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l, D"tu') - nun-\ D,u

2, D,\u + o) = D,, + D.u

3. D,(ur:) -- uD,t: * t: D*u

/r\ t: D.u-uDr:
\r/ r''

5, D^{e'1 - s'P,,,

6, D,(a'l = a'in a D,u

I
7. D,(ln u) = * P,11

u

8. 4(sin r.r) = cos r D,u

9. D,(cos &) = -sin 11 D.r

10. O,(tan r) = sec2 u Au
11. D,(cot r) = *csc? u I),4

12. O,(sec r) = sec I tan u D,u

13. D,(csc l) = *csc ucottt DJ

I
14. D lsin tui e:[) u

Vl - r,'

15. D.(cos-r uy = -LO-u' \tl-lr

16.D.(tan'd==)--o,ttu''
_l

tr7. D,(cot-l ul = ,anD,u

18, D.rsec 'r1 = -!4ur\'a:-I
-l

19. D,{csc ' a) = 
-=i- 

D,a

20. D,(sinh r) = cosh r D,4

21. D,(cosh r) = sinh r D,r
22. D,(tanh r) = sech2 n D u

23. A(coth a) = -csch? 4 D,r
24. D,(sech u) = -sech u ranh u D.u

25. D,(csch u) = *csch rt coth u D"u

Some Elementory Forms

r'ln='rc
z.l,a,=au+c

r, 
/rrr,r 

+ stu)ldu - l,rr, + 
| eua,

Rotionol Forms Contoining a + bu

f
J 

U,,

|'t'
Ju

rtu'ldu=-+Cn*l

= lnlxl + C

(ri + -1)

f utlu I
6. I + = -la + bu - utnlu, bul)+ C

J a+ltu b'

, | !+=:li 
" 

+ hut: - 2Ltta t hut + o:tna+ r,r,l - cJa+bu h'L2 l
I udu ll , I

B. I "--,=':l - +lnln+bu1l+C
Jlo'huY h'lt+bu j
I u:du l[ a2 Iq j ,, - r*,, ill" * hu - 

o * yu- Zoht'a * brlj + c

FormsContoining \a+ba

n. I u't'=-Lf ' - I

J ta - bu\t h:Lzto + bu\l a - bu

,r,f d' =i,nl " i*.
) uh-bur u lu+bul

+C

". 1--u-=-r*l,,ll:3l*c
J u'tl+\ut au a' I u 

I

*.1 du .=,1 "',rnl 
u l*.

J ulu + hu): a{t - but a' la r bul

f-1
la, 

J 
uf a + butlu =frtit, - 2otla - hutt.) - C

-, I 

- 

2u'ra+but'': 2an | 

-
16, 

Jir"vu 
+ bu du =ffi - r, _, J 

u' t\ a - bu du

t- 1

15. I u']\a * bu du =:-:=(lsb:il, - l2abu + Ba2)(a + hu\i/2 + CJ l(tsl,'
I udu 2 

-
17. |:=:lbu-),\;-tt-C

J tta+bu 3b,



". f * = ;!; ;Bb,u, - tabu +8a-l\d * brl - c,I la + bu l5'r'-- "-

*. l&_2u,\,|lbu _ 2an | ,, au

J \/a + bu h(2n + l) bt2n + l) I v6; h,

l, lt/r+n*vil
t , I-=lnl---p---=i+C ifa>0

20. I __L= ivo lYa+ bu t Yal'"'lulG*t, I z F*n- l--;lan !11-+C ifa<,. L\/-4 Y -a

u.[__L*_ vi+n _&r2n_]) | n
J u'\ a + bu ah - l\a' | 2atn * lt I u, tV; +i!
l\G4,a, ---;,r[_L,r. l--;- =2\a-u 

J u\,a_bu
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-
n. I V, * tudu _ _ t.a * butr 2 

_hl2n - 5\ l r,T; n a,
J u" aln-lJu"t 2atn*l)J 4,I

" [::r=!.*n,!*, *.[1_-= ,,n1,-ol-.=l-i'*n'l

,,'l;='*,,,5;l ..= fi"'r' i+ 
c irr'lr 

':') 
" 
-"-il*l'.'l *'=f 

1'o',. 'r

Ja'/-u. 2a lu-ol 
l_corh,_+C if vl>a

Forms Contoini a2 *uz

+C iflul<a

+C if lal >a

Formr Contoining lfr t a,

In formulas 27 through 38, we may replace

ln(u+l,uW1 by sinh-r I
d

lnlu + f,7: a,l by cosh , !

,ld+Vr)+{r:l .alni....- I bv iinh : -lulu

". ln7 " = \,r:a - osec-,! + c

,r. lt/i' = o,au 
= _"C=A"- )--,- 
=- , -lnlu+\rr:ta:j *6-

Forms \ffi:7
39. I -=g: = sin r1+ C

J VA--U' t)

t_
n. 

) 
tGrT a, = i,,I:- r, +[rin I + c

t_l. 
J 

r' v?577, a, =!12u, - 6t1 1/u: * ;* t',in 
I * c

or. !\o' - u: du 
= J): _7_ ^,-1, 

+ t?r- u,l , ^." ) r :\a--ti"-4ini-- 
, -1*C

= ^r,,7 -; _ a cosh,,l + C

*.{"';7"= ry ,,,o*.
(This table is continued an the back endpapers.)



.. I u:du t) ,- a2 il*. )m = --\a'- u'rTsin r:r C

4s.I-L=-1,,1 o*Yfrl*c
JuYu:-u' a I u 
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nt, I 
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Forms 2au - u2
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= ttl- | ,,\

J u -u'4acos'\l--i *C

-- lt"Zou-u'au )\2,rr-u' .l u\tz'1 ,' =- , -cos ll-i)+c
sr. l-, g- 

= .0, ,/r - I) * c
J \'2uu - u: \ a/

-- I u2du tu+3at 

-
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rc. I cor, au = --\cor" I n - l ror,-, u duJ N-I J

n. 
I r"c' u au = ),sec, ]aran r,= l rrr,,, au

f , ^-t f
zr, 

J 
csc u du = -fr .t.,-, r coru + fi I "*,, ^

79. f ri, musinnu ru - -sin(n 
+ n)u * sin (nr - n)a * "J 2h+n\ Zlm_n) "

s0. [ .0, nu cos nu ,u - sin ln * n)u 
n 

sin (n - n)u * "J 2t^*n1 2(m-n) "

8r. lrin mu cos nu 7u = -cos 
lm I n'lu- cos (,, -'{)x + .

f
82. 

J 
nsin u du = sinu - u cos u t C

r
83. 

J 
rcos udu = cosr + usinil + C

I
8a, 

I 
u) sinu du = 2usnu + (2 * 12) cos r.r + f

forms Contoining Trigonometric Funclions

*./,,, udu--cr.ssu+C

60.f.., udu-sinu*C

Ol. 
/ 

ron a dir = lnlsec al t C

OZ. 
/.0, 

r da = lnlsin rl + C

6J. 
/*.u/r 

= Inlsecx + ranri + C= tnltan t)n + )ull + 6

64. 
I.r.adri 

= ln,csca - coral t C = lnltan{ul + c

OS./r.r'udu=ranu*C

or.J.r,'udu=*cotu+C

67. 
J 

r.. uta" u du= secll * C

6S. 
I*. ucotudu= -cscr * C

ol. 
/rir' 

u du = iu- jsrn 2u + C

lO. 
/co,' 

u du = lu+ jsin2u t C

n. 
f un'udu = tanu - u t c



s5. 
I,tcosu.ft, 

= 2rcosI + (a? - 2) sinl + C

s6. I 
,,'sin rr drr = -r" cos I + a 

f 
,""' cos u,l,

tl
fr, 

J 
,' co\ r,.lr{ = ti" rin tt - n 

J 
a" I iin rr rlu

I rin"''rrcos'irln- I I
8E. I sin'' r cor r rltt I sin^' 'a cor'u *r

J nt-n tn-ttJ

* jn'"lujosl Iir 

" H f 
srn,, cos,-, a d,

t-
89. I iin' udu-- usin ru + \ I - r: + C

)'f
90. I cos' ulu= ucrtr ril - \ I - ir: + ('

J
I

Cl. I ran' ut)u = ulan' ri - 1,',1 lIlf * C

J

t
92. I eor I u,lu = u col 'rr - tn rTlli ' C

J

f
93. | ,ec tudu - u \ec rir - ln, = \[].:T'

)
=rsec'tt-coshruiC

t-
9{. I rse 'udu = uasc rl I lnltr' \ tr:- I:

J

=lrcsc lu*coshlrr*C

rC

+C

I
es.jc'du=e''C

fn"
96, la"tlu=:-+C

J lna

cl.lrr"tlu=e"\u-ll-c
J

ss. I u^r' tlu = u'r' - n 1,,''r",luJJ
w. | ,',,',t, ='# * I u".'a" du'c

J lno no)
Ie',lu P" I Ie"du

100, I 
- 

-- - -----'--:---, - - . I -.,;
) u" {a-l)u"' n-tJ u

I u'du o' ln ri f ,r",iat.,t'.J x =-rx- tlil',,-,j ;;

to2. li,, ulu = ulnrr - l' C
l

lol. f r' htudu =-'1'',|i, + l,lnx- ll - (
J lrlr lr-

ror. f :!- - ln,ln 11; * f
J Ilnl{

L '"'
tOS. 

J 
e "' :in rtt r/tt = ;:;{o 

:in nit - rr cos ntr) + C

roo, l. 'cos,lrr (/, = "=-+ t., cos nu - rt sin aitl * C

J tt +n'

rol. 
J 

sinrr adr - cosh u t C

fOS. 
J 

cosfrrdrr = sinh u * C

rOl. 
J 

r*rl a du = lnicosh ai + C

I rO. 
/ 

cott, rr r/u = lni sinh u I + C'

fff. 
J 

secir u du = tan 1 (sinh rr) + C

lrz. 
Jcrcirldu 

= lnitanhlrl + c

ffl. 
/ 

secn' u dn = tanh u + C

f fC. 
/ 

acfr'u du = -coth rt * C

rrS. 
Jrect 

utanhudu= -sechu * C

fff. 
/ 

cscfr r coth ir ilr = *csch x + C

fll. 
J 

rinn'u r/r = I sitth )u ^ \u - ('

llE. 
f 

c,,strt ir drr -- l:inh 2u t !.u + C

rU. 
J 

tanll u du = u- tanhu t C

120. 
/ 

cotir' a lu - u- coth r. + C

W. 
|,sinhar/a 

= rcoshrr - sinhll + C

Or, 
| 

,cosh ii r/r * u sinh ir - cosh a + C

,rr. 
I 

," sinh aa rlrr = # 
(a sinh rru - tr cosh nri) * C

w. 
| 

," cuslt rrrr dt " #Lrr cosh nrr - n sinh nrrr - C

x,

a

t
Z



a.t20 ;onmulAs filGONOrvrEfRY

ffiGoNoIYrErnY
IHE EIGHI FUNDA'{ENTAI IRICONOMEIRTC lDEI{IlIE

sin.rcscr= 1 cosxsecx : 1 taorcotr=l
sin x cos x

tar-x =:::_:_ cot.r = --:-
cos -r sln 'r

sin2x t cosrx = 1 1 + tarf x = se€ x

SU'$ AND DITTERENGE IDENflTIES

sin(a * o) = sin il cost-l * cos u sinu

sin(u - u) : sinlz cos D - cos u sino

cos(u * o) : cos ll cos t.l - sin u sin o

cos(a - u) = cosucost: * sinusino

I +€d

bl

l+tan4+tan0 tan(u-o):tan(u*1))=7=6i,nt)

,rlrlfl ru-il[ASUnI lD:ilrlf lEs

sit2u = 2 sin a cos u

cos Zu = cos2 a - sin2 u

cos2u=1 - 2sin2il cos2u = 2cos2u - 1

2 tan u.
tan2u = 1=@-,

- 1-cos2u , l+cor!
sin:u:= cos-tr:--Z-

^ I - cos2u
tarr u = T+ *" 2,

l-cost ,,.-l*cos'
sin-tr=- cos=it=--2-

, I -cosr . -t.- sint
tan |t = ];;; tan i' = J;;os ,

IDEHIITIES TOR IHE PNODUGT, SUXT' AND DN TETBEI C

sin u cosp = |[sin(u + o) * sin(r - o]]

cos a sinp = ![sin(r + o) - sin(u - o)]

cos ucos, = |[cbs(u + o) * cos(r - o)]

sin u sinu = |[cos(r,r - r':) - cos(u * o)]

sins * sin, = rr"(f)*t(?)
sins-sin,=r*'(+) ,t(?
coss * cos, = r*r(+)*-(?)
cos s - cos, = -r r*(#) ""(?)



FORMULAS FROM GEOMETRY A-t2l

SO}TE REDUCTION FORMULAS

sin(-x) : -sin -r cos(-x) = cos x tan(-_r) = -tan ,
sin(ln- - x) : cos x cos(* T - x): sin x
tan()r - -x) : cot x
sin(f z' + -r) : cos x cos(j r + x): -sin -r

tan()n+x):-cot.r
sin(z - .r) : sin r cos(z - x) : -cos .r

tanbt - x) : -ran x

IAW OF SINES AND LAW OF COSINES
a, b, andc represent the measures of the sides of a triangle: a, B, and y
represent the measures of the angles opposite the sides of measures at. u. ana
c. respectively.

o=b:,
sin a sin B sinl c2 : a? + b2 - 2ab cos Y

FORMUIAS FRO'YI GEOMETRY
The fol,lowing symbols are used for the measure:
r: radius fr: altitude D: base a: base
A: area S: surface area B: area of base

Circle:A:nr2:C:2nr
Triangle: A : +bh

Rectangle and parallelogram: A : bh

Trapezoid: A: l(a + b)h

Right circular cylinder: V :.rr2h; S : 2nrh

Right circularcone: V : \nr2h; g : nrljt a pt

Sphere: Y : \rr3: S : 4trr)

Prism (with parallel bases): V : B/r

Pyramid: V : iBh

The Greek alphabet

C: circumference
V: volume

a alpha

B beta
7 gamma
6 delta
e epsilon

{ zeta

\ eta
0 theta

L

R

i
It
u

s
o
7r

p
o

U

E
X
,,IJ

(n

iota
kappa
lambda
mu
nu
xi
omicron
pi

rho
sigma
tau
upsilon
phi
chi
psi
omega
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sEcrroN 5.7
- THmE RAnOMUZNG SUBsTmmoNs

ilAMPLE 3 Making these substitutions, we obtain the following simplification of an
integral.

I d0 _f QailM+t'z) _fzat
J5-4coso:Jm: )T+e7' Lj

A SHORT TABTT OF INTECRAI.S

The constant-of integration is omitted.

Elementery formulas

1.

3.

5.

7.

9.

11.

13.

15.

17.

19.

!u'ou:#,n*-l
I e" du: eu

J

Jrto 
, du: - cos u

f

J 
sec'z z ilu: tan u

J*. 
, tan u ilu: sec r

Jsintu 
du: cosh u

Jr""t' 
u du:tanh u

Jr""n 
u tanh u du: -sech z

lduu
)W:arcsin-, a>lul

ldul
f --: -:arcsec|, ful> a
JuJuz-a2 a

t , largsinrrllau_<a
J JAii [tn 1r+ JATAT

I du [".u,"nnl, Wl<a

l;,=v:j ,- 
Lrt'"cothl, 

ful> a

, ft:rntut
o. loou:*, a>o,a*t

o. 
J"o, 

u du: sin u

a. 
J".c' 

u du: - cot l

10. 
fcs" 

u cot u du- -csc u

12. 
Jcosh 

u du:sinh u

r+. 
Jcsctr'z 

u du:- coth z

rO. 
Jcsctr 

u coth u du:- csch a

" I#-!ur"1un!, atto

0<u<a

lul<a

lul> a

o+G-F\
--")'

21.
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A?PENDIX 6 IMnoDUC.TION TO THE USf OF A TABtf oF INTIGRAI.S

lrl>a>0

.t

I

!
ti:

l

dJl
Algebraic forms

" !#:i-#,nra+bu) " l#r::"lrrh[
,, [ffi-#Ch,*1mro+a,r)

"I#w:h*l*lr-l
,n. l--!--aulJ;Tfr-&l

J uJa+ bu Ja lJa+ bu + Jal

,0. l"@dr=2'$bn-ryN@TW

"!fiYdu=/1Qs."!ffi
"\ffi:ryFn

If'= du=;J;=7 +|,,""in!, rul < a

I.rw au=1,Fff**^r+,@t

3s I,trIF 6u=,@ - "r^l'* €Y
_our*or1, o( a<lul

u

Trlgonometric forms

37.
f

Jtan 
a ilu- -tnlcos ul

fsin'u 
dtt-tu-|sin 2u

f . - , sin"-rucosu
I Sln"u du= -)n

r
le. 

Jsec 
u ilu-lnlsec * * tan ri

39.

* ,l't'-2u 4u



APP 61

sEcTroN 6.7 THREE NAilONATIZNG SUssI[UnONs

+t. fcos,u rr- cos'-1u sin I +n- | l"or,'r, du
J n nJ

-rl#,:-ffi.;t=i#r, n*,
r sin(m- n)u sin(n * n)u

+3. 
Jsin 

mu sin nu du:ffi , m* !.n

I sin(n - n)a sin(m * n)u
44. 

J 
cos mu cos nu du: @=;i * -a^;f , m* !.n

f sos(n - n)u cos(m * z)u
a5. 

Jsin 
,?u cos nu du= , m# !.n

+6. lr"rio u du:-,rncos u + n lu'- 1 cos u duJJ
rf

47. 
J 

u"cos u ilu-u"sin u - n 
)u'-rsin 

I du

f
a8. 

Jarcsin 
udu=uarcsin u+Jt-F

r
49. 

Jarccos 
u ilu:u arccos u- Jt:F

f
50. 

Ju 
arcsin u 6y:ll(2u2 - l)arcsin u+r4P1

togdthmfu and exponentlal formr

t
5t. 

Jh lul itu:l/1la lul- l)

sz. 
Jtr, fuD2 itu=(ln lul)2 -Zutnlul+Zu

sr. 
frrrntu 

tau=firn tut-##, n* -l
Y. lrf d du:tt d- t

J 
n)u,-ttilu

SS. 
Je+sin 

builu:W

so.Je'cos budu:W

Mbcellaneous forms

s7. I@*bu).itu:S#, n* -l
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APPINDIX 6 IIMODUCNONTOTHEUSEOFATAEdOTNEGXAI.S

lau
Se. lF@;brr): -(au)-r +ba-2flo9(a+bu)-log ul

J

I au 2 /a+ bz\ t/2
59. l_ | t bc_ad+o'-' 

J@+bu)tt2(c*ilu)ttz - bc-an\c+du) '

fdu* 
J,,*.6,,i:(an)- '[os(a')-log(a *buo))' n*0

' I udtt )lhr-)n6r'I udu 2lbu-2a\

JG-b")*-=-ff(atbYlrtz
62. I du t^2

JW:-+ a\u'z: -(azu)-r(u2 + a'1'rz

al. l@' -..'!')''' du: - u-t(a2 - u2)uz- arcsinl"- J' tt" a

f., 3u sin2u sin4u
6a. 

Jsinaz 
ou:t-"tr*T

OS. 
Jcott 

u du: - lcotzu - log sin u



Algebrelc form3

" I#:i-#^,a+bu) " !#6=l,"l#l
I udu al I I \

''' )1"T ury 
: 

ai \r+4, 
+ -ln14 + bul)

,, I#w:*h*4rnlr_l :

,r. l-L=A,n1tt;m-,[gl
, JuJa+bu Ja lJa+bu+Jal

t, lny d,t = ).tG + bu *, !-+,
"\ffi:Wr;r;
". [rd=t du:;G=F +{ooin!, tut<a

". lrela du:;fiT7 *{ruu+JEF;

" !ff4v=,8fr-,hltFi
,u 

!Jf=F-du: 1@7fi-, u.*orl, o< a<lul

Trigonornetric forms

39.

&.

41.

,r. 
J,* 

u du:- lnlcos uf

t
Jsin'zr 

du:lu-{sin2u

frio'u du: -sin'-rz 
cos z +'- 1 

lsin^', u du) n ' n J-.-

f.or'r ru- cosn-r u sin u +'- I lcosl-ru au
) n tl J---
I au cosu n-21 du

Jmu: -i;:1;;o"1 + r- 1J;F=?;' n*l

f-,- --. -:- _-. ).. sin(nr-n)u sin(n*n)u
J$nrustnnudu ffi- 2{rn+,t)-' m*t''n

f^^^ _. --- _. , sin(m-n)u , sin(ln+a)u

Jcos 
uncosnuau:_@f* 

Ar*r, , m**n

,r. ir"" u du=rnlscc u * tan ul1'

(Continucd iaci& bect covtr)



A SHORT TABTE OF INTEGRAI-S

The constant of inte-eration is omitted.

45.

46.

47.

48.

TrigonomeEic forms

f ,_ , cos(m- n)u cos(m+ n)u
lsln mu COS nU dU: - - -=-. m # * n

rf
Iu'sin u du: _ uncos u + nlu'-| cos u duJJ
tll
f r'"os u du: u'sin u - rlu'-t sin u duJJ
r

J

I
49. 

Jarccos 
udu:ilarccos u-uT-l

r
50.' 

J 
u arcsin u tru : ll12uz - l)arcsin u + "1E- t;21

51.

52.

53.

54.

55.

56.

Logarithmic and exponential forms

t
J 

tn lul du:u(ln lul - l)
t

J 
ttn lrrD' du: u(ln luD' - 2u ln lul -r.2u

Ju,rnrur 
a,:finr,r-# , n* -l

[" 
n dtt:un ,'-n!u'-t eu du

Jr'r,o 
bu rtu:eo'(a sin bu - b cos bu)

az+b

fn, 
"o, 

bu' du: d"(a cos bu * b sin bu)

J- a2+b2

57.

58.

59.

60.

Miscellaneous forms

[a*u,ro,:W#, n*-l
ldu
)mTTd: -(au)- I +ba-2[log(a+bu)-log n]

I au 2 /a+ bu\ ri2

JalWno;ato 
: 

ic - adtilrr, bc - ad * o

ldu
) "A. nl:(an)-'[log(u') - log(a * bu')), n *0


