udu = tanu —u + C 84. | wlsinudu=2usnu+ 2~ ucosu + C

o

3
“‘ﬁ"“\,‘;"—ﬁg‘ﬁ“»gﬂg—w 'H
k\"h\"._\"_.\'\_ﬁ"‘.gﬁgﬁ



85. J’ u?cos udu =2ucosu+ (W= 2)sinu+ C 87. Ju" cosudu =u"sinu—n f u"" sin u du
[ el nid e
86. J wsinudu = —u"cosu+n J u"" cos u du 88. | sin” ucos" udu = o = l sin” " u cos" u &
m+n m+n
S ycos e = J : ==
= - e SIn” i cos" - u dit
m+ n m+n
Forms Containing Inverse Trigonometric Functions
89, Jsin“" udu=usinu+ V-2 +C 92. [cm"udu =jeot lutlnvEtatC
90. j costudie=ucostu—Vi—ur+C 93 J, sec ! wdu=usec u=Injut+ Vii-1}+C

o = jsec 'u—coshiutC
91. Jtan"' wdu=utan u—-InV1l+u +C
94. Jcsa* ude=uese™ wtInfut Vil = 1] +C

=yesc hu+cosh'utC

Forms Containing Exponential and Logarithmic Functions

05 e m a" du a' ~Ina | a"du
. 4 = -+ P e R
= Pl g
96. fa“du=lL+C 'i’ 102, J'lnudu~ ulnu—u+C
na
n‘l
97, | ue'du=e"u~-1 +C 103, | w"lnudu= [+ Dhhu=-1]+C
= 5 L
98. J uletdi—ulel—n J’M"'.‘e" du 104, J._ll__ =Injlnu} + C
u"a" n = au
99. j u'a" du = T mj utatdu + C 105. J “ sin nu du = ——— (a sin nu = n cos my) + C
(2feeiar iy e
1 & e" = 1 e* du o
100. “n 7 =-u! n=1) u 106. J “cosnu du = - {a cos hu + nsinnu) + C
d- e

Forms Containing Hyperbolic Functions

e cosh nu du = - (a cosh nu — n sinh nu) = C
a

107. fsinh wdn = coshu+ C 116. Jcsch ucothudu = —cschu + C

108. fcosh udu=sinhu + C 7. fsmh wdp = sinh 2u — du + C

109, f tanh u du = Injcosh u| + C ' 118. J'u)sh3 i di = %sinh 2u + tu+ C

110 Jcoth wdu = ln|sinh u| + ( 119. J tanh® w du = u — tanhu + C

111. J sech u du = tan™' (sinh u) + C 120. Iaothz wdu=u—cothu +C

112. jcsch wdu = Injtanh  u| + C 121. J usinh u du = wcoshu — sinhu + C

13. f sech® u du “Jtanh utC : 122. J, u cosh u du = usinhu — coshu + C

114. Jcsch udu= —cothu + C 123. J’e “ sinh ny du = ;,—2;}“-’;3((1 sinh nu — n cosh nu) + C
115. Jsechu tanh u du = —sechu + C 124. J =

PAN-O9-118



A-120 FORMULAS FROM TRIGONOMETRY

FORMULAS FROM TRIGONOMETRY

THE EIGHT FUNDAMENTAL TRIGONOMETRIC IDENTITIES

sinxcscx = 1 cosxsecx =1 tanxcotx = I
sin x coS X

tan x = cotx =+
cos X sin x

it ko= 1 tan? x = sec’ x 1 +om

SUM AND DIFFERENCE IDENTITIES
sin(u + v) = sinu cos v + cOS U sin v
sin(u — v) = sin u cos'v — cos U sin v
cos(u + v) = €OS U COS U — sin u sin ©
cos(u — v) = cosucosv + sin u sin v

tan u + tanv

tan(w +0) = ———— tan(u — v) =
1 — tanu tan v
MULTIPLE-MEASURE IDENTITIES
sin2u = 2 sin u Cos U
cos 2u = cos® u — sin’ u
cos2u=1—2sin’u cos2u = 2cos’u — 1
2tan u-”
anl ="
1 — tan® u :
e E=cosdi - 5 1 + cos 2u
Sinnu=-—— ~ cos’* u =
2 = 2
it 1 — cos 2u
1 + cos 2u
: 1 —cost 1+ cost
Saal = 7 cos? It = === >
; 1 —cost ; sin 7
s =t s tan 5 =
sin ¢ 1+ cosd

IDENTITIES FOR THE PRODUCT, SUM, AND DIFFERENCE OF SilME
sin u cos v = Isin(u + v) + sin(u — v)]
cos u sinv = i[sin(u + v) — sin(u — v)]
cos u cos v = 3[cos(u + ©v) + cos(u — v)]

sin u sinv = i[cos(u — v) — cos(u + v)]

sins +sint =2 sin(s ; t) cos(s ; t)
sins — sint =2 cos(s = t) sin(s = t)
: 2 2
2 cos(s - t) cos(s — t) .
2 2.
—7 sin(s =

It

cos s + cost

cos s — cos t



FORMULAS FROM GEOMETRY A-121

SOME REDUCTION FORMULAS

sin(—x) = —sin x cos(—x) = cos x tan(—x) = —tan x
sinzm — x) = cos x cos(Gm — x) = sinx

tan(;m — x) = cot x

sin(37 + x) = cos x cos(3m + x) = —sin x

tanG7 + x) = —cot x

sin(zr — x). = sin x cos(@r — x} = —cos x

tan(w — x) = —tan x

LAW OF SINES AND LAW OF COSINES
a, b, and c represent the measures of the sides of a triangle: «, B, and y
represent the measures of the angles opposite the sides of measures a, b, and
¢, respectively.
& b
sina  sinf  siny

€ =a’+b - Jabcosy

FORMULAS FROM GEOMETRY

The following symbols are used for the measure:
r: radius h:-altitude b: base a: base C: circumference
A: area S: surface area B: area of base V: volume

Circle: A = 7r?; C = 27r

Triangle: A = 1bh

Rectangle and parallelogram: A = bh

Trapezoid: A = 1(a + b)h

Right circular cylinder: V = 7rr2h: S = 2mrh
Right circular cone: V = Lar2h; § = mr/r? + 12
Sphere: V = 27r3; § = 44772

Prism (with parallel bases): V = Bh

Pyramid: V = %Bh

The Greek alphabet

fod alpha L iota P rho

B beta K kappa log sigma
y gamma A lambda T tau

0 delta o mu v upsilon
€ epsilon v nu @ phi

’ zeta & Xt X chi

n eta o omicron ] psi

0 theta T pi ) omega
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SECTION 6.7 = THREE RATIONALIZING SUBSTITUTIONS

EXAMPLE 3 Making these substitutions, we obtain the following simplification of an

integral.
_ do = Q de)/(1 +t2) — =24 -
5—4cosf J5-4[(1-tH[1+tD)] J1+9%
A SHORT TABLE OF INTEGRALS
The constant-of integration is omiited.
Elementary formulas
r~ un+1 ”du
* = = ’ = 1 2- = l
1 du du = n;é. |4 n|u|
r " a*
3. jetdu=¢" _ 4. |a"du= . a=>0a#l1
| = Ina
r r
S. Isinudu= —cos u 6. 1cosudu=sinu
o o
r r
7. |sec?u du=tan u . 8. lcsc’udu= —cotu
o Y
r r
9. Isecutan u du=secu - 10. fescucotudu= —cscu
=L r
11. {sinh u du=cosh u 12. jcosh u du=sinh u
13. |sech? u du=tanh u 14. |csch? u du= —coth u
15. |sech u tanh u du= —sech u 16. | csch u coth u du= —csch u
[ du - [ du 1 u
17. ] T;;=ar§su’l;, a>|u| 18. ] a2+u2 =;arctana, a#0
19 A = larcsecu |u|>a
T luii=a a a
5 argsinhE
20 du - a
/@ +u? Un(u+ S+ ud)
1 = 1. a+u
—argtanh - e
- 4 aagan o luf<a or 2alna—u’ lul<a
21. - 7=
Ja —u 1 u 1, u+a
—argeoth—, |u|>a or —In , lul>a 5
a a 20 u—a

d 1 :
22, j-——zu——2—=~-argsech‘—‘, or —-—In
a a

a —u
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APPENDIX 6

INTRODUCTION TO THE USE OF A TABLE OF INTEGRALS

s 2 2
23, j _du = largcsch 5, u#0 or — lln- (L__ V“"'Q)
lulJu?+a> a a 3

u
u
argcosh—,
24, j—ijf—j={ a lul>a>0
sk —4a Inju+./u*—a?)
'Algebraic forms :
fudu u a du | u
25. N—a+bu—3—b—zln(a+bu) 26. u(a+bu)—-zln av e
[ udu a 1 1
2 | “F(a+‘bu +;ln|a+bul)
L i 1 1 u
24 Ju(a+bu)*>  ala+ bu) +Zim a+bu
2 [ du Lln Ja+bu—/a
Jufatbu Ja | Jat+tbu+. /a
r : = 3
0l e b )y e
] 15b
a+ bu du
31. du = a+bu+aJ‘—————-——
J.. U ; u./a+ bu
" udu  2Abu—3d) ~
32. = Ja+bu
) Jawba o A
g - mEmsE
33. |Ja‘—u du=§ a‘—u +—2—arcsmz, luj<a-
” 2 3
34, | /ut+a®d =‘~2f,/'u2,ia2:t%ln|u+./u2j:a’|
o P
35. ._%ti;du'= /aziuZ_aln E.i...s_i_u..
e
36. —u;—a—du=,/u2—-az—aarccoss, O<a<|u
Trigonometric forms
37. ta_riudu=—1n|cos u| 38. Isecudu=1n|sec u+tan ml .
39. |sin®u du=4u—4sin 2u
(* st 1 = 1
40. sjn"udu=—sm - :wsu+nnljsm"‘2u du ‘
J ‘ |

TR W . ——
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SECTION 6.7 THREE RATIONALIZING SUBSTITUTIONS
r n—1 :
cos" ‘usinu n—1
41. {cos"udu= + J‘cos"‘2 udu
J n n
e d ,
u Cos u n—2 du
21— = e ——, n#l
Jsin"u (n—1)sin"" ‘'u ' n—1 Jsin" *u
r . . -
: - sin(m—n)u  sin(m+ n)u
43. |sin mu sin nu du= ( ) — ( ) , m#+n
| 2(m — n) 2(m+ n)

P

sin(m—n)u sin(m+ n)u
44. | cos mu cos nu du= ( ) ( )

2(m —n) 2(m + n)

, m#Ftn

P

5 cos(m—nju cos(m+ nju
45. | sin mu cos nu du= — ( ) - ( )

J 2(m—n) 2Am+n)

, m# tn

P
46. {u"sin udu= —u"cos u + n‘fu""cos u du

r
47. {u"cos u du=u"sin u—nfu"“sin u du

r

48. larcsin udu=uarcsinu+./1—u

L

2

F
49. larccos udu=wuarccosu—./1—u

o

50. |u arcsin u du=[(2u® — 1)arcsin u + u /1 — u?]

2

Logarithmic and exponential forms

51. {In |u| du=u(ln |u|-—1)

52. |(In |u])? du=u(In |u|)®> — 2u In |u| + 2u

B+ s+l

53, | w'In|u|du= :—m lu| -

e n#—1
‘ +1 (n+1)*’

P

54. u"e"du=u"e"—nju"“‘e“ du

55 | e sin bu du=e"‘(a sin bu — b cos bu)

J a’+b?
56. ”e"“ oon hidie Sl f“ +f~' sin bu)
J a‘+b
Miscellaneous forms
57 ”(a+bu),,du= (@+buy**! -

J - bn+1 °
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APPENDIX 6

INTRODUCTION TO THE USE OF A TABLE OF INTEGRALS

58.

59.

61.

62.

63.

65.

" du
m = —(au)“ S ba'z[log(a+bu) —lOg u]
§ du 2 a+bu\'? 7
J@+bu)(c+d® ~ be—ad (c+du> WD
[ dll =1 n n
W:(an) [log(u") —log(a+ bu™], n#0

[ udu  2(bu—2a)
(a+bu)'? ~  3p?
[ du

w u?+ad) P

2 2y1/2
a’—u v . u
(—uz—)—du= —u~Ya? —u??'? — arcsin—
a

(a+ bu)'/?

o

= (azu)— 1(u2 e a2)1/2

”sin“u - 3u _ sin 2u . sin 4u
-8 4 32

r
cot®u du= —4cot? u— log sin u




2.

Algebraic forms

[ udu _u du 1 u
25. l b 1= = nl
cEee et el e e
[ udu a 1 1
21 ‘(a+bu)2,_—b_z(a+bu+;ln|a+bul) .
[ du 1 i u
T = o
Ju(a+bu) a(a + bu) . a+ bu
59 "__ du = b, ,/a+bu—\/_
. Ju/a+bu f Jatbu+/a
[ 23b 2 3
50. |u/a+bu B -Zylat b
Ja+bu
3L < du-2,/a+bu+aJ'
J u./a+bu
" udu 2(bu—2a)
32. Ja
d\/a+bu
- =
33. ./a —uldu= ./a —u +a7arcsmu luj<a
34, uziazdu=§,/u2;ta2i%—ln[u+,/uzia2|
r 29 =3
35. _..au_iu__duz aziu?_aln H—\/a__i_u_
e 3 7
36. —I‘Tf—du=,/u2-—a2—aarccos§, O<a<|ul
Trigonometric forms
. ,
37. |tan u du= —Injcos u| 38. J-secudu=ln|secu+tan ul
39. |sin®u du=4u—%sin2u
- o s —1 ==
40, |sin"u du= 3" uco§u+n 1J‘sm" 2udu
; n n
'ad "_l . =
41, |cos"u du="2 =i e 1J.cos"‘zudu
o = n rn
" du cOs u n—2 du
5 = — : 1
” Jsin"u (n—l)sin”"u+n—1fﬁn"2u ar
- _sin(m—n)u  sin(m+nju
43. “smmusmnudu-— Am—n) mer) m# tn
E sin(m—nyu  sin(m+ nju
44.'cosmucosnudu— AR Amtn) m#+n

(Continued inside back cover)



A SHORT TABLE OF INTEGRALS

The constant of integration is omitted.

r

Trigonometric forms

cos(m—nju cos(m+ nju

45, |si du= — %
o dsfm rr\lucosnudu Sm =1 ) m+# +n
46. u"sin u du =-—u”cosu+nfu"”’cosudu
47. |u"cos u du = u"sin u—nfu""‘sinudu
r
48. |arcsin v du=u arcsin u+ /1 —u? x
o
5
49. |arccos u du = u arccos u — \/1 — 2
50. | u arcsin u du = 4[(2u? — 1)arcsin u + u /1 — u?]
Logarithmic and exponential forms
=
51. |In |u| du=u(ln |u|—1)
52. |(n |ul)? du=u(ln {u])® — 2u In |u| +2u
[~ n+1 n+1
53 lwilnjuldn=—Infuj— % =
‘u n|uldu = n |u| PERE n#—1
r~
54. u"e"du=u"e“~nfu""‘e"du
P ay H e
sl ohanbedi e™(a sin I:u 127 cos bu)
J a‘+b
't au >
56 | cosbidn® (a cos fu +£J sin bu)
J a‘+b
Miscellaneous forms
i (a+bu)"*!
57. f(a+bu) du= WGl n#—1
o A = —(au) ™! + ba~ [log (a + bu) — log u]
" JuMa+bu) B
[ du 2 a+ bu\?
59. = 2 52
J@+ o0 (c +d)® " be—ad <c+du> el
o _ = (an) " '[log(u") —log(a+ bu")], n#0
‘ w'u(a+bu")-( & Ao



