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PREFACE

Itis a matter of great pleasure and pride for me to introduce to you this
book “Play with Graphs”. As a teacher, guiding the Engineering aspirants
for over a decade now, | have always been in the lookout for right
approach to understand various mathematical problems. | had always felt
the need of a book that can develop and sharpen the ideas of the
students within a very short span of time.

The book in your hands, aims to help you solve various mathematical
problems by the use of graphs. Ways to draw different types of graphs are
very easy and can be understood by even an average student. | feel glad
to mention that the use of graphs in solving various mathematical
problems has been well illustrated in this book.

I would like to take this opportunity to thank

M/s Arihant Prakashan for assigning this work to me.

Itis their inspiration that has encouraged me to bring this book in this
present form.

I would also like to thank Arihant DTP Unit for the nice laser typesetting.

Valuable suggestions from the students and teachers are always
welcome, and these will find due places in the ensuing editions.

Amit M. Agarwal
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INTRODUCTION OF

GRAPHS

(1 In this section, we shall revise some basic curves which are given as.

-~

(FUNGTioNS -

Algebraic

Transcendental

Polynomial

=) 0

&
&
Exponential

»( Greatest integer function]

»[ Fractional part function ]

-}[ Least integer function]

»{ Logarithmic/Inverse of exponential ]

-P(Geometrical curves]

»(Inverse trigonometric curves)

m ALGEBRAIC FUNCTIONS

1. Polynomial Function

A function of the form:

f(x) = ap + a;X + a,x> +... +a,

wheren ON and ag, a;, ay,...,

a, OR

X

n .,
B

Then, f is called a polynomial function. “f(x) is also called polynomial in x”.
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Some of basic polynomial functions are
(i) ldentity function/Graph of f(x) = x y=x
A function f defined by f(x) = x for all x R, is called the
identity function. 45°
Here, y = x clearly represents a straight line passing through o)
the origin and inclined at an angle of 45° with x-axis shown as:
The domain and range of identity functions are both
equal to R.

Fig. 1.1
(ii) Graph of f(x) = x?2 y
A function given by f(x) = x? is called the square function.
The domain of square function is R and its range is R™ [J {0}
or [0, o)
Clearly y =x?, is a parabola. Since y =x? is an even X
function, so its graph is symmetrical about y-axis, shown as:
N

(i) Graph of f(x) = x* ) Fig. 1.2
A function given by f(x) = x° is called the cube functio 6. y y = x5
The domain and range of cube are both equal to R., &llb
Since, y = x° is an odd function, so its graph i

about opposite quadrant, i.e., “origin”, shown

Play with Graphs

etrical

2 o
(iv) Graph of f(x) = x2"; nON .0
If n 0N, then function f given b, = x?" is an even function.
So, its graph is always symmetrj out y-axis. Fig. 1.3

Also, x2>x* >x® >X8§ orallxO€ 1,1)
and x?<x*<x®<x®<.. allxO€e — DO (& )

Yy = x%,..., etc. are shown as:

Graphs of y = x?,y =x

Y=X4y:x6 Y,

Fig. 1.4

(v) Graph of f(x) = x*"™'; nON
If nON, then the function f given by f(x) =x**™ is an odd function. So, its graph is
symmetrical about origin or opposite quadrants.

www.exambites.in
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Here, comparison of values of x, x°, x°, ...

for

x O ) x<x<x®°<..

x (0, 1) x>x>>x° > ...

xO€ 1, 0) x<x3<x® <.

xOfo &~ 1) X>x2>x° >... -

Graphs of f(x) =x, f(x) = x3, f(x) =x°, ... are shown as in )
Flg 1.5 Flg. 1.5

2. Rational Expression

A function obtained by dividing a polynomial by another polynomial is called a rational function.

O fo=2®
Q)
Domain OR- {x|Q(xx 0} §
ie., domain R except those points for which den. inator = 0.
Graphs of some Simple Rational Functions 0
.
(i) Graph of f(x) = 1 v\" y
X

A function defined by f(x) = 1 is called &eciprocal
X

function or rectangular hyperbola, with inate axis as , , x

asymptotes. The domain and range of f XQ— is R —{0}.
® X

Since, f(x) is odd function, s raph is symmetrical
about opposite quadrants. observe
&d

lim f(x) =+ lim f(x)=-
X—>O+ X - 0~

and asx - xo O f(x» O
Thus, f(x) = 1 could be shown as in Fig. 1.6.
X

(ii) Graph of f(x) = iz
X

1. . . . . .
Here, f(x) = — is an even function, so its graph is symmetrical about y-axis.

X
Domain of f(x)is R — {0} and range is (0, ). 7
Also,as y — o as lim f(x) or lim fx) .
X — 0+ X - 0~
and y - 0 as lim f(x).
X —» oo
X
1 . o
Thus, f(x) = — could be shown as in Fig. 1.7.
2 .
Fig. 1.7

www.exambites.in
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(iii) Graph of f(x) = 1 nON
X

2n-1"

Here, f(x) =

57 isan odd function, so its graph is
<20~

symmetrical in opposite quadrants.

Also,y - o when lim f(x) and
X - O+
y - —oo when lim f(x).
X - 0~
Thus, the graph for f(x) = r ; f(x) = i, ..., etc. will
x> x>

be similar to the graph of f(x) = 1 which has asymptotes
X

as coordinate axes, shown as in Fig. 1.8

(iv) Graph of f(x) = %; nON
X

function, so its graph is symmetrical about y-axis.

Fig. 1.8

Also, ~ o as lim f(x) or lim f(x)'
Y X - 0% X —» 07 v\
and y - 0as lim f(x) or lim &
X - —0 X -
The values of y decrease as the valu X increase.
Thus, the graph of f(x) = iz; f(x) = —];Q.., etc. will be
X

similar as the graph of f(x) = iz, W,

X
3. Irrational Function @

Fig. 1.9

as asymptotes as coordinate axis. Shown as in Fig. 1.9.

The algebraic function containing terms having non-integral rational powers of x are called

irrational functions.
Graphs of Some Simple Irrational Functions
(i) Graph of f(x) = x"2

Here; f(x) = +/x is the portion of the parabola y? = x, which
lies above x-axis.

Domain of f(x) OR*0 {0} or [& )
and range of f(x) OR'D {0} or [& ).

Thus, the graph of f(x) = x*2 is shown as;

If f(x) = x” and g(x) = x'/", then f(x)and g(x)are inverse of
each other.

Note

O f(x) = x" and g(x) = x*’" is the mirror image about y = x.

www.exambites.in
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(i) Graph of f(x) = x3
As discussed above, if g(x) = x>. Then f(x) = x'/3
is image of g(x) about y = x.

where domain f(x) OR.

and range of f(x) O R.

Thus, the graph of f(x) = x*/? is shown in Fig.
1.11;

(iii) Graph of f(x) = x"2"; nON
Here, f(x) = x/?" is defined for all x J[0g )and the values
taken by f(x) are positive.
So, domain and range of f(x) are [0, ).
Here, the graph of f(x) = x'/?" is the mirror image of the o
graph of f(x) = x2" about the line y = %, when x ([0 ). ’\
L J

Thus, f(x)=xY?, f(x) =xY*, ...are shown as; 0

®
(iv) Graph of f(x) = x"?"' when nON v\

Here, f(x) = x?"! is defined for all x DR@
domain of f(x) OR, and range of f(x) OR. e
graph of f(x) = x/?*! is the mirror image o raph
of f(x) = x**™ about the line y = x when

Thus, f(x)=x"3, f(x)= X1/5,$tre shown
as;

Note We have discussed s of the simple curves
for Polynomial, onal and Irrational
functions. Graphs of the some more difficult
rational functions will be discussed in
chapter 3. Such as;

X 1 X+ x+1

Yo e Y T E ke

4. Piecewise Functions

As discussed piecewise functions are:

-1+

Fig. 1.13

(a) Absolute value function (or modulus function), (b) Signum function.
(c) Greatest integer function. (d) Fractional part function.

(e) Least integer function.

(a) Absolute value function (or modulus function)
0x, x=0

= |x|=
y=Ixl Erx,x<0

www.exambites.in
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“It is the numerical value of x”. y=x Y y=x
“It is symmetric about y-axis” where domain [JR
and range [1[0, ). 135°
Properties of modulus functions 45° X
() |x|<al>x & £ a; (@ 0 ©
(i) |x|z2a 0 - a or ® a; (2 0) Fig. 1.14
(i) |x xy|<|x| +]y]|
() [xxy| z [|x[-]y]]
(b) Signum function; y = Sgn(x) y-axis
It is defined by; 1D ,
x| X 1, if x>0
y =Sgn(x) =[x or x| x#0 _ E}—l, if x<0 5 x-axis
H; x=0. Ho, if x=0
. (] -1
Here, Domain of f(x) OR. 3 o
and Range of f(x) Of 1, 0, 1}. .\ Fig. 1.15
(c) Greatest integer function =n
[x] indicates the integral part of x which is neare &maller
integer to x. It is also known as floor of x. 6\ /\ '
Thus, [2.3] = 2, [0.23] =0,[2] =2, [-8.0725] . n n+1
In general; ‘ X ”
n<x<n+1 (nOlnteger)J [x] n. 0 Fig. 1.16
Here, f(x) = [x] could be expressed gr ally as; y-axis
® T3 —
X 1
2 o—(
0<x<l1 0
N e
1<x<2 1
2<x<3 2 —53 —I2 —I1 O 1 2 3 4 xaxis
—q 1
Thus, f(x) = [x] could be shown as; : L5
Properties of greatest integer function
o—( L3
(1) [x] = x holds, if x is integer.
Fig. 1.17

(i) [x + [ =[x] + L if [ is integer.
(i) [x +y] > [x] +[yl.

(iv) If[e(x)] =1 then @ (x) =L

V) If[e(x)] <L then @(x) <I +1.
(vi) [-x] = —[x], if x Ointeger.
(vii) [-x] = =[x] -1, if x(integer.

“It is also known as stepwise function/floor of x.”

www.exambites.in
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(d) Fractional part of function
Here, {.} denotes the fractional part of x. Thus, iny = {x}.

X =[x] +{x} =1 +f; whereI=[x] and f ={x}

O y ={x} =x —[x], where 0 < {x} < 1; shown as:
y

x {x}
0<x<1 X 1
1<x<2 x-1 | T T T T T T AT
2<x<3 X-2 , 2 ¢ 2 7 4 X

-3 ) -1 o 1 2 3

-1<x<0 Xx+1
-2<x< -1 X+ 2 Flg 1.18

Properties of fractional part of x
) {xr=x; if 0=<x<1

(i) {x} =0 ; if x Ointeger. 0\°

(i) {-x} =1 —{x}; if x Ointeger. 6.
(e) Least integer function 0
y == Buﬁ\"'

(x) or [X1 indicates the integral part of x whic earest and greatest integer to x.
It is known as ceiling of x.

Thus, [2.3023]=3, (0.23) =1, (-8.07 y? 8 (-0.6) =0 [d=n  (X=[x]=
In general, n<x< n n [integer)) m

Le, 30 /I1 X n|+1
shown as; @ Fig. 1.19
Here, f(x) = (x) = & can be e sed graphically as: g 2
y-axis
x = 31 >—e
-1<x<0 0 21 >
0<x<1 1 11—
I<x=<2 2 IR I P S S
-1+
2<x<-1 -1 >_°
— 2
—3<x< — =
3<x< -2 2 — "
Properties of least integer function Fig. 1.20

(i) (x) = K= x, if x is integer.
() x+D =&+ I (x)+ I;if I0integer.
(iii) Greatest integer converts x = I + f to [x] = Iwhile XJconverts to (I + 1).

Note We shall discuss the curves:
y={sinx},y={}, y ={sin”? (sin x)} y =[sin x], etc. in chapter 2. (Curvature and

Transformations).

www.exambites.in
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_m TRANSCENDENTAL FUNCTIONS

1. Trigonometric Function

(a) Sine function
Here, f(x) = sin x can be discussed in two ways i.e., Graph diagram and Circle diagram where

Domain of sine function is “R” and range is [-1, 1].
Graph diagram

(On x-axis and y-axis)
f(x) = sin x, increases (——
strictly from -1 to 1 as x increases

T, T .
from 5 to >’ decreases strictly

from 1 to —1as x increases from - -2 S n JOAm
2 2 2 2
3m_ A R
to — and so on. We have graph (_ i _1) -1
2 2’ o
as; ) 5e
Here, the height is same after o

every interval of 21t (i.e., In above figure, AB = CD after eve@ erval of 21).
O sin x is called periodic function with period 21t ‘\
Circle diagram v - (E, 1) =<511’ 1)

(On trigonometric plane or using & 2 2
quadrants). Let a circle of radius ‘1’, 0 y=1V___ y
i.e., unit circle. e S
. a *' B )
Then, sina = —, / N
1 00 / b 1 1 \
: b / a4
sinf =, : i I
1 $ ...5m3m m y=01 3n ©) 10=y x=02m4m...
. C \ !
siny =-——, @ N a /
1 \ /
. d . s
sind = —-—, ..., shown as. R -7 2T
1 o
O sinx generates a circle of Y
radius ‘1", 32, 7m2, ...
(b) Cosine function Fig. 1.22
Here, f(x) = cos x
The domain of cosine function is R and the range is [-1, 1].
Graph diagram (on x-axis and y-axis) y
As discussed, cos x decreases strictly
(-2m 1) (0,1) (2m 1)

from 1 to -1 as x increases from O to T,
increases strictly from -1 to 1 as x
increases from Tt to 27T and so on. Also,
cos x is periodic with period 21T

www.exambites.in
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Circle diagram

=1
Let a circle of radius ‘1’, i.e., a unit circle. ,j"‘ [T =~
Then, cosa = 3, cosf3 = —E, /b 1l pl \\
1 1 H a \
| % a !
cosy=E, cosE')z—é y=°'\‘d 0 ’;y=0
1 1 \\\ 1Y 1 c //’
O cos x generates a circle of radius “1°. L )
y=-"
(c) Tangent function Fig. 1.24
f(x) =tan x
The domain of the function y = tan x is; . y . :
1 1 1
R-pge D, +37 457 B : : |
02 2 20 !Q | :
1 1
ie, R-Hon+1) v/ !
O 20 , L i
and Range[OR or (-, o). _E' omn i m i
The function y = tan x increases strictly SR | |
from — oo to + oo as x increases from ' '
) mmn,_ 3m 31 _ ST | |
-— to—, —to—, —to—,...and so on. ) )
2 22 ' 2 2 ‘ X = —T72 X =102 X =312
The graph is shown as : 0 Fig. 1.25
.
Note Here, the curve tends ’@St at x =+ g + %[ + %T ... but never meets or tends to
infinity.
s 3 51
a0 XziE' i7, 17...areasymptotestoy:tanx.

f(x) = cosec x

y=cosec x

qm——————

y=sin x

S-S ———

y =cosec x

y =cosec x

Fig. 1.26

) e . |

———— -
————————r e

y=cosecx

www.exambites.in
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Here,

ie,
as shown

domain of y = cosec x is,
R-{0,+xm x21M+3711...}
R - {nm| n Oz} and rangeOR- € 1, 1)
in Fig. 1.26.

The function y = cosec x is periodic with period 21U

(e) Secant function

f(x)=sec x
a a
Here, domain OR- [{2n+ 1)E n z[
O 2 O
Range OR- € 1,1)
Shown as:

The function y = sec x is periodj

i SRR PN N S

40

period 2Tt.

Note

(i) The curve y = cosec, sto meetatx =0, £m, £2m, ... at infinity.

a x=0,£m, £2m,...
or x = nm, n Ointeger are asymptote to y = cosec x.
(ii) The curve y =sec x tends to meet at x = £ gi %[ ... at infinity.
Ox=4= g + %[ + %T ...orx=Q2n + 1)2, n Ointeger are asymptote to y = cosec x.

Here, we have used the notation of asymptotes of a curve in the context of special curves,
but we would have a detailed discussion in chapter 3.

(f) Cotangent function

Here,

f(x) = cot x
domain OR - {nm| n Oz} Range OJR.

which is periodic with period 11, and has x = n7t, n 0z as asymptotes. As shown in Fig. 1.28;

www.exambites.in
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y y=co$x

S
- & R

_3m\-T _T\ O] T\ m 3n o
2 : 2 2 2
] )]
I 2
| ]
1 o
1 €
' 5
M ©
Fig. 1.28

2. Exponential Function

Here, f(x) =a® a>0, a #1, and x OR, where domain OR,
Range [0 (0o ).

Casel.a>1 o
Here, f(x) =y = a* increase with the increase in x, i.e., f(x) i@easing function on R.
®
Y y—¢§1
‘%g X
0 ig. 1.29

y-axis 4x .
For example; &0 ;
y =2%, y =3%, ,...have;
X< F <<, >1 ?(0,1)
and 2% > 3% > 4% >SWfor 0<x <1 5 x-axis
and they can be shown as;
Fig. 1.30
y=aX y-axis

Casell. O<a<1
Here, f(x) = a* decrease with the increase in x, i.e., f(x) is
decreasing function on R.

“In general, exponential function increases or
decreases as (a>1) or (0<a<1)respectively”. [e)

3. Logarithmic Function .
Fig. 1.31

(Inverse of Exponential)

The function f(x) = log, x; (x, a > 0) and a # 1is a logarithmic function.

Thus, the domain of logarithmic function is all real positive numbers and their range is the set R
of all real numbers.

0.1

X-axis

We have seen thaty = a* is strictly increasing when a > 1 and strictly decreasingwhen O< a < 1.

www.exambites.in
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Thus, the function is invertible. The
inverse of this function is denoted by log, x,

fo<a<1
y-axis

we write
=a* 0 = log,y;
0 y=a 8a Vs
& where x[OR and y U0 ) 5 (1.0 x-axis 5 I/--Vx-axis
Q. writingy = log, x in place of x = log, y, \ (1.0)
(@  we have the graph of y = log, x
[ Thus, logarithmic function is also
G known as inverse of exponential function. Fig. 1.32
 Properties of logarithmic function
?'g 1. log.(ab) = log, a + log, b {a, b> 0}
5 2. log. %§=logea—logeb {a, b> 0}
o 3. log. a™ =m log, a {a>0 and m OR}
4. log,a=1 {a>0 and a#1}
5. logma:llogba {a,b> Ql and m OR}
" >
6. log, a= 1 {a,é and a, b #1}
log, b &
¢
log ., a
7. log, a= @,b>0¢{1}andm>0}
log,, b
8. al%%a™ = {a, m>0 and a=#1}
9. %8P = plogca ‘@ {a,b,c>0 and c#1}
k> ; >1 >0and m #1
10. Iflog, x>1log,y O D Y o {m, x5, and m #1}

which could be graphically sh

If m > 1 (Graph of log,a) s

logm x

logmy

$ 0O<m<1

Again if 0< m <1. (Graph of log , a)

logm x

logmy

0/1'yx

Fig. 1.33

O log,® log,ywhenx>y and m>1 | O log,6 ® log, y;whenx<yandO<m<lI1.
11. log,a=b 0O =& m°® {am>0;m#1;b0R}
b.
12. log,a>b O Eh>mb, ifm >1
(A<m’; if0<m<l1
b .
13. log,a<b O Eh<mb, ifm >1 .
m>m° ; if0<m<1

12
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4. Geometrical Curves

|
8 =2
(a) Straight line =h
ax + by + ¢ = 0 (represents general equation of straight line). We C\ =
know, (0"5) o]
¢ ¢ Q
y=—— when x=0 (‘5: )
b N c
(0]
and x=-5 when y =0 \ 2
a L}
joining above points we get required straight line. Fig. 1.35 0
(b) Circle =
We know, 0
=S
)] x% + y2 =a? is circle with centre (0, 0) | (ii) (x-a)? + (y - b)? =r2, circle with
and radius r. centre (a, b) and radius r. m
y y 3
PRl BN ’d PN u
/’ \\ 0\ 1', \‘ :
! b
) L Q? (I )
" C(ofo) 1(r, 0) P & \ !
\ ’ \ 3 "
Fig. 1.36 @ Fig. 1.37
(i) x* +y? +2gx +2fy +c =0; 0‘ (V) (x-%)(x-%x,)+(y -y;)(y -y,) =0
tre (-g, — f); radi * 4 .
centre (~g, —f); radius yg ¢ End points of diameter are (x;, y,) and
y $ (XZ’ YZ)' PR I
P . ~
, L \\\@ Il \\
’, r \ A 6'—9—\65
: C ’/‘l (x4, Y1)‘\ ,’(le Vo)
\ (=g,—f) J \ ’
\ / [N ,
~jo e x Se---t
=T Fig. 1.39
Fig. 1.38
(c) Parabola
(i) y? = 4ax (i) y? = - 4ax
Vertex (0,0) Vertex (0,0)
Focus (a, 0) Focus (—a, 0)
Axis x-axisory =0 Axis x-axisory =0
Directrix x=-a Directrix X=a

13
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Play with Graphs

14

Py y, .
: y2=—4ax i
| F |
| t X }
Ei VN\ (a0) Focus (-a,0) V(0,0) !
g3 |
o e _ :
i g y2=4ax v
X=-a . X=a
Fig. 1.40 Fig. 1.41
(iii) x2 = 4ay (iv) x? = - 4ay
Vextex (0, 0) Vertex (0, 0)
Focus (0, a) Focus (0, —a)
Axis y-axisorx = 0 Axis y-axisorx = 0
Directrix y=-a Directrix y=a
y Xx2=4ay ,\ Y,
F1(0,a) 6. """""""""" -y=a
Q v|(0,0)
] RO .
V1(0, 0) \
____________________________ » V=-a v FT (0,—3)
Directrix
x?=—4ay
Fig. 1.42 °+ Fig. 1.43
V) (v~ K2 =4a(x - h) & 1
Vertex (h, k) $ y=k
Focus (h +a,k TTTTTTVAGRK Fineak)
Axis x=h
Directrix x=h-a i i
i i
x=h-a x=h
directrix
(d) Ellipse Fig. 1.44
2 2
o X y 2 2
i)—+-~=1(@ >b
( ) az bz ( ) , a2>b? ,
Centre (0,0 b
Focus (+ae, 0) : :
Vertex (xa, 0) : _a/_ O\ 2 :
o B b2 i &_/ i
Eccentricity : e=,/1 - — ! -b '
2 . .
a v v
Directri _,a x=-a/e x=ale
irectrix X== - Fig. 1.45

www.exambites.in
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2 2 2 2
(i) X+ % =1 (a’®<b? (iii) (xaz )LV bzk) =1 (@*>>b?
v b2> a? y
-------------------------- > y =b/e
(0, b) (h, k+b)

(-a,0) \ y (a,0) 1(h, k=b)
o : X

syde.i JOo uonoONpoJajluj

©,-b) :
S Ve - x=h
directrix
Fig. 1.46 Fig. 1.47
(e) Hyperbola
2 2

. X
(i) — - Lz =1

a b

Centre : (0,0)

Focus : (xae 0) \
Vertices : (2,0 i : } X
( ) - &ge, ) 2o L\ ,
Eccentricity : e=,[1+ — 5 ;
i

. . a
Directrix DX = £ —
e

a
2 2 2 2
. X2y L (X—h° (y-k)
i) -+~ =1 jii - =1
( ) aZ bZ ( ) 2 b2
Y, . Y
O’\.
(0,b) *? :
EREEREEEE EEREE b “““*E'(H'k') """""" »y=K
0 X :
OB\, g
%,
O/@ !
x='h
Fig. 1.49 Fig. 1.50

15
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Play with Graphs

16

(iv) x* - y* =a?
As asymptotes
called rectangular

(Rectangular hyperbola)

are perpendicular. Therefore,
hyperbola.

(<\Q’\o*\e y=x

&)

O
Qs
7
™,
'O/O/@

y=-x

Fig. 1.51

(v) xy = c?
Here, the asymptotes are x-axis and y-axis.

asymptote <

(c.0)

O  asymptote

(_07 —C)

Fig. 1.52

chapter 3.

L/

Note In above curves we have used the name asymptotes fo; its complete definition see

Inverse Trigonometric Curves
As we know trigonometric functions are manypg thelr domain, hence, they are not

invertible.

But their inverse can be obtained by restrictin

omain so as to make invertible.

Note Every inverse trigonometric is been co

d to a function by shortening the domain.

For example:

We know, sin x is not invertible for

In order to get

O Iff:

DD,D
N\:I

by:

Similarly,

y =cosxb

y =tanx;

y = cot X

the inverse we h

i

define domain as:

- [-1, 1] defined by f(x) = sin x is invertible and inverse can be represented

y =sin"! x. %ESSin_1 XS—TE
2 2

ecomes invertible when

becomes invertible  when

; becomes invertible =~ when

y = sec x; becomes invertible when

y = cosec x; becomes invertible when

f:[0, M - [ 1]

f@g,%@a (- o0, o)

f:(00mM - (-

frrom-HH - R-(-1,1)
020

Om 1
f:4—,—/—-{0} - R-(-11
g3 5{} ( )

www.exambites.in
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(i) Graph of y =sin™' x ;

y
y=sin"1x _V=X

where, W2
11 f(x)=sinx
x0Of 1, 1]
am ™ | ——t ——t +——>X
and y O 02 20 O\ (=172,0) (-1,0,/1C (1,00 W2,0)  (1,0)
-141
As the graph of f'(x) is mirror image of
f(x) abouty = x. T2
Fig. 1.53
(ii) Graph of y = cos " x ; y=cos™1x y_n
y=X
Here,
72
domain OF 1, 1] 1
R dro, m ' X
ange ), TC a -
NS
60 f(x)=cos x
(iii) Graph of y =tan™" x ; 0 Fig. 1.54
Here, domain R, Range D%—, oH ’\&
YA y=tanx &: Y,
X2 y=mz
°+ y=tan'x
$ y=-T12
X=-T12 X=TU2

As we have discussed earlier, “graph of inverse function is image of f(x) about y = x” or “by
interchanging the coordinate axes”.

(iv) Graph of y = cot™" x ;

Fig. 1.55

We know that the function f : (0, M) — R, given by f(8) = cot Bis invertible.
0 Thus, domain of cot™ x OR and Range (0, T0.

y=cotx

—

(72,0

(10)

X=Tt

X

Fig. 1.56

o

www.exambites.in
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(v) Graph for y = sec™ x;

The function f : [0, 1] — é‘g@ - (=00, =1] O[1,0 ) given by f(8) = sec Bis invertible.

/1) O y= sec! x, has domain OR- € 1,1) and range ([0, T+ %’EE shown as
= H21]
Q y A
© i i
o : | y=m
o o y =_sec/ |
ax : ! =12
E 0 - T X-axis i i y
§ -1+ (1) i /_
B 1 o X
E X=T2 x=T1 I I
y=secx y=sec 1 x
Fig. 1.57
(vi) Graph for y = cosec'x;
As we know, f: E— g ) ETE_ {0} - R -(-1,1)isinvertible given by f(8) = cos 6.
O y = cosec”! x; domain OR- € 1, 1)
0 m 1
Range [l — , —7— {0}.
gellp . 510
4 : y ;
y=m2
i i K’—
" =t o 1 X
B —\i i
i y=-m2
X=—T72 xX=T112 X=:—1 x=I1
y=cosec x y=cosec~1x

Fig. 1.58

Note If no branch of an inverse trigonometric function is mentioned, then it means the principal
value branch of that function.

In case no branch of an inverse trigonometric function is mentioned, it will mean the
principal value branch of that function. (i.e.,)

18
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Function Domain Range Principal value branch
1. |sin”™ x [-1,1] Oon 1 n__.m =
) ki - —<y<—,wherey =sin" x
H 2’ 2H 2 2
2. | cos™ [-1, - 1] [0, 0<y< Tt wherey = cos'x
-1
3. | tan R @.E)I@ - D ey <™ wherey = tan' x
2" 2 2 2
4. | cosec™ x (=0, —=1] O [l ) O T T T T, _ 4
> ’ {0} | ——<y<—;y #0 wherey = cosec "x
H2 28 2 2
=l _ _
S. |sec X (o0, —1] D [1e0 [0, 1] - DHD Osy<sTm; y# %T% where y = sec'x
020
6. | cot™ x R (0, ™) 0<y <T;wherey = cot™' x

_m TRIGONOMETRIC INEQUALIZES

To solve trigonometric inequalities including trigonome%kunctlons it is good to practice
periodicity and monotonicity of functions.

Thus, first solve the inequality for the periodicity aﬂ?n get the set of all solutions by adding
numbers of the form 2n711; n Oz, to each of the solut@ tained on that interval.

EXAMPLE (@) sobve the inequaity; sin Eta; i

@ SOLUTION  As the function sin x has 1® ositive period 21t {That is why it is sufficient to solve
inequality of the form sin x > a, sip& @ a, sin x < a, sin x < a first on the interval of length 2T
and then get the solution set by g numbers of the form 21m, n 0z, to each of the solutions

et us solve this inequality on the interval E—g , %TE, where

obtained on that interval}.

graph of y =sin xandy = - 5 are taken two curves on x-y plane.
] y ]
sinx>-+
P REN i 11 i RN
G . ! ! l \
4 \ ' ' 4 \
4 \ \ \ U AN
7 \ H H U \
{ AY ! . ! 7 \ X
! UL/ O 7m 3m ! s
,' . 2. 6 2 6 12 /' \\
’ N —1/2 N _ 1N
,/ \\_, i \*'—'. y= 2 SO
on yi sin x
Fig. 1.59
. 1
y =sin x and y = 5

www.exambites.in
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From above figure, sinx > - % when —g <x< %T

Thus, on generalising above solution;

ZHT[—E<X<21‘1T[+7—T[; n [z.
6 6

which implies that those and only those values of x each of which satisfies these two inequalities
for a certain n[z can serve as solutions to the original inequality.

EXAMPLE o Solve the inequality:cos x < — %

@ SOLUTION As discussed in previous y
example, cos x is periodic with period 211.
So, to check the solution in [0, 2T1].

Play with Graphs

. . 1
It is clear from figure, cos x < — 5 when; 1727

2y 4m I o
3 3
On generalising above solution;
¢ ZgT[ 41 T 6. cosx<—
2nT+ ——<x<2nm+—; n 0z 0 =2
3 3

) ‘\& Fig. 1.60
OO0 Solution of cos x < — 5 v

2T § 4nQd
O x 0 2nt —— — n0z.
% 4’@ 3

oa|';|’
3
|
w
=
N
B
x

EXAMPLE e Solve the inequalitk: tgn x < 2.
@ SOLUTION We know tan x i& ic with period Tt. Y,

m
terval @-— ) —TE
2 2

It is «clear from figure, tanx<2 when;

So, to check the solution o

Tt -1 TT
—E<X<tan 2 or —E<X<arctan2

e R R el tEhnE

2t g4~ 10 wa Ervz X
O General solution -1t i
2n1‘[—g<x<2nn +tan! 2 tanx<2
i 0 ¥
0 n[ @nn— > 2nTH arc tan ZH X =—TV, X=T02
x=tan-'2=arctan?2
Fig. 1.61
EXAMPLE ° Solve the inequality:  sin é’% + 1£§< iz
@ SOLUTION  Here, sin é'ix ¥ £§< . L
2 120 /2 2 12

20
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. 1 s ..
O sin t<— , now sin t is periodic

\/E y=sint

with period 21, thus to check on 11 T - > ]

ot 5 Qm 31 72 Y 2

B’ 2H H2 2H 0] Lf an 3_n gng_nitzt t
From figure, ] 2 4 2 4 2

14 _ 1
sint<i,when3—n<t<2-[. sint< iz
V2 4 4
. t=314 t=914
0 generalsolution .
Fig. 1.62

2n1‘[+3—n<t<2nn+9—n ; n Oz
4 4

Substituting t = B—ZX +

12
3m

2n1‘[+—<—+—n <2nm +—
4 2 12 4

4 4

3x

on

0 —n+—m<x<§ Tr+ﬂnrgn
3 9 3

EXAMPLE e Solve the inequality : cos 2x — sig %&

9

@ SOLUTION Here, cos 2x — sin 2x can be reduce

V2 Ei Cos 2x — =S sin ZXE
V2

W2
O

>
s%+2x@

%

V2 &os n cos 2x — sin I sin ZXH
o 4 4 O

)
a COSZX-SinZXZ@ cos%+2x§20 5 put 2x+£:t
O cos (t) = 0, solving grap Y, y
Clearly; LT
2 2 1] cos =0
or 2nn—E<t<2nn+g
where t=2n+21 - t=—% |° 5=t n=t 8, on=t -
2
0 2nm-"<2n + N<onm+ il
2 4 2 y=cost
nn—i;s ns< nT[+E; n Oz. Fig. 1.63

8

EXAMPLE eIfA+B+C = T, then prove that; cos A + cos B + cos C <§; where A, B, C

are  distinct.

@ soLuTION Here, we have the three trigonometric functions as cos A, cos B and cos C.

0 let f(x) = cos x ;

which can be plotted as;

www.exambites.in
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Fig. 1.64

Now, let us suppose any three pointsx = A, x =B, x =Con f(x) = cos x. So that A + B + C = 1101
on the interval of length 1t

Play with Graphs

where G, be centroid of A given by Y A+B+C COS(A+ B+ C))
§A+B+C cos A +cosB+cosC§ 1 3 3
3 ’ 3 (B,cos B)
Thus, from figure points Q, G, P are
collinear, (Acos A)s
. . ! (C,cos C)
where; ordinate of GQ <ordinate of PQ. d X
B O| /Ox=B x=C\172 s
cos A + cos B + cosC +B+C T
3 < cos 3 @
X=A+§+C
[0 cosA +cosB + cosC <3 cos %@ 0 f(x) = cos x
s .‘,, Fig. 1.65
[l cosA +cosB+cosC<— 0
2 !e ')
Note Here, a particular case @s hen A= B =C (i.e., when A, B, C are non-distinct)
cos@sB:cosC and A+B+C=m
O A+A+A=m or A=m/3.
O cosA:cosB:cosC:%
O cosA+cosB+cosC:§ (only when A= B =0C)
EXAMPLE e Solve the inequality: sin x cos X + % tan x > 1.
® SOLUTION Here; left hand side is defined for all x, except x = nTt+ lzT, where n Oz.
a 2sinx cos X + tan x = 2
2t
O L’; +tan x =2 [Let, tanx = y]
1+tan“x
2
0 Y 4y >2
1+ y2

22
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2N _ 2
0 2y +y(Q +y )22(1 Yoo (r14y220
d+y?)
0 2y +y (L +y*) -2 +y*) 20
y?-2y*+3y -220
O vy -D-y(y -1 +2(y -1) 20
or -DE*-y+220
O y—-120 y tanx =1
{..yz_y+2:§/—1g+7>0 forally} i
' 20 477 |
O tan x = 1, shown as: ; y=1
from given figure; -
] ]
—<xXx<—
4 2
or nT[+ESX<nT[+E ;0 n Uz .Q
4 2 & =112 X=TIR
O T nmnQd .
O xOmm+ —,n1# —; nlz Fig. 1.66
%ﬂ 4 2% o\~0

EXAMPLE @) 1A + B +C = 11 then prove :

A
tan? = +t +tan? — > 1.
2 2

N[O

. SOLUTION Here, tan? %, tan? E & tanzg are three same function. So consider
f(x) = tan? g, whose period i@

O plotting tan? % for x & .

In given curve let us consider any three points
A, B, C such that

A+B+C=T
Now, centroid of ARST; x=C X
g 2 A 2 B 2 CO
0 tan® — +tan® — +tan® —j
G EA tB+C R 2 2 0 X=Tt
o 3 3 0 Fig. 1.67
0 0 'g
also, MEA-'-B-'-C,tan2 A +B +CH where; GN > MN.

3 2(3)

A B C
tan? — + tan® — + tan? =~

+ B+
O 2 2 2 > tan? gwg O tanZé + tan? B + taan >1.
3 6 2 2 2

www.exambites.in

syde.i JOo uonoONpoJajluj


https://www.exambites.in

_m SOLVING EQUATIONS GRAPHICALLY

Here, we sketch both left hand and right hand side of equality and the numbers of intersections
are required solutions.

EXAMPLE o Find the number of solutions of; sin x = 1—);

. SOLUTION Here, let f(x) =sinx and g(x) = 1—);

also we know; -1<sinx<1

0 1< X<1 O - 18 % 10
10

Thus, to sketch both curves when x Of 10, 10]
y

Play with Graphs

3 (10,1)

11 n 20 10 =X
b1 N 10
f\ /\ o 1_0) ;
] O l @
_10 \3m —2m = (0,0) T2 6' 2n 3m\ 10 31,
RS
-1+

9IX =15 v
From above figure f(x) = sin x and g()@% intersect at 7 points. So, numbers of solutions

are 7. &'

EXAMPLE @ Find the |«™®positive value of x, satisfying tan x = x + 1 lies in the interval.
. SOLUTION Let; f(x) =ta and g(x) =x +1; which could be shown as:

y g(x) =x +1
Lieast +ve(x) i
1 i': il[ i 31 X
! 4|12 12
Fig. 1.69
From the above figure tan x = x + 1 has infinitly many solutions but the least positive value of

24
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EXAMPLE @ Find the number of solutions of the equation,

sinx=x>+x+1

@ soLuTION Let; f(x) = sin x and g(x) = x2+x+1= @( +;g +

3
4

which could be shown as;

Fig. 1.70

which do not intersect at any point, therefore no solution. ’\o

®
EXAMPLE @ Find the number of solutions of: e"&&

L)

@ SOLUTION Let; f(x) = e* and g(x) = x*, which @be shown as;
x4 ge”
4

| ‘ )

@$ Fig. 1.71

From the figure, it is clear they intersect at two points, therefore two solutions.

EXAMPLE @ Find the number of solutions of; log,, X = x.

@ soLuTION Let; f(x) = log,, x and g(x) = x; which could be shown as;

b f(x) =log;ex

Fig. 1.72

From above figure, it is clear they intersect at one points, therefore 1 solution.

www.exambites.in
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& S00E IORE SOLVED EANPLES

0 EXAMPLE Sketch the graph for'y = sin™! (sin x).
=
@ SOLUTION As,y =sin™! (sinx) is periodic with period 21t
y P p
E O to draw this graph we should draw the graph for one interval of length 2 Ttand repeat for entire
values of x.
O VP P
_ O 2 2
= As we know; sin™ (sinx)=[]
+— T ) s 3
= qm-x); ——<TT—-X<— @e,—SXS—,E
= 0 2 2 2 2
3 SR SO
o or sin ! (sinx) = [ ’ 2 2
Oi-x, o< 31
O 27

which is defined for the interval of length 211, plotted as;

{ Q
Repeated Curve 2 Main Curve '@ated Curve
““““7\‘\7/ --------- i, ;/“"Q -\;-,—\ ---------- »y=T02
& . N \
/ \ V

q/ + \ 4 \
'\-X// ‘L\\\\ ; N\ ; N +// 4 \ X or y:0
s 2a_n /0 @ 3y’ PN
N N2 2 2, N\
\ o/ \ ’ * \y/ i
[ VS ¥ AR - &Y __ _ N _____M __ =
) e 4
[ 2

$ Fig. 1.73

Thus, the graph for y = sin § (sinx), is a straight line up and a straight line down with slopes 1

and -1 respectively lying between E—g , ETE

Note : Students are adviced to learn the definition of sin™! (sin x) as,

%x+2n ; —%T[SXS—S—;

S—n—x L

27 T 2
y=sin” (sinx) = x ; Moy
0 2 2

BT[—X ; ESXSB—ZT[

%{—2)‘[ ; S—HSX_ET...andsoon
2 2

26
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EXAMPLE e Sketch the graph for'y = cos™*(cos x).
@ SOLUTION As,y = cos™* (cos x) is periodic with period 2Tt

O to draw this graph we should draw the graph for one interval of length 2 mand repeat for entire
values of x of length 21T

As we know;

4 _x Osxsm
cos ~ (cosx)=
%ZT[—X; 0<2mM-x< 11
1 [X; Osxsm
or cos  (cosx)=
%T[—X; MSX<2TW

Thus, it has been defined for 0 < x < 21tthat has length 21t So, its graph could be plotted as;

y
(mn
i St L Sl e i ; ———————— -> y= IS
RN A N N S o \\7))\
N +:/ NS e N ‘o T N Pl
kV4 \v/ A3 \v =0
' ) Te@FT 3 4 xory=
o\~
Fig!‘&
Thus, the curvey = cos~*(cos x). o
EXAMPLE e Sketch the graph for @ tan ' (tan x).
.
@ SOLUTION Asy = tan™' (tanx) iodic with period Tt
O to draw this graph we sho aw the graph for one interval of length tand repeat for entire
values of x.
As we know; tan!(tanx) = E;x; LN <—T%
O 2 20

Thus, it has been defined for —g <x< g that has length Tt So, its graph could be plotted as;

y
o 3 ity SeEE R R f-—-> y=T02
’/ ’/
¢ — ; — —
—3rv2/’—n -2 /o ﬂzl,’n 3m2, ,7om 512
U, AN A Y- e A = A > _y=—TV2

Fig. 1.75

Thus, the curve for y = tan “!(tan x), where y is not defined for x 0 (2n+ 1) g

www.exambites.in
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EXAMPLE ° Sketch the graph for'y = cosec ' (cosecx).

@ SOLUTION Asy = cosec ! (cosec x) is periodic with period 21t
O to draw this graph we should draw the graph for one interval of length 2 tand repeat for entire

/] values of x.

= As we know;

Q- B X —ng<0 or 0<st[

E cosec™! (cosecx) = nz 2 -
0T - x; —<TM-x<0 or O<TMT—-x<—

(O] 0 2 2
O gmn O il

c : 02T o050 @) T

+= EX ’ E 2’ H- B 2H

; or cosec ™! (cosec X) = -
DT[ -X; X ot 5 D @T{ n

3 g

(A Thus, it has been defined for g, %TE— {0, i} that has length 21U So, its graph could be

ninfm!

plotted as

):( , )—4 ,

—21 _3M T T2

S // 2 \\ /

NN
&0 Fig. 1.76

EXAMPLE o Sketch the fory = sec”! (secx).

@ SOLUTION Asy =sec”! x) is periodic with period 2Tt.
[ to draw this graph we should draw the graph for one interval of length 2 1tand repeat for entire

values of x.
As we know;
=% x0d 7Ho
sec ! (sec x) = 0 T[Z
gZTT—X, ZH—XDE),—Q 0 %r@
2
Ef(; 0SX<E or I[<XST[
or sec”!(sec x) = 0 2 2
31 3m

[PT-x; M<x<— or —<x<2T[
O 2 2

Thus, it has been defined for [0, 211 - é"rzt , Bzmthat has length 2 11. So, its graph could be plotted

as;
28
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\\:
|
7
4
U4
~ |
~
i
1
|
i
oo
%
A\
RN
.
A
bS 1
4 |1
X1
|
|
1
|
1
|
1 i
i
- x I"
i
A
N
T
x|
i
i
S
A
a1
N

1
1
1
1
i
'\ w2 —2m-3w2 -m -w2 |0 w2 m 3w2 2m 5m2

Fig. 1.77

Thus, the curve fory = sec”! (sec x).

EXAMPLE e Sketch the graph for'y = cot ! (cot x).
@ SOLUTION As, y = cot *(cot x) is periodic with period Tt

O to draw this graph we should draw the graph for one interval of length Ttand repeat for entire
values of x. .

N

As we know ®
_1 —_ &
cot™ (cot x) —.{& X< T}
which is defined for length , i.e., x 0 (0, 1) and )@L mJ z}.

So, its graph could be plotted as; &

n 3m2 2n

Fig. 1.78
Thus, the curve for y = cot ™} (cot x).
EXAMPLE o Sketch the graph for:
(i) sin (sin”! x) (ii) cos (cos'x) (iii) tan (tan 'x)
(iv) cosec (cosec'lx) (v) sec (sec'lx) (vi) cot (cot'lx)

@ SOLUTION As we know, all the above mentioned six curves are non-periodic, but have
restricted domain and range.
So, we shall first define each curve for its domain and range and then sketch these curves.

(i) Sketch for y = sin (sin""x)
We know; domain, xOF 1,1] (ie,-1<x<1)

and rangey =x O yI-[ 1,1]

www.exambites.in
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Hence, we should sketchy = sin (sin ! x) onlywhenx OF 1, 1]andy = x. So, its graph could
be plotted as shown in figure.

y
) .
= T AR y=1
Q. 5’\“\9\(\
\1/
1 ng 0 1 x
|
G g y=-1
~
:': x=-1 x=1
= Fig. 1.79
5’ Thus, the graph fory = sin (sin~* x).
i (i) Sketch for the curve y = cos (cos ™ x).
We know, domain, x OF 1, 1] é o (le,-1<x<1)
N
and rangey =x O yI-[ 1, )

Hence, we should sketch y = cos (cos™! x) = x c‘)n&en x Of 1, 1]. So, its graph could be
plotted as shown in Fig. 1.80. \

Thus, the graph for y = cos(cos™ x).

iii) Sketch for the curve y = tan (tan™" x)
(iii) y

We know,
y AR
domain, x OR (i.e., —0 <x < 00 and (\@
17 //\fb
Range y=x 0O yl R Y
Hence, we should sketch
-1 (0,0) 1 X
y = tan (tan™! x) = x,0x] R.
So, its graph could be plotted as shown; -7
— -1
Thus, the graph for y = tan (tan"" x). Fig. 1.81

30
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(iv) Sketch for y = cosec (cosec 'x)
We know;
domain OR- € 1,1)

(iie, —0o<x<-lorl<x< m)

and rangey =x 0O ¥ R -( 1, 1).

Hence, we should sketch -1

o

y = cosec (cosec™'x) =x only when
xO€eo ~ 1]0 [ ).

So, its graph could be plotted as
shown in Fig. 1.82;

x

Thus, the graph for ¥
y = cosec (cosec™1x).
(v) Sketch for y = sec (sec ' x)
We know, domain OR- € 1,1)

(ie, —0<x<-1 or 1<x< o

___________ .E >y=1

andrange y=x 0O yl R -( 1, 1). i 1(1,1)
Hence, we should sketch i i X

y = sec (sec'lx) =X, i © i
only when x € o , —1]0 [ ) -5 ;'(3:1-)- --------- é— ------------ >y=-1
So, its graph could be plotted as shown | |
in Fig. 1.83. o ¥ ¥
Thus, the graph for ¥ =1 x=1

y = sec (sec'x) =x Fig. 1.83

(vi) Sketch for y = cot (cot 'x) 0\\4»\
We know; Domain OR (i.e., - < X < o) y //00\\0 ory=x
and Rangey=x 0O y=R 11 )
Hence, we should sketch .
y = cot (cot™! x) =x, Ox0 R —1 o 1 ¥
Shown as in Fig. 1.84. -7
Thus, the graph for y = cot (cot ™ x).
Fig. 1.84

Note From previous discussions, we learn that if:

(i) The function is periodic then find period and trace the curve.
(ii) If non-periodic, then define for their domain and find range to trace the curve.

Now, before going ahead you must revise previous curves of inverse trigonometry as;

y=sintx, y=costx, y=tanx, y =cot?x, y =cosecx, y =secix
with their domain and range.
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EXAMPLE (@) sketch the graph for:
(i) sin~ %E (ii) cos” LD (iii) tan~ %D

a
_ .3
(iv) tan ! M

1 - 3x>

@ SOLUTION As we know, all the above mentioned six curves are non-periodic, but have
Restricted domain and Range.
So, we shall first define each curve for its domain and range and then sketch these curves.

(v) sin”! (3x - 4x%) (i) cos! (4x3 - 3x).

[ |

, O g
(i) Sketch for y = sin™ EAZD
a+x“0
. 2x
Here, for domain <1
1+x32
0 2|x|<1+x2 {1+ x* > 0for all x}
2 e w2 — 2

O x| - 2|x| +120 .Q £ x? =|x/%)
O (x> -D*=0 9.\
u x UOR. 0

O
For range: y =sin”! B@

]

ad .1 Omn my
O y O , — As; y=sin 0 0O yl-5—
2H O H2’

2
Defining the curve: Let, x = 0
&
. & _%2 .oom T
O y =5 n20)=7Po ; ——<20<— {See Ex. 1}
& 0 2 2
-
H

m-260 ; 20< -1
2
-2tan'x ; tan'x>—
or y:%ztan"lx ; —EStan_lxsg {-tan®=x 0 & tan™'x}
O
Obr-2tan'x ; tan'x< - I
H 4
Or-2tan'x  ; x>1
or y = E{Ztan_lx ; —l<x<1 (@)

D—n—2tan'1x Cox< -1

O
Thus, y = sin™ ths defined for x R, where y O¢
1+ x°[0 g

could be shown as in Fig. 1.85.

[\Jv\ :I

™ .
—, so the graph for Eq. (i
ZE grap q. (D
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| |
Thus, the graph for y = sin™ Dzixlj
0+ x*0

Note Asin later section (i.e., chapter 2) we shall discuss that @ns having sharp edges and
gaps are not differentiable at that point. o

O 2X O
So, in previous curve y =sin ™t , we Knovgg s sharp edge at x =-1 and x =1.
P y=st B2, we oguel@as sharp e

So, not differentiable. g
- x20
ii) Sketch fory =cos™ ' ~_[]
(ii) y G —0 .‘:b

Here, for domain L4
1+x32
0 § 1-x*<1+x? {+ 1+x*>0, OxJ R}

2

<1

which is true for all x; ®as 1+ x%>1-x

g xOR
—x20
For range: y =cos™ szﬂ U y 00, )
a+x“0

Define the curve : lLet, x=tan0

_ 290
0 y = cos™! MD: cos™! (cos26)

1 + tan? 60

20, 2020

. See Example 2
26; 206<0 { ple 2}

{* tan®=x 0 & tan"'x}
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a 2tan”! 20
So, the graph of y = cos™ L @ ® X is shown as:
0 + x>0 Q— 2tan”' x; x<0,

4 (0]

Fig. 1.86

-x-0 2t >0
Thus, the graph for y = cos™ M @ an”'x, X
O +x*0 @— 2tan'x, x< 0

From above figure it is clear = cos” LDIS not @f@itlable atx =
0 + x?
'
e ef’

(iii) Sketch for y = tan™ aim

- x20 \
Here, for domain OR except; =0
1-x?
Le., x#x1 %@XDR {1,-1}
2x U

For range an Eli
é - x%0
Omn 1™ [l 1 T
O $ 03—, — as y=tan" 0 0 %»—, —
@ YoH 2 2 E Y ¥ 2 ;%

Defining the curve

Let X = tan®
T
+2 20< - —
i+ 28 :
_ -1 U 2tanB -1 _ % Tt Tt
0 y = tan Eli[l tan~ (tan 20) = [26; - —-<20<—  {See Example 3}
1 - tan? 60 2 2

T+ 28 ze>g

D
_ _ T
+2tan1x; tan1x<—Z

T _ Tt _
tan~! x; - —<tant'x<— {as tan6=x 0 & tan'x}

DIJDEH%H:H:L’_FI

1 Tt
— T+ 2 tan ! X; tan x>Z
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)

So, the graph of;

0
y = tan’lgzix
0 - x2

Ot + 2tan™! x; x<-1

tan‘lx; -1<xx<1

OO

—T[+2tan’1x; x>1

O

Ot+ 2tan' x; x<-1

0 0 i )
0= [Rtan" x; —1<x<1 is shown as;
O
g +2tan™ X; x >1
Y

___________________ > y=TV2

Thus, the graph for y =

@*-Ztan"1 X, x<-1
tan‘lw
m@ 0

b o +2tantx, x >1
which is neither continuc@& differentiable at x ={-1, 1}.

— %30
Sketch for the curv@ tan™ MD

tanlx, -1<x<1

Dél:l

[1-3x%0
—x30
Here, for domain y =tan! X-x 0
0 - 3x*0
1
0 kI Rexcept 1-3x2=0 o =%+ —
V3
10
a x[OR - 5 —
0 +30
—x0
For range y =tan™! MD
1 - 3x°0
Omn 1
O OF—, —
YoE 2 2
Defining the curve: Let; X = tan®

www.exambites.in
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E{HBQ 36<—— %T+3tan X; tan~ x<—g

2
O y=tan"1(tan39):§39; _Me39< I = @Btan X; M ctan T x<
7)) 0 2 2 0 6 6
== Ur+3g 3657 Hn+3tan'x tanlx>n
Q 5 2 H 6
E E]r[+3tan‘1x X<—i
V) 0 ’ v3
o =EBtan"1x; —i<x<i
= 0 V3 3
0
; T+ 3tan~! X; x>i
ol H J3
— Eﬂ+3tan"1x; x<—i3
0 o
—x30 L/
So, the graph of; y =tan™ MD: %Btan‘1 X, = <x< 1
- 3x%0 3
0 1
T X; X> =
3
P\
o Wil > y=T12
i S
_x
T 5 X
=/
—————— E————————————————————————————-» y—fTVZ
i
x=1N3
Fig. 1.88
ETE+ 3tan' x, x<- L
V3
30
Thus, the curve for y = tan~ M Eﬁtan X, —i<x<i
-3x%0 [ V3 V3
|
T+ 3tan! x; x>i
il J3
which is neither continuous nor differentiable for x = E;i %E
u U
(v) Sketch the curve y = sin™'(3x — 4x?3)
Defining the curve: Let X =sin6,
36
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T 31 . 1 m_ . 3
-3 — <30 — — 3sin™ x; —<sin” X<
SRl EE S - g
O y:sin"l(siHSG):@BG; —ESBGSE :@Bsin‘lxg —ESSin_le
0 2 2 0 6
O 3m Tt O .1 Tt 1
—T—-38 - <30<-— SFTm-3sin"T x; ——<sinT X< ——
H L 2 H
. 1
- 3sin” x; —<x<1
2
. -1 3 -1 1 1
O y =sin” (3x — 4x°) = [Bsin~ x; - —<x< =
0 2 2
D—T[—35m1x; 1SXS—1
H 2

(vi)

For domain vy = sin”! (3x - 4X3) [l x0O[-1, 1]

For range y =sin7' (3x - 4x>) O y O E_E

D
So, the graph of; y = sin™' (3x — 4x°) = @{Ss@ -

is shown as:
R
----------- :r------------\-_‘: ; --:----i-------->}/= w2
I 1 { 1 \ 1
@ : EVARE
i i % i O
| 1 N 1 N
A f = X
113\ @ 1 o} 10 @B\t
T2\t 2, 2 \1
L\ ! !
......... USSR SR N S——"
' v ' '
x=-1 x=-1/2 x=1/2 x=1
Fig. 1.89
Thus, the curve for y = sin 7t (3x — 4x°)
L. . . 1
which is not differentiable at x = Eﬂ_- 5%
0 20

Sketch the curve y = cos™ (4x3 - 3x)
Here, domain O[- 1, 1] range [1[0, 11
Now, defining the curve

Let X =cos©
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_ T _ 21
- 3cos ! x; gs cos 1xs?

[RTt- 38 <362
O y:COS_l(COS3e):%39; 0<36<s 1 :Qﬂcos"lxg OSCOS_IXSL;
H2n+38 - m<3620 g o
—2m+3coslx; ——<costx<0
B 3
SZT[—SCOSIX, —ESXSl
2 2
AR
= [Bcos x; —<x<1
0 2
D—2T[+3COS_1X; —1SXS—1
E 2

{+ If 0<6< g a cosg < cosB< cosO or %s cosO < 1. Here, the interval changed

since, cos x is decreasing in [0, 1T}

%T[— 3cos"1:'&° —ls X < 1
* 2 2
So, the graph of; y = cos™ (4x® — 3x) = @Bcog@ %s x<1
-1<x<- 1,
2
is shown as;
Thus, the curve for y = cos™ (4x> - 3x),
which is not differentiable at X = El)t 1%
0 20
EXAMPLE (@) sketch the graph for:
(i) sin x. cosec x (ii)) cos x[$ec x (iii) tan x [tot x

@ SOLUTION As we know for the above curves each is equal to 1, but for different domain as;
(i) y =sinx[¢osecx =1; 0 x OR — {n1g, ] z}
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.. T O -
(i) y =cosx[Becx =1; xDR—HZm 1D—; nd z[ :
O 2 O -
0 m 0 -
(iii) y = tanx [totx = 1; xOR- mmnm —; ] z 0
O 2 O g
Thus, they could be plotted as: c
Y, Y, 0
g.
et e eyt = 1 — O =1 =
ST CHES T T o 7w o = T S =
| P R 0
y=sin x.cosec x = =
= . y'=CO0S X.Sec X m
y ,\o '5
A Y =
— (= y=1 L
! 3n i—n i__“ I X
T2 12
Note From above example it es clear that y =sinx[¢tosec x =1, y =cosx[3ec x =1,
y =tanx[@otx =1 but t e not equal, as their domains are different.
00 Equal functions &ose functions which have same domain and range are equal
functions.
EXAMPLE @ Sketch the graph for:
i +x20
(i) 1sin x| iy 105X (i) sin” BT X 4
sin x Cos X O 2x [0

(@) log,, [ - %Q+ %10g4(16x2 _8x +1)

(v) 1+ 3 (log|sin x| + log | cosec x|) (vi) 1+ 3 (log sin x + log cosec x)

@ SOLUTION As we know, to plot above curves we must check periodicity domain and range;

. sinx
i) y = 15X
sinx
1; sinx>0
Here, vy =0 .
F 1 sinx<O0

39
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y:

1 2nm<x<(@2n+1)mn n 0Oz

i 2n+Drn<x<@n+2)n n Oz

y
So, from above,
domain OR - {nm, 1 z} : : ! ' ' '
Range [J EL 2nm<x<(@2n+1m §-3n E—ZT[ E—T[ 6] Ttl 2T[E 3115 an
1L 2n+1)m<x<(2n +2) T b ¢ ) b ¢ b ¢
A S
O it could be plotted as shown in iy
Fig. 1.92. Y= ainx
Fig. 1.92
(ii) Sketch for y = [°8X|
CosXx
01, cosx>0
Here, vy =0
1 cosx<O0
So, it could be plotted as:
: :

-----r—--
a
=
N

O+ x20

(i) Sketch for y =sin”'G— =
O 2x

O

+x20
Here y =sin™! MD is defined;
0 2x 0O

when,;

I s [

1 + x2
2X

1

<1 {as; sin~" xis defined when |x|<1}

{as; 1+ x2 >0}
{as; x?= |x|2}

1+x*<2|x]
x? - 2|x|+1<0
[x]> - 2|x|+1<0
(Jx|-D*<0

(x| - D% =0 {as; (|x|- 1)? < 0is not possible}
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O x=zx1 5
[l Domain O0¢ 1} =
20 =
O For range y = sin™ MD, where x=+1-1 O
0O 2x 0 )
y = sin~' (1) and y = sin~!(-1) :
y =+ E 0
2 y :l:
T
O Range 0fF — A(1,172) 0
s 0F o t 5
2[] Il Il
Hence, thegraphfor y =sin™ MD is only two ' o X (o]
0 2x O =
. -+
. . B
points. Shown as: 1 o2) Q
20
Thus, the sketch for y =sin™ 5 D is only two Graph for sin™ (15;2) Q
0 2x -c
. .
points A and B. 6\ Fig. 1.94 -y
(iv) Sketch for y =logy, Q( - —Q 1Iog4 (16x? %0) L
2
Here, log1/4§< @ % og, (4x -
1 1
0y tog - 2 Lios, 4P s, - 1
y 81/4 ) 2 é 5 84 4
or y=—log4§(—l + 44 —log4§( l@ Eas; log . . og4, aH
4 4 0 b 0

O y=—log4§( 10g4§(—2§+alog44

0 y =1, whenever; @(— %E> 0 {as; log, x exists only when a, x> Oand a # 1}

Thus, y =log,,, @( - }E+ %log4(4x -1)?

| Domain [J % 0

D _____

1
A~

Range [0{1}
Thus, the graph is shown as:
Thus, the graph for

1 1
=lo @(——§+—lo 4x - 1)
y 1/4 ) 5 g4 ( )

(v) Sketchfory =1+ 3(log|sin x| + log|cosec x|)
Here y =1 + 3[log(|sin x| [lcosec x|)]

www.exambites.in
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whenever |sinx| #0 and |cosec x| # 0

ie., y =1+ 3 (log1); whenever x Onrt; ol z.
y=1 {as; log1=0}
Domain 0OR - {n1m;, i z}
Range ({1}
O it could be plotted as:
y
DD
—(:) (:) (:) (:) (| (:) (:) (:) (:)—
T S — R R S S
=4 =3 -2 1-T O m 2m 3m 4t

Fig. 1.96 '\0

s
Thus, the curve for y =1 + 3 (log|sinx| + log|cose@%

(vi) Sketch for y=1+ 3 (log sinx + log cosec \
Here y =1+ 3 (log sinx [¢osec x) @ ver sinx> 0 and cosec x > 0
X

O y =1+3logl; O@2nm, 2+ 1) 1)

or y=1 whe xO@nm 2+ 1)1

a y =1 + 3 (log sinx g’ ecx) ={1; 2nm <x <(2n +1) Ttis shown as;
Y

)
[
[
[

R = et
A
A
s xR
W
=
R
[\°]
A
R RO
=
Q
R | B
N
- |
w
= | N

Fig. 1.97

Thus, the curve for y =1 + 3 (log sinx + log cosec x)

EXAMPLE @ Sketch the curve for cos y = cos x.

@ SOLUTION Here, cosy = cosx 0 y=2nm*zx; nlz

O

cosy = cosX, represents two straight lines;

0O x+2nm, n0z

y_g—x+2nn; n Uz

www.exambites.in
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i.e., two infinite set of perpendicular straight lines which could be shown as:

Fig. 1.98

perpendicular straight lines which have
umber of solutions then they are infinite).

Thus, graph for cosy = cosx; represents two infini
infinite number of points of intersections; (So, if a

EXAMPLE @ Sketch the curve for sin

SOLUTION Here siny =sinx ‘ =nn+(-1"%x; nOz
y y
O siny =sinx; represepg tyo straight lines;
W+ X; n integer
y =

O .
[T — X, d integer
& =x+41m;n=4

www.exambites.in
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i.e., two infinite set of perpendicular straight lines as shown in Fig. 1.99:
Thus, the graph for siny = sin x.

EXAMPLE @ Find the number of solutions for; sin’™ = 9%

2 500
@ SOLUTION Let f(x)=sin'™ and g(x)= 2%,
2 500
to find number of solutions; we shall plot both the curves as;
y
= 99x
™ =500

Fig. 1.100 ’\o

. . b
Clearly, from the above figure, the number of solutu&re 7.
o
EXAMPLE @ Find the number ofsolutionsfor® 0S X = X

@ SOLUTION As, cosx =X y

O to plot the curve for y=x

y =cosx; y =x and find the ‘@ w2l

point of intersection as to 1 y=Cos X

obtain number of solutions. B / A /

Here, the two curves intersect S : : — e x

at a point A. $ —2mn —3n/2\n/(rv2 o 112\11/%11/2 2n
So, cosx =x has only o 1l
_TVZ +

solution.
Fig. 1.101

EXAMPLE @ Find the number of solutions for; [x]={x}. where [*], {*} represents

greatest integer and fractional part of x.
@ SOLUTION As, [x] = {x} X I

Otoplot y=[x; y={x}

and find point of intersection. {)i}/'L ) ,::“ 1//’7/0“ ) ,’L {x}
Here, the only point of intersection is x = 0, 2 0 <1' 2 3 X
O only one solutions. —q
—C —2
Fig. 1.102
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EXAMPLE @ Find the number of solutions of

4{x} =x +[x]
where { 3, [ [ represents fractional part and greatest integer function.
@SOLUTION As we know, to find y
number of solutions of two curves we C
should find the point of intersection of y=Ix] 3
two curves. 27 V=5X
O 4 {x} = x +[x]
O 4x-[x])=x+[x] 1+
U x = [x] +{x}}
O 4x — x = 4[x] +[x] > 1 0 <1 2 3 X
0 3x = 5[x] 1-3/5
3 . —— -1
O [x] = g X ...(@)
0 To plot the graph of both ——( T2
3
=[x] and ==x L/ . 1.103
y =[x] y s X \
. L 4
Clearly, the two graphs intersects when 06
[x]=0 and [ @ ...(iD)
O X = E[ [from Egs. (i) and (ii)]
5 5
X=— x==-01
3 3 ®

O0x=0 and x= g are the only tw& utions.
°

EXAMPLE Q Find the v x graphically satisfying; [x] — 1 + x*> = 0; where [ (] denotes
the greatest integer functi
@ SOLUTION  As, [x]-1+%x%20 0 x2 - 12 -[x]
Thus, to find the points for which f(x) = x> =1 is greater than or equals to
g(x) = - [x].
where two functions f(x) and g(x) could be y__5
plotted as shown in Fig. 1.104;
From the adjoining figure; the solution set lies X
when T8 A
X< A or x = B. T2 o/
—G1 x

Thus, to find A and B.

It is clear that f(x) and g(x) intersects when;
—[x] = 2. =1 o

0 x2-1=2
x=%J3 0 x=-43 Fig. 1.104
(neglecting x=++3 asAliesforx<0)
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Thus, for A : =-J3 and forB: x=1
O Solution set for which x? — 1= —[x] holds.

0 xO(—0 ,—30 [& ).

Note The method discussed in previous example is very important as it reduces your
calculations, so students should practice these forms.

EXAMPLE @ Find the values of x graphically which satisfy; — 1< [x] — x* + 4 < 2; where
[ denotes the greatest integer function.
@ SOLUTION As, -1<[x]-x*+4<2 O x*-5<[x]l<x*-2
Thus, to find the points for which f(x) = x* — 5is less than or equal to g(x) =[x] and g(x) = [x]is
less than or equal to h(x) = x2 — 2, where the three functions f(x), g(x) and h(x) could be plotted
as;
Yy h(x) = x2-2

Play with Graphs

$ Fig. 1.105
Thus, from the above gra@

x2 —5S[X]SX2 -2 when x0O[A, B [C, D]
where A and D is the point of intersection if;
x> -5=+2 0 x:—\/g,ﬁ
and C is point of intersection of
2 — —
x>-2=1 0 x=43.

O A=-43, B=-1 C=+3 and D=47.
a —1<[x]-x?+4<2 is satisfied;
when XD[—\/E,—l]] [\/g,ﬁ].

EXAMPLE @If 0<a<3 0<bs<3 and the equation; x2 + 4 + 3cos (ax +b) =2x has
atleast  one solution then find the value of (a + b).

.SOLUTION Here, x2 + 4+ 3cos(ax +b) =2x or x2 - 2x + 4 = - 3cos(ax +b)
O (x - 1)? + 3 =-3cos(ax +b)
46
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for above equation to have atleast one y
solution; plot f(x)=(x- 1% +3 and
g(x) = - 3cos(ax + b) in such a way that \

4

3-->- (1,—3cos(a+b))
From figure the two curves could atmost g(x)=—3cos (ax+b)
touch at one point only when /

they touch each other.
—3cos(a+b)=3 o 1 & X
O cos(a+b)=-1 \_/3__ \/

f(x)=(x=1)°+3

O a+b=1m 3mM 571I...

Fig. 1.106
But 3n>6
O a+b=m as 0<abs<3

EXAMPLE @ IfA+B+C=1m and A B, Careanglesof hen show

sin A +sin B +sinC <3%é60\

@ SOLUTION Here; we have three o
trigonometric ratios sin A, sin B, sinC. v\
0 Lety =sinx, on which there are three
points x = A, x = Band x = C shown as; &
As from the figure; In APQR, A Sm A
Centroid of A formed by P(A, sin &

Q(B, sin B) R(C, sinC) is;

2m
_ A +B+C sinA +s5si sinC[]
3 >
where; G, Hand Iare collinear Fig. 1.107

[A+B+C

Igi,OEG

>

EA +B+C sinA +sinB +sinC[]
3 3

+B+ +B +
and H A +B+C , sin [ +B C%
From figure; HI> GI
ie., ordinate of H > ordinate of G

. A+B+CO_ sinA +sinB +sinC
0 sin H >
3

O 3\2/§>sinA +sinB +sinC.

www.exambites.in
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EXAMPLE @ If0<A<g, thenshowA(cosecA)<g.

@ SOLUTION Here, graph for y = sinx is shown as;

Y,
) where P(A,sin A) and Q %, sin —TE | i y=sin x
: 6 T I OI
Q From adjoining figure; S'”E"“,‘:J:““ A
E slope of OP > slope of OQ SiNA-|---- -
I

1 I
O] . SinA - 0 _ sin ¢ c 0 L

I I
(= A-0 i : : : x
= . sinA 3 A _T .
B* A T sin A 3 Flg. 1.108
E or A(cosecA)< g

* 3n

EXAMPLE @ IfO<A, B,C<g,thenshowthat' Acos%?+BcosecB +C COSBCC<?.

@ SOLUTION Here, graph for y = sin x is shown as;

Y,
where P(B, sinB); Q(C, sinC); R(A, sinA); Sm o

From figure;

slope of OP > slope of 6* _______ __I_Di 45
. T o i i
. sin— — (@ .
0 sinB- 0 S 2 i i i
B-0 O| B Ci A w2 X

_——— A — e —

0 sinB_ 2 'B I Fig. 1.109
B sinB 2
or B cosec B < TE[ )]

Similarly, slope of OQ < slope of OS and slope of OR < slope of OS.

O CcosecC<T1/2 ... (i)
A cosec A< T/2 ... (iii)
Adding Egs. (i), (ii) and (iii), we get

A cosec A + B cosec B + C cosec C < 37“

Note Students must practice above method in different questions of trigonometric
inequality as it saves time.

48
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EXERCISE

1. Construct the graph for; 4. If fis defined by y =f(x); wherex =2t — ||,
k-1 x<0 y =t? +t|t|, tOR. Then construct the graph
0 10=H: x=0 forftx).
7 5. Construct the graph for f(x) =[[x] — x]; where
&% x>0 [ O denotes greatest integer function.
. —1
%QX+3’_3SX<_2 6. If 0<a <1;then show; fan o m
(i) f(x)=x+1;, —2<x<0 a 4
H+2; o0sx<t 7. Find the number of solutions for;
) cos™'(cosx) =[x] where [[ denotes the
2. Construct the graph of the function: . .
3 i) = ] ; greatest integer function.
M 09 = IX: [+ 1x +1| 8. Find the number of solutions for;
(i) (x)= EB ;o —1sx<1 [[x] - x] 5 Y Where [ ] denotes the greatest
#-x; 1sx<4 integer f n.
(i) f(x)=[x] +|x—1]; —1<x<3 9. Find t@klues of x graphically which satisfy
(where [ [J denotes greatest integer function) 1 <1
, k% x2 <1
(iv) f(x) =0 ind the value of x for which x® — [x] = 3, where
X x% =21
[ O denotes the greatest integer function.
3. Is f(x) =x2 +x + 1 invertible? If not in whi I@
region it is invertible. é
> \ \ — 23
&(J\J SYV SRS
s 0-1- - g
3.x2-' 7.5 so|ution$ 8. infinte 9. xOI=Y8 Z1+V50 4o oo
2 0o 2 2 0

www.exambites.in
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Play with Graphs

50

Myths About Jangent Lins /

>

O| Lmeets Conly at Pbut is not -
tangent to C.

o) > X
angent to C at P but meets C at

$ several points

& Fig. 2

=

> X

Ol Lis tangent to C at P but lies on two

sides of C, crossing C at P.
Fig. 3
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CURVATURE AND
TRANSFORMATIONS

In this chapter we shall study:

[0 The bending of curves at different points.

[0 Transformations of curves.
_m CURVATURE \Q

“The study of bendmg of curves at different p01 ?nown as curvature.” or “Rate at
which the curve curves”.

Consider a curve and a point P on it and let Q b?n\ y;axis

near P. Let A be a point on the curve.
arc AP = s, arCAQ:s+%
a arc PQ = ds

Let ¢ and Y + dYbe angles which &w&gents atP and

Q makes with x-axis.
(DY is called the total cu re of the arc PQ.
oy

3 is called the average clirvature of the arc PQ.
S

lim o = d—lp = curvature of the curve at P.
-0 0s ds

2
Note To study curvature we shall define (Zl—lp or ﬂ
s

ax?

_m CONCAVITY, CONVEXITY AND POINTS OF INFLEXION

(a) Concave upwards

If in the neighbourhood of a point P on a curve is above the tangent at P, it is said to be concave
upwards.

Mathematically

dy . . d<y 2
¥ increases as x increases. [l > 0
X dx?

www.exambites.in
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Geometrically

LS

><
)
]
Q
]
=

Tangent

Fig. 2.2

(b) Convex upwards or Concave downwards

If the curve is below the tangent at P, it is said to be convex upward or concave downward.

Mathematically

Play with Graphs

2
ﬂ decreases as x decreases. [ ﬂ <0
dx dx?

Geometrically y o\r
Y,
1 Tangent angent

B 6\~ W
&

o] 'X$0 O| =X

0 ig. 2.3

(c) Point of Inflexion .

If at a point P, a curve change@c ncavity from upwards to downwards or vice versa. Then P is

called point of inflexion. @
Geometrically

y y
A A
P P
0O » X 0 » X
Fig. 2.4
Mathematically
2
1) ﬂ = 0 at the point.
dx?
2 2 3
(i) j}; changes its sign as x increases through the value at which j}; =0; fie., 333] # 0.
X X X

52
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Note

In general we can represent concavity as;.

Concave
up

(@)

Here; % < 0 for both curves.

dx

Fig. 2.5

Concave down

Tangent

Tangent

()

Here; ﬂ > O for both curves.

dx

Here;

plotted as
From

plot curves we require;
(i) Point of intersection on x-axis.

L)
_m PLOTTING OF ALGEBRAIC CURVES L@k CONCAVITY

if y=fx)=x-a)x-p). 0<a<p.
Then we know it has roots a and  and would b

shown in Fig. 2.6.
above discussion it becomes clear t

(ii) Point of maximum and mini alue.

(iii) Interval for which functy

decreases.

(iv) Point at which con@up, concave down

and point of inflexion®

EXAM

PLE o Sketch y=(x-1D(x- 2).

@ SOLUTION Here; y=(x-1(x-2)
(i) Put y=0 O x=1,2.

(i)

O

(iii) Increases when x >§

y:x2—3x+2

2
Y _ox 3 and YV op
X dx?
O 2 0
minimum at x = E Cas d% > 00
2 O dx O

3
X< —.
2

&

ncreases or

and decreases when

x©

0\ y
y=f(x) = (x—0)(x—P)
Ol aN\_|_ 7B
min
Concave up = Concave up g
when x < x; Xx=xg Whenx>Xx,

Fig. 2.6

(for point of intersection on x-axis.)

Y

<
2
o
2
®
9

\
3
S

—1/a

www.exambites.in

Fig. 2.7

» minimum x = 3/2
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(iv) Concave upwards for x > g or x< %

O Graph is sketched as shown in Fig. 2.7.

EXAMPLE (@) Sketch the curve y = (x - 1)(x - 2)(x - 3).
@ SOLUTION Here; y=(x-1)(x-2)(x-3)

» X

)]
s
i) Put = x=1 2,3
1] (@ Put y=0 O 1,23
a (i) y=x° - 6x% +11x - 6
2
0 Y g q1ox+11 and I —ex-12
c dx dx?
s 73
; when d—y =0 0 X = 623
B dx 3
2
o 0 maximum when; x= 6- 3 dy _ -2J3
3 dx?
2
minimum when; X = 6++3 d%y _ 2J3 ¢ o
SR
iii) Here; — =3x° -12x +11
S e S /
e (o))
:3%(_6_\/§E%(_6+\/§D° maximum%‘ ;{?Q
0 3 00 3 @ IS X §’/
6-+/3 0 0] “(?1 sz f\/s
_ & 6 V3 6+V3
0 Increases when; x < \é’/ 2 *2
3 1 / minimum
6 e < > <
or X > Concave Ccrcave
down for up fer
_ Xx<2 X>2
decreases when,; <x< : +3\/§
—61
(iv) Concave upwards when x>2 and /
concave down when x<2. Fig. 2.8
O Graph is sketched as shown in Fig. 2.8.
EXAMPLE e Sketch the curvey = (x — 12(x - 2).
@ SOLUTION Here; y=(x-1)*(x-2)
(i Put y=0 a x=11,2
(ii) y:x3 — 4x% +5x -2
2
O g:3x2—8x+5 and d—y:6x—8
dx dx?
when ﬂ =0 O x=1, >
dx 3
. _ d’y _
0 maximum when; x=1 as —X =-2.

dx?

54
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2
as 4V -

minimum when; 5
dx

X =—
3

(iii) Here; dy _ 3x?2
dx

O Increases when; x<1l or Xx
5
Decreases when; 1<x< 3

(iv) Concave up when x > g and

4
concave down when x< 3

O Graph is sketched as shown in Fig. 2.

EXAMPLE @ sSketch the curve y = 3x* -

@ SOLUTION Here; y =3x% - 2x°
O x:O,% when y=0
also dy = 6x — 6x% = 6x(1 - X)
dx
2
and dY 6 1ax=60- 20

—8x+5:3(x—1)§(——

2.
A _@\QQ
@fv
maximum 4|5 &
5 atx=1 33
>, 2
3 minimum at
x=5/3
b / Concave down Concave up -
when x < 4/3 when x> 4/3
Fig. 2.9
9.
x3.
O\< ‘
. y
. o) y
Q@°\:
7 \%
\ > ) maximum

"’6

dx® minimum (O [1/2
. d2 0 when x=0
0 maximum when; x=1 as - 60 2
?@ g %,
0...(ii) o
and minimum when; x = H <— Concave up »<— Concave down —»
§ x=1/2
y increases when; %...(iii) Fig. 2.10
y decreases when; and x>1
1 0
Concave up when; X< = g
1 ...3G1v)
Concave down when; x> = H

0 Graph is sketched as shown in Fig. 2.10.

EXAMPLE e Sketch the graph for the function: f(x) =|x + 3|(x +1).

E(

@ SOLUTION Here; y=|x+3|(x+1) =

a x=-1-3
dy [*+2x+4 x2-3

also; 0
dx [F+2x-4 x<-3

+3)(x+1); x=-3
(X+3)(X+1) x<-3
when y =0 ..@
. >
and H E 2 x2-3
dx*> [ 2; x<-3

www.exambites.in
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Increasing when

‘/
3
» 57
£ g
<
n maximum at x=-3
} —> X
© N =2 f1 O 1 2
|
o,
w 5 minimum at x=-3
(1]
o
- 9
= <
- Concaveldown' Concave up
8 x=-3
o Fig. 2.11

x<-3 or x>_J] ..
O ] ® ..(1D)
decreasing when -3<x<-2 \ 0
maximum at X = — 3| ¢
o 6 ... (1ii)
minimum at x =g4-
concave up when”\B O (iv)
| . (v
concave down X > - 30
Note Above example could also be solv using transformations discussed in later part of

chapter.

EXAMPLE eSketchthegr$$or fo = XL Xl

S

x——1 when y = OE

@ SOLUTION Here; y = 5 0 0 (1)
x*+3 y == Whenx—OE
dy -x*-2x+3_-x+3)(x-1) Increasing when; - 3<x<1 O (ii)
dx (x2 + 3)2 (x2 +3)2 Decreasing when; x < — 3or x > 1% h
Y
12 maximum
(LN
/1/3
t + + + + y + »> X
‘5\‘4 3 2 4 0 1 2 3 4 5
= -1/6
(-3, —1/6) | minimum
Fig. 2.12

56
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dy -

+ - _

ElUsing number line rule for o <

dec’—3 Inc” 1 dec” E

dzy _ Z(X3 +3x% - 9x — 3)

0 X
also; 5
dx
.. d?
minimum at x=-3 as; —Z =
dx
. d?
maximum at x=1 as; 32] =
dx

(X2 + 3)3

... (iii)

Note

detail refer chapter 3.

In above curve x-axis works as asymptote, i.e., the curve would never meet x-axis. For

_m GRAPHICAL TRANSFORMATIONS

Here, we shall discuss the transformations as;

@)
(i)
(iii)
(@iv)
)
(vi)
(vii)

(viii)

f(x) transforms to f(x) + a
f(x) transforms to f(x + a).
f(x) transforms to (a f(x))
f(x) transforms to f(ax).
f(x) transforms to f(—x).
f(x) transforms to —f(x).
f(x) transforms to —f(—x)

f(x) transforms to | f(x) |
(ix) f(x)transforms to f(|x|).
(x) f(x) transforms to | f(|x|)
(xi) y = f(x) transforms to | (x).

(xii) y = f(x) transforms =|f(x)].

(xiii) y = f(x) transforms to]y| = |f(|x|)].

®

(xiv) y = f(x) transforms to y = [f(x)].

(xv) y = f(x) transforms to y = f([x]).

(xvi) y = f(x) transforms to y = [f([x])].
(xvii) y = f(x) transforms to [y] = f(x).
(xviii) y = f(x) transforms to [y] = [f(x)].

(xix) y = f(x) transforms to y = f({x}).

(xx) y = f(x) transforms to y = {f(x)}.

(xxi) y = f(x) transforms to y = {f({x})}.
(xxii) y = f(x) transforms to {y} = f(x).
(xxiii) y = f(x) transforms to {y} = {f(x)}.

+
%’6

.\Q
60
g

Where | » | means modulus or absolute value function.

Where [ ] denotes greatest integer less than or equal
to x.

Where {* } denotes fractional part of x.

OO0 MO0 moooomOoo

H

(xxiv) y = f(x) transforms to y = f Tx), f1 (%) represents inverse of f (x).

57
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Now, we shall study the following cases as;

(i) When f(x), transforms to f(x) £ a. (where a is + ve)

ie., fx) & fx>y a
) shift the given graph of f(x) upward through ‘a’ units
g grap p 8
: again, fx) fx)-a
Q
] shift the given graph of f(x) downward through ‘@’ units.
&=  Graphically it could be stated as:
) f
o y=f(x)+a
=
= a V71
a
A4
B a x X wherea>0
o Lk 2

Fig. 2.13 .Q
EXAMPLE oPlot y=e*+1L y=¢€ —],Wltht@?fofy—e

@ SOLUTION We know; y =e* (exponential fun uld be plotted as;

O y =e* +1, is shifted upwards by 1  Alsoy =e* — 1, is shifted downwards by

unit, shown as 1 unit, shown as
y . y
A y=¢e+ 1_ - A y=é*
V= y=¢e"-1
1
1 >
1 1 . 1 t I} X
O
Fig. 2.15 Fig. 2.16

58
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EXAMPLE o Plot y =|x|+2 and y =|x|- 2, with the help of y =|x|.
@ SOLUTION We know; y =|x| (modulus function) could be plotted as;

A
y=|x|=-x;x<0 y=Ix|=x;x>0

2

1

-2 -1 o 1 2

Fig. 2.17
O y =|x| + 2is shifted upwards by 2 units.

y=|x|+2=—x+2;
x<0

y=|x|=-x;

x<0

y=|x|==x;
x<0

y=|x|-2=—x-2;
x<0

Fig. 2.19

EXAMPLE e Plot y=sin'x;, y=(in"'x)+1 and y=(in"'x) - 1L
@ SOLUTION We know, y = sin™ x (Inverse trigonometric) could be plotted as;

y

A

w2+

y=sin"'x;where -1 < x<1and
-2<y< 2
: | > X
-1 o 1

_Wz 4

Fig. 2.20

www.exambites.in
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O y = sin~! x + 1, is shifted upwards by 1 unit.

1

and y = sin" x — 1, is shifted downwards by 1 unit.

(1, W2 +1) y=(sin"'x) + 1

(1,m2)y=sin""x

(1,v2-1) y=(sin"'x) -1

Play with Graphs

(ii) f(x) transforms to f(x — a)

ie., f(x) [ f(x-a); aispositive. Shift the graph of f(x) thyough ‘a’ unit towards right f(x)
transforms to f(x + a). L/

ie., f(x) - f(x a);aispositive. Shift the graph of f }ough ‘@’ units towards left.

Graphically it could be stated as

Fig. 2.22

EXAMPLE @) roor y=x. y=|x-2| and y=|x+2|
@ SOLUTION Asdiscussed f(x) O- f(x - a); shift towards right.

0 y =|x — 2] is shifted 2’ units towards right.
)
y=[x==x;x<0 y=|x=2|—x+2;x<2 y=|x|=x;x>0
y=|x-2|=(x-2);x>2
2 2
2 2
> > X
o 2 2
60 Fig. 2.23
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also

y =|x + 2] s shifted 2’ units towards left.

A

= 2= 2; —2
| yEixe2|=xe2ix>-2

<«

-2

Fig. 2.24

2

o

EXAMPLE @) pioc y:sing(-gg and y:sin§(+g§.

@ SOLUTION As we know; y = sin x could be plotted as;

[T

s
2 y=1

’ \ y=sin(x—172)

’
’
’
4

y=sin(x+ 174),

~ -

2T N

> X
\
\\\ 7 2 \‘\ X_,\\l

i y=sinx y=

EXAMPLE °Plot

1

y=siT(x+ w4) y=sinx y=-1

&0 Fig. 2.25
&

X; y = sin'(x-1) and y = sin~!(x + 1).
@ SOLUTION  We know; A\
y = sin™' x could be plotted as shown in Fig. 2.26. w21 (1, m2)
O y = sin”! (x — 1) is shifted ‘1’ unit towards right.
| > X
and y = sin~!(x + 1) is shifted ‘1’ unit towards left. -1 o 1
Shown as in Fig. 2.27. , 1,2 d —m2
A
P
y=sin"|(x+1) .
2| y=dinlx Jy=sin-1) Fig. 2.26
1 1/
< 1 1 -
-2 -1 (0 1 2
D E
Fig. 2.27

www.exambites.in
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(iii) f(x) transforms to a f(x)

ie., fx) & af(x); =2 1

Stretch the graph of f(x) ‘@’ times along y-axis.

f(x) - 1f(x); x 1 %
a
Shrink the graph of f(x) ‘a’ times along y-axis. /

Graphically it could be stated as shown in
Fig. 2.28.

EXAMPLE oPloty:X; y =2x and y:%x.

Play with Graphs

@ SOLUTION  As we know graph fory = 2x.

O y = 2x; is stretch of f(x) ‘2’ times

along y-axis and y = %x; is shrink of f(x) 2’

times along y-axis.

Shown as in Fig. 2.29.

2%

42
Q
&o

and y =2sinx

EXAMPLE ePlot y =

SOLUTION We know; y ¥sinx and f (x) - af (x)
00 Stretch the graph of f (x) ‘@’ times along y-axis.
O y=2sinx [0

y
A

stretch the graph of sin x ‘2’ times along y-axis.

2sin x

nx

-1 2

Fig. 2.30

62 Above curve is plotted for the interval [- T, T as periodic with per

www.exambites.in
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EXAMPLE ePlot y=sinxandy=%sinx

@ SOLUTION  As we know; Y,
1
y= ;f(x) /\ ] .
y=|sin x
: - 12 T
0 shrink the graph of f(x)‘a / 7= Lsin x

times along y-axis. - -2 _4|o w2 T /
1. -1/2 \_/
g y = 5 sinx

O shrink the graph of f(x)
2’ times along y-axis. Fig. 2.31

%

(iv) f(x) transforms to f(ax) i
. . A
ie., fx) & f(ax); = 1 .\ y=rax) y=fa) y=iy

Shrink (or contract) the graph of f(x) ‘@’ 06

times along x-axis. ® &
again fx) & f %x@ a>1 &/_a /—1/—1/a > 1/a/1/ a . x
Stretch (or expand) the graph of f (x)6+

times along x-axis. B

Graphically it could be stated a nin

Fig. 2.32. _
@ Fig. 2.32

EXAMPLE oplot y =sinx and y = sin2x.

@ SOLUTION Here; y = sin2x, is to shrink (or contract) the graph of sinx by ‘2’ units along
x-axis. Shown as in Fig. 2.33.

N
>y=1
om N @ 0 I T 3n > X
2 2 >
> y=—1
Fig. 2.33

From above figure sin x is periodic with period 2mand sin 2x with period Tt

www.exambites.in
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EXAMPLE ePlot y =sinx and y=sin§.

@ SOLUTION Here; vy =sin %Q is to stretch (or expand) the graph of sinx 2’ times along

1)
= x-axis. Shown as in Fig. 2.34.

8

.
w N y=sin|(x/2)
- y=sinx

- »> X
= —2m\_ _3n -n _n o = n 3n 2n

= 2 2 2 2

o} ~_

(0

Fig. 2.34 o\o
From above figure sin x is periodic with period 2mand sﬁs periodic with period 41t

N

13

N

(or contract) the graph of sin”! x
along x-axis.

y= sin™' (2x)

L 4 y=sin""(x)
Shown as in Fig. 2.35.

o=

Fig. 2.35

EXAMPLE @ pioc y=sin -1

@ SOLUTION Toplot y =sin™ % - 1@ We should follow as;

@ Plot y =sin"'x
(i) Plot y = sin”! %@, i.e., stretch graph ‘3’ units along x-axis.

(iii) Plot y = sin‘1% - 1@, i.e., shift the graph (ii) by ‘3’ unit towards right.

64
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(i) Plottingy =sin"'x: (ii) Plot y = sin"" %Q
) y
A A
n T
2 2
Y= sin”x
/ y=sin""(x/3)
> X
-1 (o] 1 -3 o) 3 > X
/
_1 T
2 T2
Fig. 2.36 Fig. 2.37
(iii) Plot y =sin™ % - 1@: '\Q
9°
{ Q
o '\"
SR - :
3 27T O 3 4 5 6
@s Fig. 2.38
(iv) f(x) transforms to f(-x)
ie., fx) &  f(-x)
To draw y = f(- x), take the image of the curve y = f(x) in y-axis as plane mirror.
OR
“Turn the graph of f(x) by 180° about y-axis.”
Graphically it is stated as;
y
y=f(-x) y=f(% "
OR y=f(x
» X > X
(0]
y=f(=x)
Fig. 2.39 65
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EXAMPLE @) por y=e.

@ SOLUTION As y = e is known; theny = e™™ is the image in y-axis as plane mirror for y = e*;

" shown as;
< y=¢
Q
1]
G
= 0 o
=
= Fig. 2.40
o EXAMPLE (@) Plot the curve y =log. (- )
@ SOLUTION Here; vy =log, (- x); is to take mirror image o£ y 6oge x about y-axis. Shown as;
3\ .
y=l0g,(—x) y=logex
—1\ .\&0/*
(1,0 (1,0) e
S. Fig. 2.41
EXAMPLE () Plor the cur.& = sin"! (= x).
. SOLUTION Here; y = sin ! (=x); is  the
mirror image of y =sin™ (x) about y-axis.
Shown as in Fig. 2.42.
(vi) f(x) transforms to — f(x)
ie., {CINEREEES {695
To draw y = - f(x) take image of y = f(x) in the x-axis as plane mirror.
OR
“Turn the graph of f(x) by 180° about x-axis.”
66
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EXAMPLE @9 pro the curve y = - e

Y -
@ SOLUTION As y =e" is known; 1
» X

0 y =-e* take image of y = e* in the x-axis as plane _/

mirror. \o

-1
y=—e

Fig. 2.43

EXAMPLE o Plot the curve 'y = - (log x).
A
y=log x
@ SOLUTION Asy = log xis given theny = - log xis
the image of y =logx in the x-axis as plane
mirror. . > x
/\y_logx

Fig. 2.44

EXAMPLE e Plot the curve 'y = — {x}; where { [} denotes the fractional part of x.
@ SOLUTION As y = {x} is known;

O y = — {x} is the image of y = {x} about x-axis as plane mirror.
y
A
1
ya{x}
BN 2N\ 1 0 1 2 >
y=—{x}
-
Fig. 2.45

(vii) f(x) transforms to — f(-x)

ie., fx) & —f(=x);
todrawy = — f(-x) take image of f(x) about y-axis to obtain f(—x) and then take image of f(-x) about
Xx-axis to obtain —f(-x).

O fx) & - f(-x)
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0 (i) Image about y-axis. (i) Image about x-axis.
Graphically it could be stated as;

)] y OR
-g. \\ /}/=—f(— )

= /\O

e —b -a > X

G )/y= f(x) y=1f(-x)

= / /I\ \

=

3 Fig. 2.46
a

EXAMPLE (@) Plot the curve y = - e,

@ SOLUTION As y =e* is known;

(i) Take image about y-axis; fory = e™*. 0\

o
(ii) Take image of y = e™™ about x-axis; for y QX. 1 /-
Shown as in Fig. 2.47. 0&
¢t
.

Fig. 2.47

&

EXAMPLE @) plot the cugh®P= - log().
@ SOLUTION As y = log x ®known;
(i) Take image about y-axis, fory = log(-x).

(ii) Take image of y = log(~x) about x-axis, fory = - log(-x).

Fig. 2.48
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EXAMPLE e Plot the curve = — {—x}. (where { [} denote fractional part).

@ SOLUTION  As we know the curve for y = {x}.
0 To ploty = - {-x}
(i) Take image about x-axis.
(ii) Take image about y-axis.

A
1
y={x y¥ix
Io) > X
y=ri=x
-1
&
Fig. 2.49 4

X9
EXAMPLE o Plot the curve fory = — [-x]. (w/& denotes the greatest integer function.)
. SOLUTION As we know the curve fory = [X]&

O to pl @— - [-x]
(i) Take image about x-axis. &
°

oY

A

www.exambites.in
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(ii) Take image about y-axis.

y

! y=-1x
m 3 . 2
-g_ ;
E i
G 2 3 2 4 0 1 2| 3 4 > X
=
e 1
=
5 2
o 3

-

NN

®
Fig. 2.51 09’
(viii) f(x) transforms to |f(x) |, (where| « |represenf®dulus function)
ie., fx) & |

Here; y =|f(x)]is drawn in two steps.
(a) In the I step, leave the positive part ), {i.e., the part of f(x) above x-axis) as it is.
(b) In the II step, take the mirror i t negative part of f(x). {i.e., the part of f(x) below

x-axis} in the x-axis as plane mgr
S o
Take the mirror image (in x- of the portion of the graph of f(x) which lies below x-axis.
OR
Turn the portion of the graph of f(x) lying below x-axis by 180° about x-axis.
Graphically it could be stated as

Graph of f(x) : Graph for |f(x) | :

>

y=1f(x)|

SN TN

_/_1 0 1\‘)( o ! ]

Fig. 2.52 Fig. 2.53
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Note Above transformation of graph is very important as to discuss differentiability of f(x).
As from above example we could say y = f(x) is differentiable for all x O R — {0}.

But; y =|f(x)| is differentiable for all x OR - {- 1, O, 1} as, “at sharp edges function is not
differentiable.”

EXAMPLE ODraw the graph for y =|log x|

@ SOLUTION To draw graph for y =|log x| we have to follow two steps:
(i) Leave the (+ ve) part of y = log x, as it is
(i) Take images of (—ve) part of y = log x, i.e., the part below x-axis in the x-axis as plane mirror.

Shown as:
Graph for y =logx : Graph for y =|log x| :
Y,
A y
y=logx
0 1 e
Fig. 2.54 ’0 Fig. 2.55
which is differentiable for all x 0 (0 ) hich is clearly differentiable for all
x 0(0g0 ) — {1}. “as at x = 1 their is a sharp
°+ edge”.
°
EXAMPLE (@) Draw thegraph.@r ~1x% - 2x - 3|
. SOLUTION As we know t h for y = x2-2x-3=(x-3)(x+1is a parabola; so to
sketchy =| x% - 2x - 3] ve to follow two steps.

(i) Leave the positive part®f y = x% - 2x — 3, as it is.
(ii) Take the image of negative partofy = x> — 2x — 3, i.e., the part below x-axis in the x-axis
as plane mirror shown as in Fig. 2.56.
Graph fory =x? - 2x-3=(x-3)(x +1) :

y

minimum atx——i
- 2a

b
4a

(1.-4) and y=—

Fig. 2.56

www.exambites.in
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Graph for y =|x* - 2x - 3| :

W

Fig. 2.57

Clearly above curve is differentiable for all x DR - {- 1, 3}.

Play with Graphs

EXAMPLE e Sketch the graph for y =|sinx|. o
.
@ SOLUTION Here; y = sinxis known.
0 Todrawy =|sinx |, we take the mirror image (in x- 81 the portion of the graph of sin x
which lies below x-axis. &
D
y

y=|sin x|

[¥lon SH‘\} ”x

~ / ~

$ | Image of portion below
@ X-axis
Fig. 2.58

From above figure it is clear;
y =|sinx|is differentiable for all x OR — {n1t, ] integer}.

(ix) f(x) transforms to f(|x|)
ie., fx) O f(x|).
If we know y = f(x), then to ploty = f(|x|), we should follow two steps:
(i) Leave the graph lying right side of the y-axis as it is.
(ii) Take the image of f(x) in the right of y-axis as the plane mirror and the graph of f(x) lying
leftward of the y-axis (if it exists) is omitted.

OR

Neglect the curve for x < 0 and take the images of curve for x> 0 about y-axis.

72
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Graphically shown as;

y y
A A
y=f(x) y=f(|x])
Neglected

“ > X 0 > X
—

Image of

f(x) about y-axis W
when x>0

Fig. 2.59

EXAMPLE o Sketch the curve 'y =log|x|

@ SOLUTION  As we know, the curve y =logx.

0 y =log|x|could be drawn in two steps: P o
(i) Leave the graph lying right side of y-axis as it is. \
(ii) Take the image of f(x) in the y-axis as plane mirror.o

L 4

(7

A

EXAMPLE o Plot the curve y = el*l.
@ SOLUTION  As we know the curve for y = e*.

Y,
y, A ’
=e
y=¢ g
Image /\
for y=£f(x); x=0
(1,0)
neglect (1,0)
0 > X 0 »> X
Fig. 2.61 Fig 2.62

[x]

O Toplot y=e
Fig. 2.62.

www.exambites.in
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EXAMPLE ePlotthecurvey = sin|x|.

@ soLuTiON
y y
(7)) A A
: neglected y=sinx y=sin|x|
% T I Io) /=X -\ 0 / > X
v A N N4 N4
V)
e y=sinx y=sin x|
?'g Fig. 2.63
o}

EXAMPLE o Plot the curve 'y =|x|* — 2|x| - 3.

o @ SOLUTION  As we know, the curve for y = x? — 2x — 3is plotted as shown in Fig. 2.64.

’ \@

y=x2—2x—3 @ L4

X

y=I-2|x-3

»> X ?O » X
—1\ o 1 3 ] e e 3
4
—4 (1,-4) (1,-4)
Fig. 2.64 $ Fig. 2.65
O y=f(x]), te, y&z - 2|x| - 3is to be plotted as shown in Fig. 2.65.
which shows y = |x|?® - 2|x| - 3is differentiable for all x R — {0}.
(x) f(x) transforms to |f(|x ])|
ie., fx) 3 [f(x])]
Here, plot the curve in two steps; y
M f O [fx)] (i) [fCO] O- [f(|x]] ‘
OR y=f(x)

@ fx® B f(xP

Gy f(x) &> |f(xP), ie, (vii) and (ix) : o

transformations.

Graphically it could be stated as shown in Fig. 2.66.
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G y=[f(x)]: Gi) y =[f(xD]:
yu }"
=|f =|f
] y=1f(x)] ] y=If(|x])
¥ » X t V “. t » X
O] 12 —1-1/2 |01/2 1
Fig. 2.67 Fig. 2.68

EXAMPLE osketchthecurvefor y=||x|*-2|x|-3|.

SOLUTION As we know the graph fory = x? — 2x — 3, shown as;
® graph for y

A

Fig. 2.69
O y=x*-2x-3 - y QW= 20xI-3 | G y=xP2]x|-3 - y =||x?-2x|-3]
)
y A
1 1 (1, 4) A, 4) f
)
~
. . o
-3 Sl o [ s X X
£
3 | o [ 3 > X
-3
—1,-4) (1,-4) |
Fig. 2.70 Fig. 2.71
Clearly, above figure is differentiable for all
xOR-{-30, 3}
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EXAMPLE (@) Sketch the graph for y =

1]
2

@ SOLUTION As we know the graph for y =e™*.

é A
:
1
6 1\
» X
E (0]
= Fig. 2.72
o} . 1 . 1
-~ 1 —e X [ e - =, ii —e*_ 2 [ e—|X| -
o @y ¥ 5 (i) y ¥ )

> > X
o) |092\ > X o} Iogg\.\ y:e"x‘—%
12 -1/2

Fig. 2.73 &0 Fig. 2.74

1
(i) y =| e M- =
y 2
y
A
1/2
g1
y“e 2‘
—log2 O log 2 > X
—1/2
Fig. 2.75

(xi) y = f(x) transforms to |y| = f(x)
Clearly|y|= 0 O if f(x) < 0; graph of | y| = f(x) would not exist.
if f(x)=0; |y|=f(x)would be given asy = + f(x).
Hence, the graph of | y| = f(x) exists only in the regions where f(x) is non-negative and will be
reflected about x-axis only when f(x) = 0. “Region where f(x) < 0is neglected”.
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OR

(i) Remove (or neglect) the portion of the graph which lies below x-axis.
(i) Plot the remaining portion of the graph, and also its mirror image in the x-axis.
Graphically it could be stated as shown in Fig. 2.76.

Graph for y = f(x) :

=

Ln vy (1) W=f

11 /—>— 11
1/2
> X >
o /1/21 5 x

1 Yy
(1,-1)  mirrorimage
) about x-axis.
1o neglecting ¢

Fig. 2.76. &'06.

EXAMPLE (@) sketch the curve |y| = (x- 1)

@ SOLUTION

As we know the graph 7@ Oy x-Dx-2)- H x-Dx-2)

y = (x - 1)(x - 2), is shown in Fig. 2. ,  asshown in Fig. 2.78.
°

4 & g

) \ /
o 1322 3 O.X g \\ . x
— y

> X

(312, ~1/4) neglecting

Fig. 2.77

Image on x-axis,
when (x=1)(x-2) 20

Fig. 2.78

EXAMPLE e Plot the curve |y| =sinx
. SOLUTION Here, we know the curve for y = sinx.

www.exambites.in
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2 21 — o 2 3 y=si?)§
Q —
®
i
(O] Fig. 2.79
(= 0 y =sinx [ |y sinx
-
= y
= A
8 1
2 P/ A S W
\ ) AW,
neglected Image neglected -1 Image neglected neglected
)
Fig. 2.80 06
5 &
EXAMPLE () Sketch the curve |x| +|y| :1.9\
@ SOLUTION  As the graph for y =1 - xis; &
é _’1 o) 1\\ > X
.$ y=1-x
-
Fig. 2.81
@M y=1-xL ¥ 1-[x| () y=1-[x| & |y 1-[x]|
" Yy
é@
Yooy {Yl=1Ixl o [x|+Iy =1
i &
s/ ANNAN
»> X
/Ol \
> X > &%,
/- o O & %
SR N o8 NG
Image 13
Fig. 2.83
Fig. 2.82
'g. 2.8 Clearly above figure represents a square.
78
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EXAMPLE (@ sketch the curve x| - |y| = 1.
@ SOLUTION  As the graph for y =x — 1is known;

A

Fit. 2.84
@M y=x-10 ¥ [|x|-1 M y=|x[-10 |y |x[-1

1 o 1 M 4
2% 2%
% Q)
S o
(°4

Fig. 2.85 $, Fig. 2.86

Iyl =l

(xii) y = f(x) transforms to |y, X) |
ie., y=f(x) | f(x) |; is plotted in two steps.
6)) y=fx) O ¥ [f®]
(i) y=f®| B [ [
Graphically it could be stated as;
y y y
A A A
y=£(x) y=[f(x)|
Y/ » X 19} » X 19}
y=1f(x) - y=|f(x) y=fx)| - ly|=If(x)|
0] (i) (iii)
Fig. 2.87

www.exambites.in
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EXAMPLE (@) Plot the curve for|y| =| ™|
@ soLuTION Here; curve for y =e™ is shown as;

m o yn
=e
: y
1]
. 1\
(U 5 -x
=
= Fig. 2.88
=
6. Dy=e*I ¥ |e¥ ) y=le ™ O |w |e ¥
o A A
D_ y= e—x‘
N
P 1
1 Ws same é \
_ O/-
0 > X ’\&' f
© ‘
Fig. 2.89 & vl =le™
0“" Fig. 2.90
EXAMPLE (@) Plot the curve @Tex 1.
@ SOLUTION As we know the for y =e* is shown as;
A
Fig. 2.91
D) y=e"0. ¥ -1 (i) y=e"-10. ¥ [e*-1]|
} y=le*-1)
1 g g g g [N
0 » X
""""""" T R - T )
80 Fig. 2.92 Fig. 2.93
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(i) y =le*-1] 0. |y¥ |e"-1]

»<

lyl=1e"-1]

EXAMPLE () Plot the curve |y =

. 1
sinx + = |.
2
. <>
@ SOLUTION Here; we know the graph for y = sinx, is show

A ~°

1 1 y 1 1
1 1 k 1 1
E R : 7
//\\ 1/2 \ /f y=112
T o JJo N Jen ¥
Fig. 2.96
(i) y =sinx +% b ¥ |sinx ;

81
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A
/_\ 3/2 y=3/2
) ‘ 172 y=12
£ AV/ENY o
—21 Tt o] i 2n
Q y=-1/2
E y=-3/2
Fig. 2.97
c €
= Gii) v =|sinx + | 0. [y | sinx
= - 2 2
3 y
2= A
o
AN ©
ﬁ. 2.98
(xiii) y = f(x) transforms to |y| = |f@?
ie., & L () O |y )]
The steps followed are:
® y=fx) O ¥ [f®]
(ii) y=lf®| B ¥ [f(xD]
(i) y =If(xDI O [yF [f(xD]
Graphically it could be stated as:
y
A
1/
/7
Fig. 2.99
82
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Dy=fx®E ¥ |[f|

y

\ T

>

5 ©
S
@
<

Fig. 2.100

(i) y =[f([xD[ 0> |y#+

[ECx D]

EXAMPLE @) Pot the|y| =

@ SOLUTION Here; we know the

@4‘

o1

\u
1

1/2

log2 ~~—____

\ A |

-1/2 y=—

—_
~
N

X

() y=|fe0| B ¥ [f(x])] 0
yk 5
0 X '=!
o
)
Fig. 2.101 -
Q
-l
Y, =
O ]
} mh
0 6 o)
4 <@ X
o& 5
Fig. 2 9
e
> o
=
fory =e™*. ?
y
O\=x
Fig. 2.103
i) y=e- 1 1
(i) y=e 2[-!» ¥ e 5
y
A
1/2
—log 2 log 2 . x
/ o) \\
—-1/2
Fig. 2.105 83

Fig. 2.104
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1 1 1 1
(i) y=e M- =~ e Mo =1, (v) y=|eM-2 |0 e Mo =1,
y 5 ¥ 5 y 5 ly+ 5
7 %
m —x_ 1
-g. 12 1/2 vi=|e™-5]
m —log2 O log 2 =X o > X
i
(O] 12 —1/2
L .
+— Fig. 2.106 Fig. 2.107
=
3 EXAMPLE @) Plor |y]=]log|x]|.
o @ SOLUTION Here; y = log x is plotted as;
)
A
. <>
y=logex \
*
X
‘ . 2.108
@ y=logx > ¥ log|x| 9 (i) y =log|x| - ¥ |[log|x||
,k & X
\ 9@' V y=|loglx|
A\ O 1 > X N0 : > X
neglected neglected
Fig. 2.109 Fig. 2.110
(i) y =|log|x || - |y+ [log|x]]|
Y,
f
lyl=1log |x|
/\ O 1 =X
Fig. 2.111
84 &
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EXAMPLE e Sketch the curve |y|=||x|* - 3|x| - 2|.
@ SOLUTION  As we know the graph for y = x? — 3x — 2

A

BN

Fig. 2.112

M y=x*-3x-2-y=[x|*-3[x|-2 (i)

Y (;.\o .

| : Y

\ 1L >/

! 0@

" +
%N

Fig. 2.113 § Fig. 2.114
Y:|X|2—3|X|—2~Y:|I |x|-2].

i) [y | =1x]” - 3|x| -
Vyx ~3ix|-2|
/\ ‘X

A

WV

N

Fig. 2.115

www.exambites.in
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Play with Graphs

86

(xiv) y = f(x) transforms to y = [f(x)]; (where [ < ] denotes the greatest integer function)
ie., fx) 6 [f(®)]

Here; inorder to drawy = [f(x)] mark the integer on y-axis. Draw the horizontal lines through

integers till they intersect the graph. Draw vertical dotted lines from these intersection points; finally
draw horizontal lines parallel to x-axis from any intersection point to the nearest vertical dotted line
with blank dot at right end in case f(x) increase.

OR

Step 1. Plot f(x).

Step 2. Mark the intervals of unit length with integers as end points on y-axis.
Step 3. Mark the corresponding intervals {with the help of graph of f(x)} on x-axis.
Step 4. Plot the value of [f(x)] for each of the marked intervals.

Graphically it could be shown as:

3
2 . IR
]
(o]
B -1 y=[f(x)]
-2
\, A, Yy “V Y YVY
Xy Xp X3 | X4 X5 Xg X7 Xg
Fig. 2.116

EXAMPLE 0 Sketch the curve 'y =[sinx].
@ SOLUTION Here, sketch for y = sinxis shown as in Fig. 2.117.
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>

> X
+——> y=sinx

Fig. 2.117

y =sinx - y =[sinx]

\
1 J
5 > X
-1 l N1 y=[sin x]
—-3m 5m-2m_3m —m,__T| 2m 5T 3m
2 2 2 2

suonewlojsueld | pue ainjeaind

i;.lls
¥

EXAMPLE e Sketch the curv@:‘[x2 — 1] (where [ [J denotes greatest integer function).

When — 2<x< 2. $

@ SOLUTION Here y =x>

could be plotted as shown in Fig. 2.119. Dy=x*-10 ¥ [x*-1]
Y N
-3 . x V3 5\ L > X
—2[4zh\ o 1232 =221\ O 1v2v32
= =ENa

y=[P-1];—2<x<2
Fig. 2.120 87

Fig. 2.119
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EXAMPLE e Sketch the curve; y =[42— x2]; where [ denotes the greatest integer
function.

(7)) @ SOLUTION Weknow, y =+2- x> represents a circle for y = 0.
= Shown as in Fig. 2.121.

Q A

© 2

G V2

= ! ——y=v2-x2
= 2 o 1] 2

o

Thus, the graph fory = [J2 - x?]

p
~V2ri o g 2
e 2.121
(xv) y = f(x) transforms to y = f([x])

Here, mark the integers on the . Draw vertical lines till they intersect the graph of f(x).
From these intersection points d orizontal lines (parallel to x-axis) to meet the nearest right
vertical line, with a black dot (@ nearest right vertical line which can be shown as in Fig. 2.122.

y =1(x)
y = £([xD
y
A
> X
-5 -4 -3 -2 -1 o 1 2 3 4 5
Fig. 2.122
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7.\
\/
>

Fig. 2.123

OR
y=fx) B ¥ f(xD

Step 1. Plot the straight lines parallel to y-axis for integral values of x

(say-3,-2,-1,0,1,2,3,...) ’9

Step 2. Now mark the points at whichx =- 3 x =- 2 x 2\ » x =0, x =1, ...on the curve.

Step 3. Take the lower marked point for x say if n < x < then take the point at x = n and
draw a horizontal line to the nearest vertical line formed % n + 1, proceeding in this way we get
required curve. K

o
EXAMPLE Q Plot the curve 'y = el &

@ SOLUTION Here the graph for y = e ‘ wn as;

» <
<

1

D

>

Fig. 2.124

EXAMPLE e Sketch the curve y =sin[x] when -2T<x<2T

@ SOLUTION The curve for
y = sin[x]; could be plotted as shown in Fig. 2.125.

www.exambites.in
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> X
°/
y=sin x

Fig. 2.125

oy with Graphs

EXAMPLE eSketch the curve fory = cos[x]; -T<x< T

o @ SOLUTION The curve for y = cos[x] could be plotted as;
y

1 y=cos [g]
| / 6}0

L)

y=sin[x]

°+Fig. 2.126

[

EXAMPLE szotthecw@:[x]z; 2<x<2.

@ SOLUTION The curve fo = [x]?; -2< x< 2could be plotted as;

A

Fig. 2.127

(xvi) y = f(x) transforms to y = [f([x])]
Here, we should follow two steps;

90
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@ y=fx & ¥ {(xD
(i) y =i(xD O~ ¥ [f([xD]

EXAMPLE o Sketch the curve y = [sin[x]]; where [ J denotes the greatest integral function

when 0 x< T

. SOLUTION Here; first we shall plot the curve for y = sin[x], when x ([0, 1.
y y

A A
y=sin[x];0<sx<T
. /i .
sin2 sin 2
sin 1 sin 1
sin3 sin 3
> X
o 1 |2 [3]m o 1 ]2 W 3 [m
y=[sin[x];0<x<m

Fig. 2.128 o

From above figure we conclude that; \

when O<sx<sm 0O y—smp@l)

O y =[sin[x]] > O f@0<x<n

EXAMPLE ePlotthecurve —[e["]‘i en— 4<x<2.
@ SOLUTION Here to sketch y = [e[X]]

(i) y=e* $
(11) y = e[X] !
() y=¢ @ (ii) y = el

should follow the steps as;

(i) y =[e™]

y‘ f A
(2 €

4 4

37 e~2.71

]
— (—175)

]
(_2! )
2/“'9’ og) 7

-1,—) 1 -4 8] =2 4] o

(1,€)

Fig. 2.129 Fig. 2.130
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Play with Graphs

92

(iii) y =[e™]; from Fig. 2.130.

A
lh<e<1; x<0
e[X]=Eﬁ[X]=1 : 0<sx<1 ol
Ll = :
Eﬁ =27 ; 1<sx<2 ol y=[eM]
Thus; y =[e)]
[D; x<0 4 3 2 -1 0 1 2 =X
Ovys= %1; 0< x<1 shown as in
F2; 1sx<2
Fig. 2.131. Fig. 2.131

Graph for; y = e when x<2.

(xvii) y = f(x) transforms to [y] = f(x) / Graph of Candles

. i}
Here, to plot[y] = f(x); we check only those points for whi%@ [ integers, as[y] Dintegers for
all x.
Thus; [y] = f(x) represents only integral values ofy‘e&, domain of f(x) are set of values of x

for which f(x) Ointegers.

EXAMPLE (@) sketch the curve; &

inx.

. SOLUTION As we know; —-1<si 1 but since; [y] =sinx.
°
olutions;

O sinx =-1,0, 1are

or 7“ ODomain of [y] = sin x.

Thus, [y] =sinx is shown as in Fig. 2.132.
Graph for y =sinx:

A

Fig. 2.132
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Graph for [y] =sinx:

f
3n 2 T 51
o) I I (I 3
C' A E
(8m0) (2m0)| (-mo0) (m 0) <2"';\ . x

Fig. 2.133

From above figure, (the points marked O, A, B, C, D, E, A',B',C, D, E ,.. is the graph for
candles), or graph for [y] = sinx.

EXAMPLE o Sketch the curve [y]= sin™! x. .\o
@ SOLUTION  As we know the graph for y = sin™ x; show, &?1 Fig. 2.134 and 2.135.
Graph for y = sin’ x; Grap}. yl=sin™ x;
y Y,

A

&
w2
+° §
1 ] cl(sint, 1)
<

X
—1sin(-1 O sint| [1
1 & R .
& -1 [-sint JO gpq1

(=sin1,-1)

A

Fig. 2.134

Fig. 2.135

From above figure, [y] = sin x.

(xviii) y = f(x) transforms to [y] = [f(x)]
As we have earlier discussed y = [f(x)], i.e., transformation (xiv), and we know [y] implies
only those values of x for which f(x) O integer.

EXAMPLE o Sketch the curve; [y] =[sinx].
. SOLUTION To sketch the curve [y] = [sin x] we first plot y = [sin x].

www.exambites.in
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(i) Graph for y =[sin x]

A

2
2 |
] “an o o T o | 3n > X
5 _1
=
?'§ Fig. 2.136
6 (ii) Graph for [y] =[sin x]
a X

¢ 2 ¢ o
(=372, 1) i |2l 1y 12, 1)
A -
-31n =21 —TU (0] 2m | 31 am X
-3 ‘

‘ g.2.137

&1){] is periodic with period 21U

From above figure it is clear$
(xix) y = f(x) transforms to y :$} ; (where { [} denotes fractional part of x,
i.e., {x} =x-[x])
fx) B f({xH)

Graph of f(x — [x]) or f({x}) can be obtained from the graph of f(x) by following rule.

“Retain the graph of f(x) for values of x lying between interval [0, 1). Now it can be repeated for
rest of the points. (taking periodicity 1).

New obtained function is graph for y = f({x})”".

Graphically it could be stated as;

Graph for y = f(x) Graph for y = f({x})
N yA neglecting

7 M 4

94 Fig. 2.139
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EXAMPLE (@) Sketch the curve y = () - D*.
@ SOLUTION Here, we know the curve for y = (x— 1)? shown as;

Graph for y = (x - 1) Graph for y = ({x} - 1)*:

Y y
A

y=(x=1y7

vz (-1

\/
x =

=2 -1 0 1 2

Fig. 2.140 Fig. 2.141

Now; to plot y = ({x} - 1)? retain the
graph for the interval x (J[0, 1) and
repeat for length ‘one’.

L)
EXAMPLE @) Sketch the curve |y| = ({x) - D*. o

@ SOLUTION  As discussed in above example y = ({x
Thus, |y|=({x} - 1) is image of ({x} — 1) on x- enever ({x} — 1) is positive.

Graph of |y | = ({x} - 1)*:

&
@ Fig. 2.142

X

EXAMPLE (@) sketch the graph of y = 22[X]

@ SOLUTION  As we know 2% is exponential function and we want to transform it to 2% it retain

the graph for x ([0, 1) and repeat for rest points.

Graph for y = 2* Graph for y = 21¢
To retain graph between x (1[0, 1).
Y Y
A y= 2X A
2| 2
vE otx
1 1
5 ] > X -3 2 -1 0 1 2 3 4 X
Fig. 2.143 Fig. 2.144
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(xx) y = f(x) transforms to y = {f(x)}
Here, plot the horizontal lines for all integral values of y and for the point of intersection on
y = f(x) plot draw vertical lines and translate the graph for boundary y =0 and y =1

2 EXAMPLE o Sketch the curve y = {sinx}. (where { [} denotes the fractional part of x).
Q. @ SOLUTION As we know the graph for y = sinx. Shown as.
1] Graph of sinx :
| )
G /
~
-+ 1
; y=sin x
& g "
o -1
N
Fig. 2.145 60
As to retain the curve when 0 < y < 1; and shift othes\ ns of graph betweeny = 0toy = 1L
Graph for y = {sinx} : v
| 4°
q F
\ / \ | / Asitis
X 2 2 2 2
‘ —1
Fig. 2.146
EXAMPLE @) sketch the curve y = {x*}.
@ SOLUTION As we know the curve y = x?, is shown as:

yﬂ

5 yr?

A

3

2

1

—+—— T > X
2-3—v2-1 O 1v2v3 2

96

Fig. 2.147
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Now to sketch y ={x?}; retain the graph for 0<y <1 and for other intervals transform the
graph between 0<y < 1.

\
5
4
3
Translated
> between
O<sy<1
v 1 v
B —= » X
23~2-1 O  1y2v3 2

Fig. 2.148
N
EXAMPLE () sketch the curve y = {e). R
@ SOLUTION  As we know the curve y = e*; N &

shown as: Gr@)r y ={e"}:
& ain the graph for 0<y <1 and transform
>

thersto0<y <1
2 ‘
] [
2 Transformed

A

«— between

o o 3 W ! yz{:X}Syd

Fig. 2.149 o[ log2 logs
Fig. 2.150

(xxi) y = f(x) transforms to y = {f({x})}

Here, we have to follow two steps :
(i) Draw the graph for y = f({x}).
(D) f{xh) B {f{xH}

EXAMPLE o Sketch the curve 'y = {e¥y.,
@ SOLUTION As we know the curve for y = e*, is plotted as shown in Fig. 2.151.
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Graph for y = e*: Now to sketch y = e'® retain the graph for
y = e* between 0 < x < 1and repeat for entire
A real x.
7 . Graph for y = ¢
y=e
g e :
1 1
6 e
o 1 X ]

~
:': _// o
= Fig. 2.151 2 = o] 1 2 3 x
§ Fig. 2.152
o

Graph for y = {¢™}:

Sel
el

O log2 1

§ Fig. 2.153

Here, we know the graph @ = e now to plot straight lines || to x-axis for integral values of y
and retain the graph for 0 < y < 1and transform the others between 0< y < 1.

EXAMPLE e Sketch the curve 'y ={sin{x}}.

@ SOLUTION  As we know the curve y = sinx; is plotted as;
Graph for y =sinx :

AN/ANVAW
V4 U/

Fig. 2.154
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Graph for y = sin{x} :

Fig. 2.155

Graph for y = {sin{x}} :
From above figure

y=sin{x} 0 0<y<L .o
N

N 60
sin1“ ‘ °, &
y={sin {x}}
—4]-3] 2| —1] O 2[3 4 =X

suonewlojsueld | pue ainjeaind

s ,°Fig. 2.156
So, the graph of y = sin{x} a {sin{x}} are same.

(xxii) y = f(x) transforms to =f(x)

Here; retain the graph of y = f(x) only when y = f(x) lies between y [0, 1) and neglect the
graph for other values.

Graphically it could be stated as;

neglected

Graph for y=f(x)
M ]

/ \ / X(i Graph for {y} = f (x)
‘ > X

Fgi. 2.157
99
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EXAMPLE @ sketch the curve {y} = x2
@ SOLUTION  As we know the curve fory = x?, is plotted as:

0 Graph for y = x*: Graph for {y} = x*:
£ y y
n A
c .
- y=x 3 &
=% &
(V) s
Q
c > -
o= i
= W=
: : > X . >
B‘ -1 O 1 4 O 4 x
o
Fig. 2.158 Fig. 2.159
O
EXAMPLE e Sketch the curve {y} = sinx. ®
@ SOLUTION  As we know the curve y = sinx, is plo.tt@shown in Fig. 2.160 and 2.161.
Graph for y =sinx : \
y d
B 2 * 5 Tl\/2n 3n\‘ > X
Fig. 2.160
Now to sketch {y} = sinx: We retain the graph for 0<y <1 and neglect the graph for other
values.
Graph for {y} =sinx:
y
A
/“\ /“\ /‘\y} —sinx
\«J/ \\@/ \\‘, B
neglected
Fig. 2.161
100
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(xxiii) y = f(x) transforms to {y} = {f(x)}
As we have earlier discussed y = {f(x)} (i.e., transformation (xx), which shows y = {f(x)}
belongs to [0, 1) O {y¥ {f(x)}. Thus, the graph of y = {f(x)} and {y} = {f(x)} are same.

EXAMPLE o Sketch the curve {y} ={x}.

S we OW the curve ory =Xx rap oYy = X5 ¢
SOLUTION A kn h fi G h f {x}
y y
A A
]
;
2 A o 1 X v
-3 -2 - o 1 2 =X
-
)
Fig. 2.162 09 Fig. 2.163

®
Graph for {y} ={x} : From above figure we ca@/ = {x} attains all values between [0, 1).

Thus, graph remains same. &
+°

W=
4 &é( —q o 1 2 3

Fig. 2.164

EXAMPLE e Sketch the curve {y} ={cos x}.
@ SOLUTION  As we know the curve y = {cosx} is plotted as shown in Fig. 2.165.

Y
A

_5m 3n -

[T
(I

Fig. 2.165
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From above figure; y ={cosx} lies between [0, 1), which shows y = {cosx} and {y} = {cosx}
are same.

Thus, graph for {y} = {cos x}:

7)) )

<

Q

© \/ \/ (¥} ={eos x

G 0 » X

~

-

= Fig. 2.166

B (xxiv) y = f(x) transforms to y = f ' (x)

) As discussed in chapter 1. y = f ™ (x) is the mirror image of y = f(x) about y = x.
OR

“Interchange x and y-axis when function is bijective.” '\o

Graphically it could be stated as :

@ Fig. 2.167

_m SKETCHING h(x) = MAXIMUM {£(x), g (x)} AND h(x) = MINIMUM {f (x), g (x)}

(i) h(x) = maximum {f(x), g(x)}

_ 0(x); when f(x) > g(x)

- P09 = E0: when g0 > £

O Sketch f(x) when its graph is above the graph of g(x) and sketch g(x) when its graph is above
the graph of f(x).
(i) h(x) = minimum {f(x), g(x)}

0 h(x) = %f(X), when f(x) < g(x)
[g(x), when g(x) < f(x)

O Sketch f(x) when its graph is lower and otherwise sketch g(x).

102
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Note One must remember the formula we can write;

max{f(o, g0y = 10T 80 | 100~ 800

2 2
: f(x) + g(x f(x) — o(x
min {f(x), g(x)} = )+ gk | f0) - 8X)

2 2

OR
“To draw the graph of functions of the form

y = max {f(x), g(x)} or y=min{f(x),g(x)}.”

We first draw the graphs of both the functions f(x) and g(x) and their points of intersections.

Then we find any two consecutive points of intersection. In between these points either
f(x) > g(x) or f(x) < g(x), then, in order to max{f(x), g(x)} we take those segments of f(x) for
which f(x) > g(x), between any two consecutive points of intersection of f(x) and g(x).

Similarly, in order to min {f(x), g(x)}, we take those segments of f(x) for which f(x) < g(x),
between any two consecutive points of intersection of f(x) and g(x).

EXAMPLE (@ Sketch the graph of y = max {sinx, cosxj, o\w FrE

*
@ SOLUTION First plot both y = sinx and 06 y
y = cosx by a dotted curve as can be seen o &

o

from the graph in the interval %Tl’, B?T[Q

4
/BN
’ A}
and then darken those dotted lines for Qd — IR ) L\I‘\ = e
which f(x) > g(x) or g(x) > f(x). .‘,, A/ 2l 2 2
4 N /’ S Se o
From adjacent figure the poin @ o -1
. . .
intersections are A, B, C. é
Fig. 2.168
0 Graph of max {sinx, c
y
A
B y=max.{sin x, cos x}
— /7 To E = B > X
2 2 2
A C
Fig. 2.169

EXAMPLE (@) Sketch the graph for y = min {tanx, cotx.

. SOLUTION First plot both f(x) = tan x and g(x) = cot x by a dotted curves as can be seen from the
graph and then darken those dotted lines for which f(x) < g(x) and g(x) < f(x).

www.exambites.in
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1 1 1 Al 1 1 1
1 1 1 1 I 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
\ \ 1 \ 1 \ 1
7 \ \ 1 \ 1 \ 1
\ \ I} \ I} \ I}
: \ 7 7 7
n \ \ 7 N \ 7
] B D F
= 3~ 7T TS Padle] LIRS s7m 31
5| N/ 2| N7 ol N7 >
G A C E
o
=
a Fig. 2.170

From above figure we obtain the graph of min{tan x, cot x}.
Graph of min {tan x, cot x} :

y
A
1
3w -m _Tt o) T T 3n
2 2 2 2
—1
Fig. 2.171

EXAMPLE e Sketch the curve y = min {|x |, |x - 1|, |x + 1|}

@ SOLUTION First plot the graph . Y
for: \
AN 4 =
y=Ixl y=lx-1} y=|x+1 N 37 i
by a dotted b . ‘ y=h=1l
y a dotted curve as can be seen . . <,
from the graph and then darken ‘\ o2t / /’
those dotted lines for which N /,’ L,
N
x| <{lx=1],[x +1]3; R
N
|x = 1] <{|x],[x +1]} <
and  [x+1|<{[x],|x-1]} 3 % 411011 2 3 ”
Graph for 2 2
y=Ix[, y =[x-1],y =[x +1].
Fig. 2.172

104
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From above figure;

As from the above curve graph for y = min {|x - 1|, | x|, | x + 1|} is plotted as; n
A . e
L
\4x \‘jj/ E
Z il Q9
\+\/ . +/\\ o
7. 2 o AN
+\\‘\ x4 X tx NN E
: T NA — : : > X (1]
3 2 1.1 91 1 2 3

2 2 )
Fig. 2.173 g_
O-(x+1); x<-1 3

u
[(x+1D ; -1< <—% =]
0 . 7}

0
H(X) ;= <}50 ah
min{lx_1|a|X|:|X+1|}:D |

o& 1
Etx) \ 0<sx< = 5
o

0 1 8
[(1&; ~<x<1 P
2 -
@1) ; x=>1 g
Q ?

600 fo3 g0F hx)

_m WHEN

There is no direct approac@t we can use following steps if minimum or maximum value of any

one is known.
Step 1.
Step 2.
ie.,
Step 3.
Step 4.
Step 5.

EXAMPL

Find maximum and minimum value of g(x) say; a < g(x) < b.

Plot the curve h(x) = f(x) + g(x) between f(x) + ato f(x) + b.
fx)+as<shx)<f(x)+b

Checkg(x) =0 0O h(x)=f(x).

Wheng(x)>0 0O h(x)>f(x).

Wheng(x)<0 O h(x)<f(x).

E o Plot the curvey = x +sinx.

@ SOLUTION Here, y =x +sinx =f(x) +g(x)

as we know;

O

g(x) =sinx O[- 1, 1]
x—-1<y<x+1

..@

O To sketch the curve between two parallel linesy = x + landy = x — 1 (called bounded limits)

also;

...
... (iid)

gx)=0 O y=x
g(x)>0 0 y=x+sinx>x

105
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g(x)<0 0 y=x+sinx<x ...(iv)
Using Egs. (i), (ii), (iii) and (iv), we get
y=x-1
y=x /1
y=x+1g4 g

_Leon g —7] 8231221

Play with Graphs

//// /// //
.// // v// -
—3m2 - w221 /|0,0,1 |mw2 m 32 »X
/’ // //
, // //
//// /// _/1/“
’/ // //
/// /// : ’
7 ’ . _ _
S (12, —m2 - 1) \c'

(=312, =312 + 1) }# L -1

iy &°

S

_m WHEN f(xegt) 0. O g0 h(x)

There is no direct approach b@ gan use the following steps if minimum and maximum of any

one is known.
Step 1. Find the mini nd maximum of any one of them say a < g(x)<b.
Step 2. From step 1; ad(x)<shxx)<bd (x)
Step 3. Check gx)=0 O hx=0.

EXAMPLE o Sketch the curve; y = xsinx.

@ SOLUTION Here; y = xsinx; y=xw_ A V=X
where, -1<sinx<1 \\\ el y=xsin x
0 -x<y<x  ..() ~ ~

also; sinx =0

] x==-21T - 10 172 T1..

O y =0 when '
Xx==-21 - 10, TI... Fig. 2.175
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and y =X when x=—,—, ..

sinx

EXAMPLE e Draw the graph of the function'y =

@ SOLUTION Aswe know; -1<sinx<l O y= S Jies between 1 to 1
X

X X
or to sketch the curve where - 1 <y< 1 )]
X X

Here at x = 0; y is not defined but as;
xO. o0 =y 1 .. (i)
X
also; y=0 at x=nm; nQz-{0} ... (i)

Using Egs. (i), (ii) and (iii), the curve could be plotted as; o
N

{1
I\

Fig. 2.176

EXAMPLE eDraw the curve: y =e *sinx

Y,
@ SOLUTION  As we know; y= AN A
N
-1<sinx<1 >~
-~ ~
O y = e*sinx y=e7sinx S
O —e¥<y<e™  ..() , ;/\--——,—- -x
2n - @) T T - - =
. == 4
Thus, y is bounded between / y sm T
=—-e* and y=e* N7
//
Shown as in Fig. 2.177; ) e
¥ y=-—e%

Fig. 2.177

www.exambites.in
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@}@0//; JIORE SOLYED EXAMPLES

EXAMPLE o Sketch the curves of the following :
Dy =x-[x] (i) y =[x] +x - [x]
(i) y =|[x] + \/m |; where [ ¢ ] represent greatest integer function
@ SOLUTION (i) As we know that;
0<x-[x]<1 forall xOR.
Also, for any x [0, 1), we have
X< \/;

<
< J/x - [X]

X2
O x - [x]

Play with Graphs

Dx+1, when —-1<x<0
Vx ,  When 0<g
O

Xx—1, when 13xg%2

Now, y=4x-[x] =

DD/X—Z, whein~ X< 3 ...and so on.

Thus, from above we have to plot; \
y = Vx, wh Qs x<1
y=4x-1, n 1<x<2

(i.e., same as shifting +/x towards right by 1 unit.)

V= o when 2<x<3
(i.e., same as shifting +/x towards right by 2 units)

O the curve fory = \/@ periodic with period ‘1. Shown as in Fig. 2.178.
A
1
ﬁ; ﬁ; ﬁ = w-zﬁ—‘ 3
S 2 9 o0 T2 3 a
Fig. 2.178
(ii) As we know; y =[x] + yx - [x]
El-l+,/x+1, when-1<x<0
X , when0<x<1
O y=0

+yx-1, whenl<x<2
%2+4/X—2, when 2<x< 3 ... and so on.

108
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Thus, the graph for y =[x] + /x — [x] is obtained by the graph of y = \/x — [x] by translating
it by [x] units in upward or downward direction according as[x] >0 or [x]<O.

Thus, the curve for y =[x] +x - [x]

A

W

3+Vx—

\V]

2+ NVXx—

—_

1 1+Vx—

L)

Fig. 2.1@\
From above curve we could discuss that; ¢
y =[x] + 4/x — [x] is continuous and .ci]l@ tiable for all x.

(iii) The graph fory = ‘ [x] +x - [x] ‘ @ tained by reflecting the portion lying below x-axis of

|

|

b

|

Qo

l:
suonewlojsueld | pue ainjeaind

the graph of y = [x] + 1/x — [xla&ut x-axis and keeping the portion lying above x-axis (as it
is).
Thus, the graph for 1y, ]+ x - [x] ‘ .

"\
> X
-4 -3 2| -1 o I 2 |3 |4
Fig. 2.180
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EXAMPLE @) Sketch the curve y = (1 - x¥*)¥
@ SOLUTION Here;

0 (a) f(-x) =f(x) O even function or symmetric about y-axis (D
=0 0O 1
= (b) When X ¥ 14 ...
% y=0 0 %=+ 17
D ind-11
h © omain U~ 1, 11 ... (i)
G Range [0, 1] [
c j—y>0 WhenXD[—l,O]E
+— ) dx u (V)
= Y <0 whenx0[0,1] E
5. X @
& d’y 12
(i (e) 5 >0whenx0O[-1,1] ...(v)
dx
From above;
-1
&
EXAMPLE eSketch the for y=(x-1)x*¥3.
SOLUTION In y =(x- N3
® y
(a) Not symmetric about any axis or origin. ...
as x=0 0O 0 0O .
) ¥ U5 ... (iD)
as y=00 = 017
D in [
© omain HRY ...Gid)
Range R [
dy _ 43, 2(x-1) _5x-2
@ dx XU 3x1/3 - 3x1/3
ﬂ>0’ whenx<00rx>gg
0 dX 5 SD ...(Av)
Y co wheno<x<2 O
dx 5 H
110
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0 1. ..2,30 y
d2y ) |:|X1/3 (5 — (SX— z)g(x) Z/SD A
(e) =10 0 y=(x=1)x*°
2 2/3
dx® 3 X 0
O O
_ 10x + 2 i o i o
9x*? -2/5 25 /1
2 0 i 1
;1}2’>0, when X<—§OI‘X>OE | '
O d); ) 0 (v .
J<O, when - =<x<0 U '
dx? 5 H

Fig. 2.182
Thus, curvefor y =(x-1) x%? is shown in Fig. 2.182.

EXAMPLE (@) Draw the graph for:

@ y=l1-|x-1]| @ Iy1=Ieg¥-11
60

@ SOLUTION As we know the graph for y =x -1

A * &x—1

suonewlojsueld | pue ainjeaind

@ Fig. 2.183

@y=x-D0G ¥ [x-1] ®) y=Ix-1]8 ¥ -[|x-1]

Y Y

Fig. 2.185

111
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@y=-[x-1]0 ¥ 1-|x-1] dy=1-|x-1]0. ¥ [1-|x-1]|

A v
-tél 11 1 y=11-|x=1]
m 0 1 2 > X ¢ i > X
o
6 \\y_1|x1| 1 2
~ .
E Fig. 2.186 Fig. 2.187
S| ©@y[i-lx-1]G Iyt [1-lx-1)
. }:u
o
=[1-|x=1]]
»> X
‘@‘ig.z.ms
EXAMPLE () Draw the graph fg§
. .. 1 1
D y=2- () v=|2- (iii) = 2-
! AR R PR A ey
@ SOLUTION Weknowthegaphforyzlisshownas;
X
y
»> X
Fig. 2.189
112
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(2,1)

\O 1 é

(01 _1) \
x=1

Fig. 2.190

= o,
@Y=

.- \

x=1
Fig. 2.192 $
1
(e y=2- -
NPT x—1]
y
A
-]
<\1
0 l ﬁ » X
2 2
x=1
Fig. 2.194

1
(b) y= B S
X - |x—1]
yﬂ
ol 1 >
x=1
Fig. 2.191
1 1
(dy=- L F 2-
IX—,l\ |x -1
e o1
@
°\~ 1 2,1)
& o1\ [ /32 X
BERNE
x=1
Fig. 2.193
Oy =|2- 3 lyd [2-——
|x -1 |x -1
1
’ |y|=‘2_|x—1|‘

o\/ > X
al
2
X

=1
Fig. 2.195

www.exambites.in
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Play with Graphs

114

EXAMPLE
(0 y ="
(i) |yl =1
@ SOLUTION
(i) Here y=eM -
O
To discuss;
(i) when x=0 O

(i) when y=0 0O
(i) f(-x) =-fx®)

as

0

it shows y = f(x) =e*
(@iv)

; @

dx

0 vy is increasing for
)

2
O ﬂ>0 when x
dx?

2
also d7y
dx?

—~2 <0 when x<O0;

G Sketch the graph for:

—e" (i) y =1+ e

+elM — e ) |yls|1+ e —e™|

e* —e™; x20
y=0
e -e*; x<0
*—e ¥ x20
y=04
0 ; x<0
y:ex_e—x
¥ O0(it passes through origin)
e - 00 =x 0

y=f(x) =e* -e* .\o

fCx) = e — e =— f(569°

- e " is odd function, #¥€ymmetric about origin.
126 o
2x
+

e +e ¥ = L@ forall xOR.
d2y . . eZX -1
Q7

e

concave up and increasing .

all x.

y = €* — e %; is plotted as shown in Fig. 2.196.

Recall : Increasing

concave down and increasing from above discussion

y
A
o
& >
5/8 &
A &
1 S /& R
e——+ /O A
e /5 >
S "
OO
; > X
- O 1
SO/$ 1
/s | L _
of ¢
NS
S
O —
y=e"~e™;x0R
Fig. 2.196
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Now;

“x _Bbx—e‘x; x20
mY ;0 x<0.

Thus from Fig. 2.197.

y=e¥ e

(ii) Plotting of y =|1+eM —e™|

N
y=1+€e"—e* x>0
y=1;x<0 1
> X
o
Fig. 2.198

From above Fig. 2.198.

ef —e

O »

Thus, the graph for;
is same as; @

o
&
y :*— eX I w ¥ e
e
5

y=0;x<0

Fig. 2.197

y=|1+eX—e™|

e. |
0 ° o
.~

Fig. 2.199

X x20

; x<0
$ y:|1+e‘x‘ - e

y=1+e"“—e"X {as y = 1for all x OR}

0 Graph fory =[1 + e/* — ¢7¥|is shown in Fig. 2.199.

(iii) Plottingof |y|=|1+eM -e™|

Y
y=1+€"~e*x20
y=1,x<0 4
5 > X
—1
y=-1;x<0
y=—(1+€~-e%;x20
Fig. 2.200

www.exambites.in
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>|y|<|1+e¥-g

(iv) Plottingof |y|<[1+eM —e™| %
y=1+¢e—-e
[
From above figure check any point say /
m (0,0) y:1'X<O 1 /’
= 0 0<|1| (True, thus to shade area
% towards (0, 0). (0l'0)
= From given figure shade part represents y=—-1;x<0
w the area bounded between two curves. \
\
\
E y=—(1+&"—e7);x20
§ Fig. 2.201
g EXAMPLE o Sketch the curve of the following:
@ |x+y|=21 i) |x-y|<1
i) x| +|y| <2 (0

lyl=1
N

o S.OLUTION 09.

(i) Here to sketch, |x +y|=1

we know; |x+y|=1 v

. X+y2>1 &
Ex+ys—1

or x+y=21 0‘

and x+y<-1 ’
First we shall draw the &h for
x+y=land x+y = ow we
shall consider any f point say

> <

> X

"l

X +y < - 1holds or not.

X+y<-
7/
As; x+y=21 0O 021 (false).
00 shaded part is away from origin.
againas; x+y<-1
O 0< -1 (false)
[0 Shaded part is away from origin
shown as in Fig. 2.202.
(ii) To sketch |x-y|<1
we know |x—y|<1
U -1<x-y<1
g -1-x<-y<1l-x

116
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or x-D=<sy<sx+1)
Thus, to plot y between (x — 1) to (x + 1).

In figure shaded parts is towards origin as;
putting any fixed point say (0, 0); in|x — y| < L

=S

O |0-0]<1

O 0<1 (true)

(iii) To sketch |x|+|y|<2
Here; |y|=2-]|x|is plotted as;
Y

y
\ *
2

N N
012\\ /2

o i 7 o

oo,
_ f

0) (i)
Fig. 2.204

From above graph of |y | &ﬁ |, we can check shading
of
|y|s2—§| or x| +|y|<2.

asat(0,0) O 0<2 (true)
O shading towards origin; shown as in Fig. 2.205.
(iv) Sketchingof|x|—-|y|=1
To sketch |x|-|y |2 1; we proceed as:
y=-D -y =lxf-1 - y[=x[-1 x| -]y]| =1

A
y=x-1

0}

[x=yl<1
Fig. 2.203

y

A
S

(iii)

y

by,
U

[x| +]yl<2

Fig. 2.205

www.exambites.in
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—lyl= 1
N\ | e I, | ™"
m » X » X
= 21 0| 1 Z10| 1
Q
u
w (iii) (iv)
Fig. 2.206

o
=
; EXAMPLE e Sketch the curve;
3 M [x+y|+|x-y|<4 () [x+y|+|x-y|24

O @ SOLUTION (i) As we know;

x[=|yl; |x]2]y]
x-y1=f , RN
G-Ux[-1y s x|y
Thus; |x+y|+|x-y|<4
|D<+| +| |<4.| i) RS
0 g yrTX-y=4 |X|2|y @_2 5 > > X
X+y-x+y<4 [x|<|y] &
[x+y|l+|x=y|<4
@2x<4 |x|=2]y| 0 ~
Dy <4 |x|<|y| 6\» -

or  |x+yl+fx-yls4 e Fig. 2.207
0 |x|<2 and <2

Thus, to shade the porgd when -2<x<2and-2<y < 2. Shown as in Fig. 2.207.

(ii) Again; [x+y|+|x-y|24 O |x|22 and |y|=22
Thus, to shade the portion when x<-2or x=22 and y<-2 or y= 2. Shown as in
Fig. 2.208.
Y
2
T 4
Ix+yl+Ix-ylz4

Fig. 2.208
118
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EXAMPLE @) sketch the curve for;
@ 2™y |+ 281 <1

SOLUTION (i) Here 2¥|y|+2M1<1 O 2xHy +1ES 1
2]

Gi) 2 |y) + 2 <1 |x|s% and |y|s%.

5
Q
1 ~h
0 ly] + = < 27 c
2 =]
1 _ o 0®
Thus, to plot |y| + 5 <27™  we proceed as; 0
= = 1@ S SR -x _ 1 W _ 1 =)
= - HOo 2 M 27 _ 2o, 27 _ 2
y=p* -S40 ¥ B B S > 3
) (i) (iii) @iv) 4
Shown as; -
Y 9
)
UL
-
Q
~h
6.
y
y=2"-1/2 0 =
I /7
1/2
(0] 1.\=X
-1
R | i i _ L
(|)y—2"—E (i) y 2
}:k 'yl
1/2 1/2
-1 (@) 1 > X -1 0) 1 x
—1/2 —1/2

iiiy [y =2 - 1
(i) |y| =2 2

. 1
<27 _ =
@iv) |yl 2

Fig. 2.210
119
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Play with Graphs
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Here, figure (iv) is shaded towards origin as putting x =0,y =0 in |y|< 27 ¥ - =

O 0<1- % or 0< 1, which is true, therefore, shaded towards origin.
(ii) Plotting of 2|y |+ 2K <1; Y,
|X|s1 and |y|s1
2 2 1/2 y=1/2
from above figure; m WT > X
-1 0} 1
2|X||y | + olxl-1 <1 W
2l¥l|y |+ 21T < 1. . T1/2 y=-1/2
and |X|<1 | |<1 shown as in 1
T yi= 2 IXI<* and |y|= % x=-1/2| x=1/2
Fig. 2.211. Fig. 2.211
N
EXAMPLE €0) Sketch the graph of the function: &°
f(x) = log,(1 - Xgo
@ SOLUTION Here, log, (1 - x*)exists W 1<x<1 O
. [l .
ie, doman O ) 0 (D
and range , 0] H
as x [ + y [ < ...(i0)
differentiating g2(1 - x?%),
we get dY @fﬂlogze) 2log, e ( 5
Using number line rule; é
$ - + - +
-1 0 1
dy >0, when - 1<x<0§
gx 5 ... (i)
Y <0, wheno<x<1 U
dx =
2 2 )
A
also, 4Y 22108, +xXT) o oo x0C 1D
dx? (1-x2)?
Oy =log( - x2) is concave down for x 0 (=1, 1} ...(iv) s 0 ol > X
o | A\
from above results we can draw §’ S | g\8
v ©\9
v =log,(1-x?) asshown in Fig. 2.212. (Scﬁ 5 ‘%’%o 3
y=log, (1-x2)

www.exambites.in
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EXAMPLE @ Sketch the graph of y =log(sinx).
@ SOLUTION Here;
(i) y = log(sinx) is defined, when sinx > 0 0 x0O@nm 2o+ 1) .
(i) Since, sinx is periodic with period 271.

O todiscuss y =log(sinx), when x[1(0, 1)as exists when x [1(0, 1) and then plotted for
entire number line.

(iii) as x[ O O y = log(0) = — oo
as y O O sinx [ 1 O x:lzt.
(iv) ﬂ: '1 [tosx = cotx
dx sinx
O ﬂ>0 when XD@},EQ
dx 2
dy
— <0, when XD%,T@
o &
dzy 2 \
W) F:—cosec x<0 forall x0O(0, ) 6’
X

Thus, increasing and concave down x DQ?Z)

decreasing and concave down /2, TD.
and to plot the curve only when x [J(2n 1) . Shown as in Fig. 2.213.

y
)
> X
21 /dn\ " Os/Im™\ g™ |8 |21 /Br\ |8
2 S 2 \% 2 2
K o
o] E
S @
q W)
¢ =]
< S
[e]
g ®
O [*3
g 2
= >
Fig. 2.213
EXAMPLE €B Skecch the graph for
y=- 1Ogsinx €
@ SOLUTION (i) Here, y =-log sinx € = _71 is defined when,
log .sinx
sinx>0 and sinx#1
ie., xO@2nm, (2 1) M—-{2n® 72}; nJ N (D

www.exambites.in

121

suonewlojsueld | pue ainjeaind


https://www.exambites.in

Play with Graphs
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(i) y =

(i) O

or

10g651

is periodic with period 2Tt

O to discuss the graph for x[0(0, ) - {12} and sketch for the entire number line.
o, 1 gl gesx o ¥o, cofx
dx (log sinx)? sinx dx (log sinx)?
dy >0 when x0O @) n@
X

(@iv)

Thus,

ﬂ<0 when XD%,I’[@
dx

y glog sinx)? [{—cosec? x) — cotx [2 (log sinx) [tot xg
dx?

(log sinx)* 0

D

B {(log sin x)2 cosec?x + 2 (log sinx) cot? x}

(log sinx) 2

d%y ong
>0 forall x0O(O, M) — IZ%D 0<~
dx?

ncreasing and cong, x 0 % r@
o1 :
y=——— 0 N

log sinx .
%iecreasmg a cave up x [J Q), E@
y

1
Y= Tog,sin x
> X
—2m| _3m _n o I n 3n |2 |5m |3m
2 2 2 2 2
y=—logsinx€
Fig. 2.214

EXAMPLE €B sketch the curve:

(D) [yl =cosx; xO[-2m 211
(i) [yl =[cosx]; x O[-21y 2 1]; where [ [J denotes greatest integer function.

@ SOLUTION As we know; y = cosx could be plotted as;

A
1

Fig. 2.215

www.exambites.in
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(i) Sketching of [y]=cosx

From above curve cosx = -1, 0, 1 when x=—2Tr,—3—n,—TL—E, 0, I[,Tr,B—T[,Zn
2 2 2 2
. . y
O [yl = cos x is possible only b
2
whenx[lgzrr,t 3—n;': TL;FE,OE [ [
0 2 2 0 1
Thus, I I I I
_ —2n _3n - _m O] m M gn 2n
cosx=-1 0 -1<y<0 > P 5 =
cosx=0 [0 0<y<0 =1
cosx=1 [0 1<y<2 2
Thus, [y]=cosx is plotted as [y] = cos x

shown in Fig. 2.216.

(ii) Sketching of [y] =[cosx]
First to plot y = [cosx]. Shown as;

Fig. 2.217

From above figure y =[cosx]
0 T 3m
ol <<l |<7
|

0 y:EO; 0<|X|sE and 3—ns|x|<21'[
0 2 2
01 ; |x|=02m

Thus, when y=0 O [yl1O[O, 1)
y=1 U [ylOI[1, 2)
y=- U [ylO[-1,0)

www.exambites.in
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Thus, graph for [y] =[cosx]

"
v 2
/]
= 1 (2m 1)
Q (-em 1)
©
w —2n<x<—3?n —g5X<0<XSg 3?T[sx<2rr
g —S?T[<X<—g -1 2rr<x<3—2n
é Fig. 2.218
O EXAMPLE @ Sketch the curves

D y=4-[x]
O

B
(i) [yl=4-[x] D,
@) [y [1=4-[|x|] 06

@ SOLUTION  As we know; ’\"
(i) y =4 - [x] could be plotted with in two step”

y=4-x 4 - [x]

Q
o

g <

= N W
- N W »

|
Ny
|
W
|
N
|
ey
Q
h\J
>
.
fon
|
=
|
W
|
N
|
=
Q
h\d
&>

I
[
I
[

e

=
—_
=

Fig. 2.219

(ii) Since, we know from above curve y =4 - [x]
O vy Ointeger, thus, on taking integral part, say
[yI=1 O Isy<((I+1)

124
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O Graph for [y]=4-[x]
y
A
Included i Excluded

>l

, Il

1

-3 2 -1 O| 1 2/ 3 4 5‘HHH =X

=2 and so on
-3

l=4-x]
Fig. 2.220

. i}
In above curve lower boundary are included and uppegl} xcluded.

(iii) To sketch [|y|]1=4-[|x|] <
From above figure we can say; ’\&
yl=4-[x] 0~ [y¥ 4-I| [IyH] 4-[x]]
Y
)
{1
oI 1
—s([[[Fes T2 710 1 2 3 4 5 ¢
. h [iyl1=4~[Ix]
M - [

I

-5

llyl1+[Ix11=4
Fig. 2.221

EXAMPLE @ Shade the region whose co-ordinates x and y satisfy the equation.
cosx — cosy > 0

+ —
.SOLUTION Here, cosx — cosy >0 can be written as, 2sin EX 2 stin Q, 2 X§> 0

www.exambites.in
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. [x+yQO . @r—xm
O smH 5 Hsm 5 %>0

This inequality holds true for all points,

(7] h . [X+yld d si - x[ h .
- when sin %TE and sin @r—z O have same sign.
Q . x+y[ -y -x[0
.e. >0 d >0
E ie., sin ETH and sin @’—2 %
. [x+yQd . -x[
<0 d <0
G or sin ETE and sin @,—2 0
g O Xx+y>2nmm and y - x> 2nm
= or Xx+y<2nm and y - x<2nm
6. > 2nm — X < 2nm- x
g or
o [y > 2n1 + X [y <2nm+x where n Oz

Here, the equation x +y = 2krt represents a system of parallel straight lines corresponding to
different values of k. .

Say k=01 0 y=-x and y=4xJ¥%mn
i.e., the set of points whose coordinates satisfy the ineqL&

0<x+y< Zﬂs?
Similarly, for general points: 2km<x +y < (” B ..

Now, the set of points which satisfy sin w

et

N
=]

y—x=2nm

> X

COS X>COos y

£

X+ y=2KT
Fig. 2.222

126
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O onm<* Y con+nm

O 2(2nm<x+y<2(2n +1) T ...(>i0)
O only those points of x, y which satisfy Eq. (ii).

Similarly, 2(2p-1)m<y-x<2(2p) T ...(iii)

From above results, graph for cosx > cosy is shown in Fig. 2.222.

EXAMPLE @ Sketch the curve x*3 +y?¥3 =a?3,
@ SOLUTION  As to sketch, x%3 +y%3 =a%3,

@
(i)
(iii)
(@iv)

W)

(vi)

Curve is symmetric about y-axis (as when x is replaced by (- x) curve remains same)
Curve is symmetric about x-axis (as when y is replaced by (- y) curve remains same).
Curve is symmetric about origin (as when x is replaced by y and y by x curve remains same).

When, x=0 0O y=+z*a
when, y=0 0O x==zxa
y¥3 = (a¥? - x¥%),

or yz - (a2/3 _ X2/3)3; .\o

. .. . dy _ »
differentiating both sides, 2y W 3 (@3- x%3)? E%% 3@

o
O dy <0 when x>0, y>0[to discuss@ aand to take symmetry for rest of graph

X
using Egs. (i), (i) and (iii)]. &
From above yj—y =- ‘@aZ/B - x%3)?
X
Differentiating again, we get; 0
)
d’y | myrf -1/3 2/3 2 s, Y a3 o253 _2/3y2
— + =-x - X )E@—x §+—x [a”” —x77)
Yaxz " HixD 3 3
_ 4 (32/3‘@) + lX—4/3(a2/3 _ x¥/3)2
3 3
_ %sz/s(az/s _x¥3) (4 + x Y3 (@Y - x¥3)} y
d2 y
Y o hve whenever; O<x<a and y>0. decreasing and
dx concave up
Thus; when O<x<a and y>0 < t > X
) _
0 Yoo aa s B4 20 g2
dx dx?
i.e., decreasing and concave up.
0 Graph for x*3+y%3=a%3 Fig. 2.223

Note Above curve is known as Astroid represented by the following parametric equations:

X = acos’ tf
5 gO0O<st<2m a>0
y=asin"tg

www.exambites.in
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Eliminating cos t and sin t from above equations, we get x%> +y?¥3 =a

2/3
where the quantities x and y are defined for all values of t. But since, the functions cos® tand sin® t are
periodic with period 2 it is sufficient to discuss the curve for t O[0, 2T1.

Domain of function ([0, 210

) Thus @)
= ’ Range of function ([~ a, a] E
% %:—Ba cosztsintD
dt = ..
} S Now, J 0 ...(1)
G A 3a sin? t costd
dt E
N
= Here, 20 ¥Woo 0 t=0 ™ sn 3" 2n
; dt dx 2 2
3 0 Y andd ... (iiD)
S dx 0
i dy___ 1 8 (iv)
dx* 3acos*tsintg o
From Egs. (i), (ii), (iii) and (iv), we construct a table; A
. . dy . d?%y
Range of t Domain (x) Range (V)e, Sign of o Sign of o2
X
0<t<X O<x<a 0< }@ - +
2
T e —a<x<0 Q- + x
2
T[<t<3—n —a<x<0 °a<y<0 = =
2 °
ST com 0O<x<a -a<y<0 + -
2
On the basis of above infolation we can sketch ¥
x=acos’t a] Astroid: B+ PR = g
.3 or x=a COSat
y = bsin” t y=asin’t
Students are adviced to convert the cartesian into > X
parametric if possible.
Fig. 2.224
EXAMPLE @ Sketch the curves:
) e* +e* .. e —e ¥ ef —e* ) e* +e*
Dy=—— (@(@y=——— (@()y=——— (iv) y=———
Y 2 y 2 Y et +e* Y ef —e*
. . e* +e™*
@ SOLUTION (i) Sketchingof f(x)=y = —
(a) f(=x) = f(x), [0 even or symmetric about y-axis ..(D
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(b) When x=0 Oy 1 ...(1)
X —-X 2Xx
Differentiating, we get; by _e-e’ e -1
dx 2 2e*
0 d?y e*+e* ¥ +1
dx? 2 2e*
ﬂ > 0 whenever x > OE
From above; (lex N ...(iid)
AP 0 whenever x < 0H
dx =i
2 O
g > 0 for all x] ...(iv)
dx? O o > X
Thus, from Eqgs. (i), (ii), (iii) and (iv) graph of
e e Fig. 2.225
2 b
X _ a—X L/ ‘.
(ii) Sketching y=5 "¢ )
2 9
@ f(-x) =-f(x), o & ,
0 odd function or symmetric about origin @ A = ex_zefx
® x=00 ¥ 0 &1) §°’§
dy _e* +e™” & /@
(© w2 >0 forallx 0 ... (iii) \é’ooé,‘v
" » X
dzy_e"—e‘X 0 &@&QO
(d) —_— ° /O
dXZ 2 Q)’D’ q,b
s
d? ’QI s
ey, 0 when Sy
0 dx* & ] (iv)
42 E Fig. 2.226
—}27 <0 whenx<0
dx H
From Egs. (i), (ii), (iii) and (iv) graph of y = %.
X _ a=X
(iii) Sketchingof y=5_—¢ _
eX+e™*
(a) f(-x) =- f(x), O odd function or symmetric about origin )]
(b) as x=0 0O ¥ O ... (ii)
Domain JR [
(@] 0 ...(iii)
Range (- 1, 1)
(d) ﬂ >0 forall xOR ...(Av)

dx

www.exambites.in
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2 0 y
H<0 for x>0 \
dx? H
(e) I 0 ..(v) 1
—y>0 forx<0D Y- eX—e:X
dx? H e&+e*
0 » X

From Egs. (i), (ii), (iii), (iv) and (v) graph of

-e-¢_ is shown as in Fig. 2.227. -
e*+e*
X X Fig. 2.227
(iv) Sketching y = ex+ e_x ‘e
e —e
(a) f(-x) =- f(x), O odd function or symmetric about origin (D
as x [ 0 b o [J
® asyd LG e H .G
y -1 b oo E
Domain OR - {0} 0O
(© 0 ... (iiD) ® o
Range R - [- 1, 1] s -
dy . 6 o
(d) —2 <0 forallxOR-{0} ...(Gv) 0
dx .\&, 1
2 0
d—z >0 for x> OH v
© & S
d2y 2> Fig. 2.228

0
—2 <0 forx<0
ClX2 E °+

+
From above information, gra&ﬁ y = % as shown in Fig. 2.228.
e* —e

Note

In many applications, §ome across exponential functions of the form %(ex— e and

%(ex+ e ™) known as “hyperbolic functions” represented by;

. e¥-e* [
sinhx =
H .
.0 ..(0)
e +te’'g
cos hx =
2 H
called hyperbolic sine and hyperbolic cosine.
e¥-e*0
tanhx = ——
e*+e7’[ .
also, O .. (i)
eX s e—X D
cothx = ——
e’ -e™H
called hyperbolic tangent and hyperbolic cotangent. Where if; x =cosht, y =sinht
O x? - y? = cos? ht — sin® ht =1 {Using Eq. (i)}
which is equation of hyperbola.
X _ X X —X

and cos hx = € are hyperbolic functions.

Thus, sinhx = €
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EXAMPLE @ Sketch the curve y = 2sinX + cos 2x.
@ SOLUTION Since, the function is periodic with period 2Tt it is sufficient to investigate the

function in the interval [0, 2T11].

(a) % = 2cosx — 2sin2x = 2 (cosx — 2sinX COSX)
X
dy _ .
O —— =2cosx(1 - 2sinx)
dx
Here, l:() O X:E,E’Hin
X 62 6 2
2
(b) ﬂ:—Zsinx—4c052x
dx?
2y0
ZD =-3<0 where y—E
dx Datx:% 2
2y 0
0 at x=ismaximumatx = _. iﬁ[] =2;°
6 6 Odx“ [0, \

0 at
2
at X = om we have, Q =
6 dx?
3 .
and y = 5 (maximum)
2
at x= S—T[, we have, ﬁ =
2 dx?
and y=-3 (minirn,@

Thus, curve for y = 2sinx + cos2x;

-3<0 v\
S

tX=—

1 T
X = — is minimum at X = —, wherey =1 ‘
5 5 y ® y

©

2
3/2
1
» X
Of m T 5m 7 3m 2n
6 2 6 2
-1
-2

y =25sin X+ cos 2x

Fig. 2.229

EXAMPLE @ Sketch the curve y = e"X2 (Gaussian curve)

@ SOLUTION  As the curve y = f(x)

(a) Symmetric about y-axis

= e_xz

{as f(-x) = f(x)}

) asx b 00 3 1
asy I 00 [k * oo
d
iy CT)Y(<0 0% OE
@] —=e  (2x) 0O O
dx Yoo0o x of
dx H

www.exambites.in
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2
(@ j}z] =- 2e‘XZ — 2x(- 2xe‘x2) = 2e"2 (2x2 -1
X
d%y 1 10
——>00x —-— or ¥ —
0 dx? V2 V2 @ (iv)
d?y 1 1 O
— <0 0-—x x —
dx? V2 V2 H ,
A
(&) y= e*" assumes maximum at | o
Qbo‘i; O'Ooep > V= !
x=0 0 ¥ 1 RN QO’"@ &
S N
i N 12 4
and iomaué ?ORH W) Ooﬁca\;es\‘:\‘; e ecncave uw
ange ] YN 2 feisqu_> x
-inv2 O 1N2
From above discussion;
6@. 2.230
.
\ »

EXAMPLE @) Sketch the curve y = :

1+X2 .~

Domain R \ .
@ SOLUTION Here; (a) 6
Range O[- 0.5,

(b) f(—x) = - f(x), hence, f(x) is odd, sy@c about origin ... (ii)
(c) When x=0 0O ¥ O .0 ...(iiD)
d & - x? -
@ s N— —
(1+x%)
@ Fig. 2.231
ﬂ>0 when —-1<x<1 E
or (cllx 0 ...>Av)
—y<0 when x<-1 or x>1H
dx =
From above maximum at x = 1 and minimum at x = — 1} ..V
dZ 2X 2 _ 3 = Bl = Bl
(e) }27 =2 5 3) - = : — >
dx (1 +x%) —~3 0 3
d2 Fig. 2.232
—}2’ >0, when x D(—\@, 0) and (\@,oo ) E
0 dx H (V)
d%y O
— 2 <0, when xO(-0 , —+/3) and (0, v/3)
dx? H
From above conditions graph for y = X
1+ x?
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https://www.exambites.in

Y
1
0.5 (1,0.5)
B é@q Necrea (\/3 V3/4)
-3 @0 > x
WGS' -1 /10 1 3 "~
V3. —V3) 'ng
(—V3,—/3/4) NI
(-1,-0.5) 0.5
Concave down Concave up Concave down Concave up
Fig. 2.233
In above figure :
x dy/dx d?y /dx?
—o<x<-+/3 - o_
L/
—-/3<x<-1 = \ uE
%
-1<x<0 aF 6 aF
0<x<1 + 0\&? -
1<x< \/§ = v =
J3<x< o § +

EXAMPLE @B Sketch the curve y@
@ SOLUTION To plot the curve we

®
(i)

Symmetric about x-axis (
Domain O[0go )

®

(Semicubical parabola).

—y curve remains same).

Vx*, we draw y = Vx* and take image
- Vx3. (i.e., to discuss curve when x, y > 0).

(iii) Range OJR.
Here,toplot y*=x> 0 y=+x® and y=-
about x-axis for y =
(iv) d—y ZEXVZ:E\/; >0 forallx,y>0.
dx 2 2
d’y _ 3
W) ———>0 for all x, y > 0.
dx*  4Jx
0 Increasing and concave up when x > 0.
From Egs. (i), (ii), (iii), (iv) and (v).
x y dy/dx d?%y/dx?
+ + + +
+ —_— — p—

www.exambites.in

/
y= (X3/2)
0 > X
y=~(x*%)
Fig. 2.234
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Note Inabove curve y2 = x3(semicubical parabola). For x = Owe have y = 0and y = 0, thus, the
branch of the curve has a tangent at y = O at origin. The second branch of y = - \/? also

passes through origin and has the same tangent y = 0. Thus, two different branches of the
curve meet at origin, have the same tangent, and situated at different sides of origin. This
is known as cusp of first kind.

EXAMPLE @ Sketch the curve: y? =x* - x°.

. SOLUTION Here; y =% x24/1 - x?

Thus, to plot the curve for y = x%y/1 — x>

and take image about x-axis.

(i) Symmetric about x and y-axis.
(ii) Domain O[- 1, 1]
2 2 0

]
iii) R O—, —n
() Range Dy =72 5 730

Play with Graphs

(iv) When ¥ 0

x=0

y=0 *x O L Py

W) Zyj—y =4x% - 6x° =2x3(2- 3x?) =2x° (V2 - ﬁx)(@}\@x)
X

O j—y>0 when; 0<x< ‘%d y > 0.
X

j—y<0 when \/;&1 and y>0.
X

Here, we are sketching the curve on en X,y = Oand then take image about x and y-axis.

O O

2
o) 950 when 0<x<.|? &A@ v>0.
dx?
2
4y when \E<x<1 and y>0.

From above discussion.

)j Concave up and increasing
[Concave downward increasing

2 Concave down and decreasing
By symmetry 3v3

-1 (0 1
5 A3
IR 3 @ 7By symmetry
22 | V22
3 5 5 3
Fig. 2.235

Note At the origin (as the singular point) the two branches of the curve corresponding to plus
and minus in front of the radical sign are mutually tangent. Known as point of osculation
or tacnode or double cusp.
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!

EXERCIS

1. Sketch the curves; (where [[J denotes the
greatest integer function).

=I2—|X;1II
(ii)y=2—|x_1
. ., 4
(iii) |yl = 1]
(iv) y= 2—|X_1| 3.
4
v) lyl= | 4.
(vi) y=|e* 2] 5
(vii) |y|=]e™ - 2]
(viiiy y=x—[x]
(i) y=+yx-1[x]
xX) y=(x—[x])? &
(xi) |yl=~x—1[x] 0
(xii) |y |=(x - [x)? .‘.,
(xiii) y=|x—1]+|x +1|
(xiv) |y|=|x—1]+|x +1]| &’ 7.
(xv) y=[x-1]] $
(xvi) |yl =[x =1[]
(xvii) y =x +[x] @
(xviii) y =|x| +[|x|]
(xix) |y |=x+[x] 8
xx) |y l=Ix|+[xI]

2. Sketch the curves;

(i) y=+sinx >
) 1yl =+sinx

(iii) y =|sinx|+|cosx |
(iv) |y|=cosx +|cosx |
(v) y=sin®x - 2sinx

— x20
Sketch the curve y =sin™ %—XZD
O+ x<0
Sketch the curve y =
. Sketcht rves;
612|x| (i) y =e
.(l e @iv) ly|=x
y =x®-x (vi) y2=x-1

(iii) y =

10.

(Vl) y = 2sinx

(vil) y =log,(|sinx|)
(viii) |y | =log,|sinx |

(ix) y =logg, %Q
() ly|=log,,, £ 1

Construct the graph of the function
y= ( - 1) +f(x +1)
—|x|, when |x|<1

where f(x) = when [x|>1

suonewlojsueld | pue ainjeaind

Sketch the curves;
1 1

i) y=
XxX—2 Wy |x]|-2
1 1
|x]-2 Ix|-2

() y=

(iv) [y =

. Find number of solutions of 2cosx =|sinx|.

When x O[O, 411.
Find the number of solutions of;
sinTix =|log|x ||.
Sketch the curve
_sin2x

+ COSX.

AN’

8. 2 solutions, 9. 6 solutions.

Wy iah
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Graph Jells Us /

Absolute maximum
No greater value of fany where.
Also a local maximum

Local minima
No greater value of fnear by
. Local minimum

smaller value of fnear by

Play with Graphs

Local minima
No smaller value of fnear by

Absolute minima &

No
No smaller value of fany where. \:
Also a local minimum éo
a © e ‘ d b x-a;xis

Local vs absolut al) Extrema

Fi

2
bsolute maximum
¥

f'undefined
L4
Local n@:m y=1f(x)
F<0 No ex’tIemum
. f'=0
f'>|0 ,
No extremum >0 F20
f'=0 Local minimum
ko
Absolute|minimum Local minimum
a C4 C, Cy Cy Cs b g

Local vs absolute (Global) Extrema
Fig. 2

The First derivative Test for Local Extreme Value
(i) Iff' changes from positive to negative at C (f' > Ofor x < cand f' < Ofor x > ¢), then fhas a
local maximum value at c.

136
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Local maximum Local maximum

> ! >

X=c X-axis X=cC x-axis
(a) f(c)=0 (b) f(c) undefined
Fig. 3
(ii) Iff' changes from negative to positive at ¢ (f' < Ofor x < cand f' > Ofor x > ¢), then fhas a
local minimum at x = c.

f'<0 f's0 f'<0
i | f'>0
Local iminimum Locali minimum
X=c x—gxis x—gxis
(@) f'(c)=0 (b) f,&eﬁned
Fig. 4 y

(iii) If f' does not change sign at ¢ (f' has the same ﬁé%)oth sides of ¢), then f has no local

extreme value at c. v

e + no extreme
® !
X=cC X-axis X=cC x-axis
(a) f'(@ (b) f'(c) undefined
Fig. 5
(iv) At a left end point ‘@’: If f'<0 Local maximum
(f'> 0) for x> a, then f has local ! -
T Local minimum '
q a.a . f'<0 f>0
maximum (minimum) value at ! f
X =a. | > i >
X=a X-axis X=a X-axis
Fig. 6

(v) At a right end point ‘b’: If f'< 0 (f'> 0) for x<b, then f has local minimum
(maximum) at x = b.
Local maximum

Local minimum

xX=b Xx-axis b X-axis

Fig. 7
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ASYMPTOTES,
SINGULAR POINTS AND
CURVE TRACING

In this chapter we shall study:

[ Plotting of Rational and Irrational functions.
(] Intersection of Curve and Straight line at Infinity.

_m ASYMPTOTES \Q

A straight line, at a finite distance from origin, is said n asymptote of the curve y = f(x), if
the perpendicular distance of the point P on the curve e line tends to zero when x or y both
tends to infinity.

Play with Graphs

A straight line A is called an asymptote to e, if the distance 6 from the variable point M of
the curve to this straight line approaches Ze* the point M tends to infinity. Shown as:

Fig. 3.1

Mathematically

Lety = f(x) be a curve and let (x, y) be a point on it.

Tanget at (x, y) is given by;

dy
Y - =_7 _
y dx( X)
dy é{ dy[ .
Y="TX+¥-x—>
dx deH M

138
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Now, if asymptote exists, then x - o

dy O dyQd T
O — and - x—200- finite limit say m and c
dx H] de y
dy xdy
Sa —/ . m and - == . c
y dx y dx

0 Eq. (i) reducesto,Y =mX + cis asymptote of equation.

Now we shall discuss the following cases

(i) Asymptote parallel to x-axis.
(i) Asymptote parallel to y-axis.
(iii) Asymptote of algebraic curves or oblique asymptotes.
(iv) Asymptote by inspection.
(v) Intersection of curve and its Asymptotes.
(vi) Asymptote by Expansion.
(vii) The position of the curve with respect to asymptote.

3.1 (i) Asymptote parallel to x-axis o

. @
Let the equation of curve be, \
(apx" +a;x" 'y +a,x"2y? + ... +a,y") +(b;x"" +b.€H®y + ... +b y" )
+(c2X“‘2+c3).(“(¢ A YT+ 420 (@D
then it can be arranged in descending powers of x as S:
apx" +(a;y +b)x" +(a,
Now, ifa, = 0, i.e., the term consisting x" is

1

n-1

+...=0 ...

will make two roots of Eq. (i) infinite as coe
Hence, a;y +b; =0 is an asympt
Again if; both x™ and x"! are abs
zero will make three roots of Eq. (ii nite hence, a,y? + b,y +c, =0 will give two asymptote
parallel to x-axis.

Method to find asymptote p@el to x-axis

To find the asymptote parallel to x-axis equate the coefficient of highest power of x to zero.
If the coefficient is constant, then there is no asymptote parallel to x-axis (horizontal).

3.1 (ii) Asymptote parallel to y-axis

From above article, if we need an asymptote parallel to y-axis, equate the coefficient of highest
power of y to zero.
If this coefficient is constant, then there is no asymptote parallel to y-axis (vertical).

1
X-5

EXAMPLE (@) Sketch the curve y =

@ SOLUTION Here; y(x-5-=1
0 Asymptote parallel to x-axis.
O y=0 (equating highest power of x = 0)
Asymptote parallel to y-axis.
O x=5 (equating highest power of y = ()

www.exambites.in

L 9AAIND pue Sjulod iejnbuls ‘s9jojdwAsy

Buioea

139


https://www.exambites.in

Play with Graphs

140

Thus, x = 5and y-axis are asymptotes shown as in figure.

y

0]

IS)

a

S

>

[}

< Asymptote
o x y; 0

x=5

Fig. 3.2

EXAMPLE 9 Show the curve'y = tanx has an infinite number of vertical asymptote.

o SOLUTION

here

or

y = tanx

y -t as X—»iE,i@,o
2 2
- o

tanx - o0 as X - % ,@
.\~

i.e., equating highest power of y = 0.

(as y=tanx [ ycotx=1 where cotx
Shown as:

g,+?

&
Asymptote %

|
E
|
0
o
0
=

Asymptote
Asymptote

Fig. 3.3

31V,

N

Asymptote

EXAMPLE e Show the curve y = e* has a vertical and horizontal asymptote.

@ SOLUTION Here
O

or

y - el/x
yE*=0

e*,0 as x-0

www.exambites.in
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From adjoining figure Y\

y = el/x
O 1- logy
X
1 Asymptote y =1 1
0 X =
logy
o[ X
which shows x(logy) =1 has an asymptote g
parallel to x-axis as £
logy =0 O y= 1. vg
Thus, y = e* has two asymptote Fig. 3.4

x=0 and y=1

3.1 (iii) Asymptote of algebraic curves or oblique asymptote

An asymptote which is not parallel to y-axis is called an obliqu@mptote. Let y = mx + cbean
asymptote of y = f(x), then

®
.y 29
m= Xhﬂrrgo - and c—. &@m (y — mx)
\ 2

Oor X—» —00

Method to find oblique asymptote c
Supposey = mx + cis an asymptote of the ¢ uty = mx + cin the equation of the curve and

arrange it in descending powers of x. Equatg* ero the coefficients of two highest degree terms.
Solve these two equations, find m and c. Pet em iny = mx + c to get asymptotes.

Note 1. Here, we will find non-par ®r non repeated asymptote only.

2. Neglect all imaginar@ of m.

EXAMPLE Q Find theﬁnptotes to the curve y =x + 1 and then sketch.
X

@ SOLUTION Here, the given curve y =x + 1

X
U Xy:X2+1
or x> -xy+1=0

(i) Asymptote parallel to x-axis
Equating highest power coefficient of x to zero in x? — xy +1 =0
O 1=0 (which is not true)
0 no asymptote parallel to x-axis.

(ii) Asymptote parallel to y-axis

Equating highest power coefficient of y to zero in

www.exambites.in
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x> -xy+1=0

O -x=0

or x=0 (i.e., y-axis) is asymptote for y = x + 1
X

(iii) Oblique asymptote

)
s
E Let y=mx+c in x*-xy+1=0
G ie., x> -mx?-x+1=0
- O x*1-m)-(a)x+1=0
; Equating highest and second highest power of x to zero
5‘ ie., 1-m=0 and c=0
o 0 m=1 and ¢=0

or y =X

$

is oblique asymptote to y =x + 1 14

.

» 9
N ; K &Q
ow to trace the curve; \

(iv) Symmetric about origin (as odd function) v
(v) Domain OR - {0}. &

(vi) Range (< , - 211 [Z ) .‘?

2 _ + - +
(vii) dy - 1- L_x-1 {using u%er line rule, ° ° }
dx x? X $ -1 1
d
, when x<-1 or x>1
dy
—2 <0, when -1<x<1-{0}
dx
which shows Ymax at x=-1
Ymin at x=1
2
(viii) Also, ay_2
dx x>
dzy
O —~= >0, when x>0 (concave up)
dx?
dzy
—2 <0, when x<0 (concave down)
dx?

142
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Using above information we can trace y = x + 1 as: >
X (/)
o
o
(9]
g t
% Local minimum at x=1 »
< Asymptote m
L}
1 o "1 > X a
£
Local maximum - ’\o m
o -
1
y=Xx+— x<0 . \~° o
L}
Fk& 3.
(2 %
x? +2x-1 D
EXAMPLE o Find the asymptotes (Qle curve 'y =————- and hence, sketch. =
. X
x% +2x - 1 Q
@ soLuTIiON Here, the curv ~————— = could be written as; o
X
X2+2X—yX—1:0 (D :
(i) No asymptote parallel to x-axis. E
(ii) Asymptote parallel to y-axis. [0 x =0. )
(iii) Oblique asymptote 4

Let y =mx +c¢ be oblique asymptote

O x2+2x—x(mx+¢)-1=0
x> -mx?+2x-cx-1=0

O xX*(1-m)+x(2-¢)-1=0

For oblique asymptote equate highest power and second highest power of x to zero.

Buioea

ie., Coefficientof x2=0 0 m=1
Coefficientof x=0 0O c¢=2

O y =x +2 is oblique asymptote toy = x — 1 +2
X

143
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(iv) Neither symmetric about axis nor about origin.
(v) Domain OR - {0}.
(vi) Range OR.

.. dy 1
vii — =1+
(vii) = =

O ﬂ>0, for all xOR - {0}.

(viii) -y -_ =2
O —= >0, when x<0 (concave down)

—5 < 0, when x>0 (concave up)

Play with Graphs

. . . 1
Using above information, we can plot the curve y =x- =~ +2 as;

=0

<t |2
2
I
e+l
@
<

Fig. 3.6

3.1 (iv) Asymptote by inspection

If the equation of the curve be of the form F, + F,_, =0, where F, and F,_, are expressions in x
and y such that degree of F, = nand degree of F,_, < n - 2, then every linear factor equated to zero

will give an asymptote if no two straight lines represented by any other factor of F, is parallel or
coincident with it.
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EXAMPLE o Find the asymptote of the curve x*y + xy > = a°.
@ SOLUTION Here, the given curve is.

)(2y+xy2 =a’ or )(2y+xy2 -a’>=0
This equation is of the form F, +F,_, =0
Here, F, = x%y +xy? and F, =-a°

0 By inspection the asymptotes are given by
x?y +xy? =0 or xy(x+y)=0
0 The asymptotesare x=0, y=0, x+y =0.

EXAMPLE o Find the asymptote of the curve y =x + 1 (by Inspection).
X

@ SOLUTION Here, the given curve is x? — xy +1=0
This equation is of the form F, + Fn 5 =0

Here F, =x° - xy o
v "9‘
O By inspection the asymptotes are given
-xy=0 or 2&}/) =

O The asymptotes are x=0 and ?@: 0.
3.1 (v) Intersection of curve and its asympt "
An asymptote of curve of nth degree c@ curve in (n — 2) points provided the asymptote is not

parallel to any asymptote.
Hence, if there be N asymptote e curve, then they cut the curve in N(n - 2) points.

Note The number of asym&s of an algebraic curve of nth degree can not be more than n.

EXAMPLE o Show the asymptote of the curve xy(x* -y?)+x* +y®-1=0cut at 8
points.
@ SOLUTION The equation of the curve is,
xy(xz—yz)+x2 +y2—1=0 (1)
Here n=4
This equation is of the type F, +F_, =0

Hence, F, = xy'(x2 - yz) =xy(x-y)(x +y)
and F,, =x>+y?
a F, =0

O x=0, y=0, x-y=0 and x+y =0 are the equations of asymptotes.

The combined equation of the asymptotes is,

xy(x-y)x+y)=0 ...
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Subtracting Eq. (ii) from (i), we get
x?+y*-1=0
Thus, intersection of curve and asymptotes lie on this curve since, there are 4 asymptotes, i.e.,
N =4
0 Point of intersection of curve and asymptotes = 4(4 - 2) = 8.

3.1 (vi) Asymptote by expansion

If the equation of the curve is of the form

A B C
y:mx+c+— +—2 +—3+,,,
X X X

Then y =mx +c will be an asymptote of the given curve.

oy with Graphs

EXAMPLE o Find the asymptote of the curve y* = x*(x — a).

o . SOLUTION The curve is, y3 = xz(x —a)= X3Q _a
X
/3 o<& 2
g g
a y:xg—ag or y:x[Dl—ES- %B

which is of the form

_ a
> YT oy

C
O :+ c is asymptote

a, :
Hence, y=x- 3 is asymptote of ;h. iven curve.

EXAMPLE OFindthe tote for y:X+1.
X
1 .
.SOLUTION Here; y =x + = is of the form,
X
A B
y=mx+c+— +— +...
X XZ
0 vy = xis asymptote of the curve
y:x+1.
X

Note Above method is useful to find oblique asymptote. Thus, students are adviced to find
vertical and horizontal asymptote (i.e., asymptote parallel to x-axis and y-axis).

3.1 (vii) The position of the curve with respect to an asymptote

Let the equation of the curve is of the form;

_ A B  C
y=mx+c+—+— +— +.., then

X x? x

146
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(a) The curve lies above the asymptote if
(i) A # 0and, A and x have same signs

or (i) A=0, B>0
or (iii) A=0, B=0, C#0 andC and x have same signs and

(b) The curve lies below the asymptote if
(i) A #0 and, A and x have opposite signs.

or (i) A=0, B<O
or (iii)) A=0, B=0, C#0 and Cand x have opposite signs.

EXAMPLE o For the curve y> = x> + 2x*; show;
(i) The curve lies above the asymptote y = x + %, if x<O

(ii) The curve lies below the asymptote y =X + E, if x>0
x° +2
E "9’
5

«&% S8l Hexe2o 8L
Q 5x 25 x’ 5 25x

O The asymptote is ;$ y=x+ g
8

(i) Now if A =- 2—5 @ have same sign [0 x< 0. Then the curve lie above the

@ SOLUTION The given curve is,

y =
or y®

asymptote.

(i) Now if A = - 2—85 and x have opposite sign [0 x> 0. Then the curve lie below the

asymptote.

EXAMPLE eForthecurve y:x+l show,
X

(i) The curve lies above the asymptote y =%, if x>0
(ii) The curve lies below the asymptotey =%, if x<0
@ SOLUTION The given curveis, y =x + 1, is of the form
X

= mx + +A+B+C
y = c+— — Tt
X X X
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Play with Graphs

148

Thus, y =x isthe asymptoteto y =x + 1
X

(i) Now if A =1 and x have same sign 0 % 0, then the curve lies above the

asymptote.
(i) Now if A =1 and x have opposite sign [ x 0, then the curve lies below the

asymptote.
_m SINGULAR POINTS

Here, we shall discuss the following
(i) Multiple points
(ii) Double points
Types of double points :
(a) Node (b) Cusp (c) Isolated point
(iii) Tangent at the origin.
(iv) Necessary conditions for existence of double points. e, o
(v) Types of cusps. \

L 4
3.2 (i) Multiple points 06
o,

A point on a curve is said to be a multiple point of,o , if r branches of the curve pass through

this point.
If P is the multiple point of order r, then tr@ill be r tangents at P, one of each of the r
branches. These r tangents may be real, ima@ distinct, coincident.

3.2 (ii) Double points

A point on a curve is said to be a gQuble point of the curve, if two branches of the curve pass
through this point.
Double points have two tang@they may be real, imaginary, distinct or coincident.

Types of Double points
(a) Node

If the two branches of a curve pass through the double point and the tangents to them at the point
are real and distinct, then the double point is called a node as shown in Fig. 3.7.

YA Tangent Yy
L Tangent
Node
» X » X
o o
Fig. 3.7 Fig. 3.8

(b) Cusp
If the two branches of the curve pass through the double point and the tangent to them are the
point is real and coincident, then the double point is called cusp as shown in Fig. 3.8.
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Cusps :
The graph of a continuous function y = f(x) has a cusp at a point x = c if the concavity is
same on the both side of ¢ and either.

1. lim f(x)=w and lim f'(x)=- o
X ¢ x-ct
OR
2. lim f'(x)=—o and lim f'(x) = o shown as:
X— ¢ X-c*
1. lim f'(x) = and lim f'(x)=- 2. lim f'(x)=-wand lim f'(x) = o
X— ¢ X-c* X— ¢ X-c*
y-axis y-axis
A A
i Cusp y=1(x)
lim f(x) =

lim () = o0

X-C
X-C

lim £(x) =—oo
X-C

E ’\o Cusp
0 (:: > X-axis W. o » X-axis
/y/= f(x) ! R

L)

Fig. 3.9 v\ Fig. 3.10

Note A cusp can either be a local maximu r a local minima as in (2).

(c) Isolated point %
If there are no real point on the curgimthe neighbourhood of a point P is called an isolated or a

conjugate point.
's Yy

Pe
isolated point

\
x

Fig. 3.11

3.2 (iii) Tangent at the origin

If an algebraic curve passes through the origin, the equation of tangent or tangents at the origin is
obtained by equating to zero the lowest degree terms in the equation of the curve.

EXAMPLE o Show that the curve y> = 4x> + 9x* has a node at origin and hence, sketch.

@ SOLUTION The equation of the curve is,
y? = 4x? +9x* ..@
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It passes through the origin.
Now, equating to zero the lowest degree terms of the given curve, i.e.,

2_4x*=0
O y=2x and y=-2x
There are two real and distinct tangents y = 2x and y = - 2x. Thus, two branches of curve
passes through origin (0, 0).
00 origin is node. ... (i)

Now to sketch;
(iii) Symmetric about x-axis, y-axis and origin.
(ivy As x-0 O y-0
(v) Domain OR.
(vi) Range OR.
Here, we shall discuss the behaviour of y = x4 +9x%, x>0 and use symmetry to

construct y2 =x2%(4 + 9x2).

(vii) Zyjl = 8x + 36x° =4x(2 +9x?) y

Play with Graphs

A
O o >0 forall x,y>0 6. <%
(viii) Also o node
’ Dz ’\& > X
g "\
= &
f~ >

O —=>0 forallx
dx? + Fig. 3.12
Thus, the graph for y? = x%(4 + 9.% &

EXAMPLE e Show origir@conjugate point for
x* +y3 +2x2 +3y% =0
. SOLUTION The given curve is, x* + y3 +2x% + 3y2 =0
It passes through origin.
0 To find equation of tangent at origin equating the lowest degree term to zero.
Le., 2x% +3y2 =0

. |2
O =+i [—Xx
y \/;

which are imaginary tangents.
Hence, origin is a conjugate point of the curve.

3.2 (iv) Necessary conditions for the existence of double points

Let (x, y) be a point on the given curve f(x, y) =0

The necessary and sufficient conditions for (x, y) to be a double points are:

f=0, a—fzo, a—f:O at (xy)
0x oy

150
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%t 9% 9%t

Now, if ———, —— and —— are not all zero, then,
ox 0y 9x? 6y2
(i) Double point will be a node if
O092f O [92f00a%f 0
o°f o - fDDa fD> 0
Mx dyd [Dx’0My20
2
or fiy — ffyy >0

(ii) The double point will be an isolated point, if
fxzy — fyxfyy <O
(iii) The double point will be a cusp if
fyy 2 — fixfyy =
Here, iff,, =f,, =f,, =0at(x y), thenitwillbea multiple point of order greater than 2.

EXAMPLE OForthecurve x> +x% +y% —x-4y +3 ‘O\Qdthedoublepointandhence,
)

whether the point is node or isolated point. 6
@ SOLUTION Let fx, y)=x> +x% +y? - x - 4y
O f =3x? + %
=2y — for a double point f,=0, f =0

X gl y
0 fX:O 0 2x-1=0
or &,—1
3
fy—$02y—4:o 0 y=2

Possible double points a é, 2 , -1, 2

R

0 f(-1,2) is a double point.

O

% ¢0 and f(-1,2)=0

L 9AAIND pue Sjulod iejnbuls ‘s9jojdwAsy

foo =6x +2 O fe at L 2)=-4

fy =0 0 fy, at -1,2)=0 o

f, =2 0 fy, at (-1,2)=2 9.
O fiy = fxfyy =0-(=4(2)=8>0 -
0 (-1, 2) may be node. Q
For shifting origin to (- 1, 2), substitute x =X -1, y =Y + 2 in the given equation,
we get, X3 -2X*+Y%=0
or Y =+XJ2-X
For numerically small values of X, Y is real.
0 (-1, 2)is a node on the given curve.
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EXAMPLE o Forthecurve x° + 2x? + 2xy — y? +5x — 2y =0, find the double point and

hence, check whether node, cusp or isolated point.

@ SOLUTION Let f(x,y) =x> +2x% +2xy - y? +5x— 2y =0 (@
f, —a—f—Bx +4x +2y +5
0x
fy—a—f—ZX—Zy 2
oy
2
f :a—f:6x+4
x>
2
£, =9 =
0x 0y
(= 0f oy
dy 0x
For double points f o

 =f, =f=
gse \ ..

f—o 0 3x2+4x+2y+

f,=0 0 2x-2y-2= 6

or 2y‘2x—?o~ ....(iii)
Solving Egs. (ii) and (iii), we get 3x2 +4x + 2

O &
also X = - }a = - satisfies the given equation.

0 (-1,-2)is a double point. *
At (-1,-2), t @l 1+a=—2

2, f,=-2

0 fofy, at (-1,-2)=0

ne

0 (-1, - 2)may be a cus@

For shifting the origin to (- T, — 2) substitute x =X -1,y =Y — 2in the given equation.
X-D*+2X-D* +2X-D(Y-2)- (Y -2)*> +5X -1 - 2(Y - 2) =0

or X -X*+2XY-Y?=0 (i)

0 Y =X £ XJX

Y is real for all positive value of X.

0 Two branches of (iv) pass through origin.

0 Two branches of (i) pass through (- 1, — 2).
O (-1,-2) isacusp.

EXAMPLE e Find for the curve y? =xsinx origin is node, cusp or isolated point.

@ SOLUTION  Let f(x, y) =y? - xsinx
f, =—sinx — xcosx
f, =2y
f=— COsX + XSinX — cOSX

XX
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f =
f =
0 at x=0: fu=-2 f,= o fyy
0 £2 — fof,  at (0,0)
0 0+2(2)=4>0

fxzy — ffyy >0 O origin is node.

3.2 (v) Types of cusps

When two branches of a curve pass through a cusp and the tangents at cusp are coincident.
Therefore, normal to the branches at a cusp would also be coincident.

Cusp can be of five kinds
(a) Single cusp
If the branches of the curve lie on the same side of the common normal, then the cusp is called a

single cusp.
y y
‘ O
> 9N\ 4
<52 S

Normal o & <
O
’b&

Fig. 3.13

» X

o Single cusp of first speC|

[
(b) Double cusp $

If the branches of the curve [ the both sides of the common normal, then the cusp is called
double cusp.

Here, both the branches of the curve lie on the both sides of common tangent, then the cusp is of
first kind.

Also if, the branches of the curve lie on the same side of the common tangent, then the cusp is
called cusp of second species or Ramphoid cusp.

O| Single cusp of second species

y y
A Normal A
Normal
X
o
s
» X » X
O| Double cusp of first species o
Fig. 3.14 Fig. 3.15
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Play with Graphs
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(c) Point of oscu-inflexion

A double cusp of both the species is called a point of oscu-inflexion.

y

A
Normal

&
«fﬁ

Fig. 3.16
EXAMPLE o Sketch the curve yz(a +x) =x%(a-x).
@ SOLUTION Here, the curve is

y3(a+x) =x%*(a-x) )
1. The curve is symmetrical about x-axis. * o
2. Curve passes through origin and cuts the x-axis at a poi , 0).
3. Equating to zero the lowest degree terms of Eq. (i) et the tangents at origin.
g y? =x* or ‘*
U origin is node. b
4. Equating to zero the highest degree term, t the asymptote

x+a::‘@., =—a.
5. From Eq. (i) y |2~ X

&F Wa+x
& x<a [0 Domain[(-a, al.

0 y exists when
6. As x increases from O to & increases upto a point then decreases to zero.
O y increases x [0, a]
y decreases when x [1(-a, 0]
Thus, yz(a +x) = x2(a- x) could be plotted as;

asym|ptote

Fig. 3.17

www.exambites.in


https://www.exambites.in

E REMEMBER FOR TRACING CARTESIAN EQUATION

1. Check symmetry

(a) A curve is symmetrical about x-axis, i.e., y is replaced by — y and curve remains same.

(b) A curve is symmetrical about y-axis, i.e., f(-x) = f(x).

(c) A curve is symmetrical about y = x, i.e., on interchanging x and y curve remains same.

(d) A curve is symmetrical about y = - x. i.e., on interchanging x by —y and y by —x curve

remains same.
(e) The curve is symmetrical in opposite quadrants, i.e., f(-x) = - f(x).

2. Check for origin

Find whether origin lies on the curve or not.
If yes, check for multiple points (See Art. 3.2).

3. Point of intersection with x-axis and y-axis

Put x=0 andfindy, put y = 0and find x. Also obtain the tangents at such points.

4. Asymptotes

Find the point at which asymptote meets the curve and equation of asymptote (see Art. 3.1)

5. Domain and range

To check in which part the curve lies.

6. Monotonicity and maxima minima

Find ¥ and check the interval in which y increases or decreases and the point at which it

dx
attains maximum or minimum.
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7. Concavity and convexity

The interval in which,

and —2<0

Using all the above results we can sketch the curve
y = f(x).
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= OB IORE SOMIED EXANIREES

EXAMPLE OSketchthecurve yz(a2 +x2)=x%(a% - x?)

, _x*(a? - x?)
(a® +x%)

1. The curve is symmetric about x-axis and y-axis {as on replacing y by — y curve remains same
and on replacing x by —x curve remains same thus, symmetric about x and y-axis
respectively).

2. Itpassesthroughoriginandy = + x are two tangents at origin. Thus, the origin is node.

3. It meets x-axis at (a, 0), (0, 0) and (- a, 0) and meets y-axis at (0, 0) only.

@ SOLUTION Here, the curve is y

Play with Graphs

The tangents at (a, 0) and (- a, 0) are x = aand X = — a respectively.
4. The curve has no asymptote.
a® - x?2
5. Here, yEEX |5 oo
a? +x \
O Domain D[— a, aj

6. dx (a? + & )2

dl ) @

dx *
et

Also =0 when a*-2a%x?-x*=0

o dx
. dy _ at 2_x*
Lé. dx (a2 3/2(a2_ x2)1/2
+2a%x%+a*- 234}

(a2+ XZ)B/Z(aZ_ X2)1/2

- {(x*+a%)’- (v2a*)*}

(a2+X2)3/2 1/2

- {x=(c 1+2)a} {x + (1 +42)a} {x* +(1 ++/2)a%}

(a2+ x2)¥2(a%— x2)"?
Eb; X:iw/(—1+\/§ a
d—yz%-ve; XD(—\/(—}" \/E)a,\/(—1+ \2) a)
X 0
E—ve; xO(=a, —+(=1++2) a)or ((=1++/2) a, a)
ie., y increasing when x [0(- \/(— 1+ \/?) a, \/ (- 1+ V2) a)

and y decreases when x[(- a, — /(- I+ J2)a) or (J(=1++/2) a, a)

(a*-x?)

[a N

156
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where

Thus, the curve for

dy
dx
dy
dx

OR

<0, when x0O(-a, - (0.6)a) or

— 142 =(0.6) ppron

y2(@®+

Xz) :XZ(az— X

>0, when x0O(-(0.6)a, (0.6) a)

%)

EXAMPLE @) Sketch the curve

@ SOLUTION Here, the curve is given b

1.
2.

3.

Symmetrical about x-axis on,

It passes through origin &

> (0, 0) and y-axis at (0, 0).
The tangent at (- a, 0)isx = — a.
y=+(x—-a) and x=a are three asymptote.

Thus, origin is isolate
It meets x-axis at (—

0 o

(0.6a,0) ) (20)

,\o

L 4

Fig. 3.18’\&0

2(x ‘—Q&a + X).

_X (a+x)

(x—a)

—Ole

((0.6) a, a)

y = * ixare two imaginary tangents at origin.

2
2 X(xra) oo, x*a
(x - a) X—a
Thus, for domain,; x+a20 and x#a
X—a - i R
ie., x<—-a and x>a -
or Domain [J (—eo ,—a]l] (g O {0}
2 2 —*(1+\/7) DD’(—*(l f)a%
dy_, X-amx-at C
dX - (X— a)3/2(X + a)l/z - ( _ a)3/2(x + a)l/z
O ﬂ>0’ when x[(— , - all %(ﬁ V5)a Q

dx
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— <0, when xDQ&,l(H \@)aD
X 2 H

Thus, the curve;

m L yP= x%(a+x)
-g_ A W,o
:
G) A+(a,2a)
wl
= g
= 0 @ 0)i§ > X
) E
E 2 x2(x+ a) R E
/// T (x—a) i (a,—2a)
: 5 X2(X+ a;\y:—(X+ a)
Y-
Fig. 3.19
EXAMPLE e Sketch the curve y2 =x-DxE-2)(x-3).
@ SOLUTION Here, y?=(x-1)(x=2)(x-23)
1. Symmetrical about x-axis.
2. It does not pass through origin.
3. It meets x-axis at (1, 0) (2, 0) and (3, 0) but it does not meet y-axis.
4. No asymptote.
5. For domain: x-DE-2)(xx-3)=0 _ ¥ _ "
O Domain O[1, 2] [& ) 1 2 3
6. y=+Jx-DxE-2)(x-3)
O —./300 O
3 - 6 \@DD(— 6+\/§D
. dy _, Gx*-12x+11) _ O 3 0o 3 O
dx  2Jx-DE-2x-3)  2/(x-D(x-2)(x-3)
- - O 6- O
_ . 3(x-142)(x - 2.5) s 6-+/3 _ La2and 8% V3 _ 2.5/ approxs
2Jx-DEx-2)x-3 g 3 3 O
O %> 0, when x0(1,1.42)00 (% )
X
ﬂ <0, when x0(1.42, 2)
dx
158
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Thus, the curve

y2P=x-DE-2)x-3)

Y
A 1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
i i |
o) 1/\'2 i
N
e
1 1
1 1
1 1
v \/ \
x=1 x=2 x=3
Fig. 3.20

EXAMPLE o Sketch the curve y?x* =x%*- a”.

@ SOLUTION Here,

W N =

The tangent at (a, 0) isx = a

4. y = = 1 are the two asymptotes. +
-2 @

5.

2 x*-a’ ’\o

X 060

. Symmetrical about both the axis. N &
. It does not pass through origin.

. x-intercepts are (a, 0) and (- a, 0) v
and t@ent at(-a, 0)isx =- a.

O Domain 0 (-0 , — a0 [e& )

)
dy
O —2 >0, when x0O(e ,-a)] (&
dx
y
A
i i
| |
E_ __________ "is_y[”l’,to_t?i_ _____________ > y=1
I I
I I

N
—

=
-
<
N
1
><I\J
><,\; |
[\
N
v
>

(-a0) O (a0),

i i

I I

e - —— = > -k === > y:—1
! (0,-1)| asymptote '

I I
\ \/

X=-a x=a
Fig. 3.21

www.exambites.in

)

L 9AAIND pue Sjulod iejnbuls ‘s9jojdwAsy

Buioea

159


https://www.exambites.in

EXAMPLE °Sketch the curve yz(xz— D=2x-1
2x -1

x2-1

@ SOLUTION Here, y?=

1. Symmetrical about x-axis.
2. It does not pass through origin.

The tangent at %, 0@ is x= %

4. x=1,x=-1 and vy =0 are three asymptotes
2x-1

x2-1

_ O — O
6. y=+ 2); ; U % E{Z f)l/:(xz+ 11)3/25 o
X = X — X —
<0 when xO %1 0Cy* )
dx Bo

0 yis decreasing in its domain.
2x-1.

x2-1

5. y2 = O DomalnDB— 1, = D (1o )

Play with Graphs

'~<

O

Thus, the graph for y? =

3. It meets x-axis in %, 0@ and y-axis in (0, 1) and (0, — 1) respectively.

y=0

EXAMPLE eSketchthecurve:
x*+y?)x-ax*~-y?*) =0; (a>0)

SOLUTION Here, y2 = 2@%"@
® v =

160
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A WN =

u

. Symmetric about x-axis.

. Origin lies on the curve and y = + x are two tangents at origin. So, origin is node.
. x-intercept are (0, 0) and (a, 0). The tangent at (a, 0) is x = a.

. X = — ais the only asymptote.

a_

o

y=%x

a+x
a Domain [0 (- a, a]

dy a’- ax - x2

e o —
dx (a+x)/a’- x2
dy

o - O
—~ >0, when xDG—a,ﬂaD
dx O 2 O

asymptote

> X

T
o
=

Thus, the graph for

-xU
y? =x?2 %iixa as shown in Fig. 3.23. & Fig. 3.23
B 2>

EXAMPLE o Sketch the curve XSQ’?’ =3ax? (a>0).
°
@ SOLUTION Here, x° +y3 =

1.
2.
3.

No line of symmetry.
Origin is cusp and x = @a gent.
x-intercept, (0, 0) (3aq,

The tangent at (3a, 0) is x = 3a.

. 2a
. Vv = a— xis asymptote and the curve meets asymptote at %, ?Q

3

. Here; x® +y? = 3ax?

O 3ax? >0 (as,a>0)
t x3 + y’3 >0
i.e., x and y both cannot be negative (thus, curve would not lie in third quadrant).

yzﬂ:X(Za—x)
dx

O ﬂ >0, when x0O(0, 2a)
dx
dy
CT< 0, when x0O(=0 ,00d (28 )
X
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Thus, the curve y> + x> = 3ax? is,

y

A
7]
= IS
Qo (o,
1]
1S5
(O] 0 ~x
-
=
=
a

Fig. 3.24 °
0‘9

EXAMPLE e Sketch the curve with parametr@tlon 6.

x = a(® +sinB), y = al 0s0); xO(- 10 M.
@ SOLUTION Here, x =a(b +sin6) and"@ a(l + cosB) gives the following table for x and y

with 6.
0 ﬁ 0 ]
X — am 0 aT
y 0 2a 0
So, that we have,
-TT<0<0
0 (x, y) starting from (- a1y, 0) moves to the right and upwards to (0, 2a).
0<B<sm
O the point (x, y) starting from (0, 2a) moves to the right and downward to (ar, 0).
Also % =a(l + cosH)
de
and d—y = - asin®
de
dx .
Now, ——=0 if 6=m -1
de
dy _ tan®
dx 2’

162
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except for the values + 1 of 6 for which % =0.

Also, tangentat 6 =1 and 6=-T are x=T and X=-Tt
Thus, the curve forx =a (8 +sinB) and y =a (1 + cos0).
y
A
—T[| O T[| » X
Fig. 3.25

EXAMPLE e Sketch the curve : x® +y° =5a’xy?. o o

N

@ SOLUTION Here; .

The curve is symmetrical in opposite quadrants. 0

The curve passes through origin and x = 0, y = O'@ngnts. Thus, origin is node.
It meets coordinate axis at origin.

x +y = 0is an asymptote. &:

On transfering to polar coordinates, we %
C

S ol ol

2 0sBsin O
Qos5 0 +sin’ O
*n

, =0
2

when, 6=0, r=0 whe

. I . . . .
As B increases from — , 12 is negative and hence, r is imaginary.

O no portion of the curve lies in this region.

. 3n
At 6="—, r=w as 0 increasesfrom " to m [0 rdecreases from o to 0.

0 Curvex’ +y° =5a’xy?

Fig. 3.26
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EXAMPLE @ Sketch the curve  y*—x* +xy = 0.

@ SOLUTION Here, yif-x* +xy =0
1. No line of symmetry.
2. It passes through origin two tangents at (0,0) asx =0 and y =0,

0 origin is node.

)
<
8, 3. It cuts the coordinate axes at the origin only.
® 4. y =X, y =- xare its asymptotes.
i o :
G 5. Converting into polar coordinates,
r® = 1 tan 20
- 2
= Tt Tt
; 6. When, 0< 6<Z or 0< 26<E O r? increases from 0 to .
§ When, E<6<E or L W<m O r?is negative,
o 4 2 2
0 no curve when ~<@<’.
4 2 N

Hence, the curve

@ Fig. 3.27

164
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Plot the Curves :

8
1. y=1+x%— 1x*. 24 y=(x + 1?0+ (x = ° ?..
2 , 25. y? =gx*-x* 0
2. y=(x+10)(x-2
Y (2X )(1’( )1 26. y? =(x - )(x - 2)(x - 3) -4
3. y==x-——x®+—x° » x—1 (¢))
57727 10 27. y?= 0
2y-1 X+1 w
4, y=(1-x°) X2(1-x)
x* 28. y?="-_7/ 7))
5 y= (1+x) -
(1+x)° 2_ 4
. 29. y© =x"(x +1) :
1+
6. }’:( X)4 30. 2(y—2)2+2xy—y2=0 Q
(1-x) c
2(x — 31. —(t+ —
7. y=220 w £
(c+1) £ \ =
X 32. x= ﬁ —
8. y= T+t v
(1-x2)?
1 ! )
9. y=2x-1 v 21 -
(X+1) 2 5 2 3 :
2 1 & X=-5t2+2° y =—312 +2t =3
10. y =
g x* -1 0 35. x= £+ 1 y:L 0
2 “" 41-1) 7 t+1 Q
1. y=_2% 2
Y T X a6 (127 | _(t-2) =
iy t+1’ t—1 o
12. y2=x2% 2 2 43
_XQ a7, x=1of ot 0
8a° @ 1+t 1+t :
13. V= a2 38. x%+y®=3axy, where a>0. E
14, y = COSX 39. (x—a)z(x2+y2)-b2x2, where a,b > 0.
' cos 2x 40. x?°+y?®=2%°  where a>0 ®
—x20 |
15. y:arccos%—xzmzcos‘1g1—ﬂ 4. x®+2x% =y° -
O+ x<0 o+ O 42. 4y2 :4X2y+x5 q
16. y = arc sin (sinx) =sin"'(sin x) 43. x* +2y° =4x?y g
17. y =sin(arc sinx) 44. x3—2x% —y?=0 -
18. y:arctan(t?nx) 45. x%2+y =1 a
19. y =arctan %Q 46. x°+y® =3x?
¥ 47. y5+ x*=xy?
20. y=(x +2)e"" . 4
y 48. x"—y"+xy =0
— 2 2
21. y—E(\/x + X +1—\/X —-x +1) 49. x5+ yS=xy?
22, y= [x2 + _\/ﬁ 50. x =asin26(1+ cos26),
23. y:(x+2)2/3_(x_2)2/3 yZaCOSZQ(‘I—COSZG)
165
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-1<x<0
0<x<l1
l1<x<2
2<x<3

x=3

x+1;

g .
D(7
o
EH

O x;

|

x
—
VoAl
x N Mo
v -
. . — O
i | I -
A N £ B !
1 ' \
| | )
3 =] } . .
BN -+ - W ¥
“ “_ |
I 4|_I 1 I}
T --ﬁ z
I I et
i i
- g
— (9]
7p)
© yu| 00 . .
1 1 1 1 1
= o P
= 2 F I B
x === R B Ey R
— & N — POING
O B Vi LN ]
Il ——————Y---ry-—q---—
> A A T
N > Vi @“ oI\
2 7 S S S
2| 2 7 B
h ; Z,%, O < A
o > < o ST T
| T\ T
0 < Al
> ~
70 z V// £ Lo
) m - o : i i i
n S 3
© yumy w T
Uu o = = m
oz e N N
E . .
=z - N
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Y
i /f(x) ¢
: 0,1 :
_________ :_Z _(____2. \ —1
: 3/4 1 (1,0) X
: Al =Y
—1/21 |0 X o[ 3/4:
: -1/2 :
Graph for f(x) Graph for f7(x)

From above figures it is clear that the graph would exists only when; x = - %

i.e., inverse for f(x) = x> + x + 1 would exists only when x =-— %

& &
1 A >
2 N Here, f(x)= =0
0 %<0 ) %0 x<0
y=0;x<
S [0 1 X & \&'0

)
&

Y
+ Here, f(x)=[[x]-x]=[x] +[-x]
X -X; x Ointeger
i i L4 = .
! ! ' Sx] + (-1-[x]); x Ointeger
| | |
4 14 x _H 0; x Ointeger
_()_( )_()_ & 1, x Ointeger
y From figure;

Slope of OP < Slope of OQ.

Tt
0 e <tan‘10(—0
1-0 a-0
1
0 tan”a T
a 4

www.exambites.in
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Play with Graphs

168

10.

y=cos™ " (cos x)

3mn4 5 21
— 1
— -2
— 1 -3
1 -4

Clearly, the above curves intersect at 5 points;
O number of solutions = 5.

From above figure, number of solutions is u@
: Q
&

Clearly; <1

x-1

or x?<|x -1 L ’
@
~
31-45 —1+§5D A

O x O S O N
o 2 2 0 — / — X
—/5-1 O |51 1
2 2
3 _

Here, x° =3+[x] y

O to sketch f(x) = x> 4l

and g(x) =3 +[x] 3 |

Clearly; from figure the two curves f(x) and g(x) intersects 12

when g(x) = 4. ; ; ; X
-4 3 2 -1,/10 1 2

0 f(x) =4 -

O x* =4

or x = 2%3,

www.exambites.in
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CURVATURE AND TRANSFORMATIONS

1. (D)

(iii)

W)

2

N/

Il y=[2=x=1||

(i)

>

1

3

(iv)

SUOIlN|OS pue SjulH

(viii)

ly|=[e-2]

—log2 O log 2

y =|el-2|

y=x-[X

www.exambites.in
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Play with Graphs

170

(ix) y (69) y
A A
1 1
1 3 4 =X o 1 2 3 a4 > X
y=Vx-[x y=(x=13)?
(xi) y (xii) y
A A
1 1
» X
SN ONG 1IN 2N BN 4 =X EANYA N NN
3 g 1
2
_ =(X—|X]
Yl =Vi=TA QO\Q V1= (x=[x)
(xiii) (xg)& Yy
y=-2x 2 y=2x v\ 2
&
» X
> X + -1 O 1
-1 O 1 0
y=t Qe Y= Ix= 11+ x+1]
N E
xv) N (xvi) y
A
4 4
3 X 3 d
D= > L 2 |
1 h 1 .
ol 1 2| 3 4 X \ .
-4] -3| -2 -1[ O 1] 2| 3| 4 g
y=lx=11 —
5 - q
. 3 q
7
yl=Tx-1]]
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(xvii)

(xviii)

»=

(xix)

—X+2 4 Xt+2
- )
3 . ;
X -
. ’
2 X1 —x+1 L Xt 1
] \\ \\ 2'”’ //
‘\ O R /'
g 1
> X X X
2 — > X
2l Yoo o2 3 4 3] 2| 1| o] 1 2] 3
4
X1
-2
[yl =x+[x y=|x+[[x]
Y (xx) "o N
5 P En® 5
4 /*12 ® , 4 X142
2. 4 » . ’
," / N \‘ /' R4
8 N
I' I' ‘\ ‘Q " O'
/” fa s AN S s’ 1 0
2| . . WL L
- 5 E
/x ,/' 0 \s \\ 2/" /‘
Q 1
X
> X

2. @

. Q 0y
[, 5 ATt
~ : /' ‘\ A
, R4 a - 4
. ’ T N
2|, s ~ A= N
. . ’ 0 S .
S . , ’ S .
S . ’ B 0 .
0 N s 7 " G O N 0y
-3 . R I . -3 | .«
», . 4 4 h )
. e 9 P4 N .
- * 4 .
‘\; ’ 4 :
D
-5 . | -5 s,
Yl=x+[x Iyl=Ix1+[x1]
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SUOIlN|OS pue SjulH

171


https://www.exambites.in

(ii) y

t t »> X
w2 /. 3m2 2n\

A
i —ZH\/—T[ o) m ZH\/ST[ > X
6 Y =Vsin x
4= (iii)
= y
; A
o) 7
o 1
3 n _m o] m 7w 3 =X o
_on - - —= 3n .
2 2 2 2 .\
y=|sin x| + |cos x| ce
o &
@ y o
- 6' 2
3
5m _3n_T\ O I TT x
2 2 2|\ 17Y2 5
= 2 cos X + |cos x| >
10.
(vi) Y,
2
3/2 / \
1
2
> X
32| -m -2 o w2 |m  [3m2 |2n
y= 2sin X
172
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(vii) Y (viii) y
A A
T - s
[T o 31T 5m\ |3m sgn 1 O s 3
2 2 2 2 2 2 2 2
(ix) y=logein x| it only represents points
—2m_3m| -1 o I m 2m Sm 3n Q
2 : e
® &
y=logg, 172 v\
® y &
/ | / \
» X
=21\ 3m /T n L 2w\ sm /31
2 2 2
[¥] = loggin 172
% 4, A
w2 1
=3
-2 -1 o 1 2
> X
-1 O 1 y=sin‘1<1 _X2> 1
1+ x2 - y=—2X
1+ x2
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(i) y

5. (1) }‘/k A
]
0 /\
= ) o) A X 5 > X
Qo y=e
B y=x*=2lx]
G (iii) y @iv) y
A
=
=
=
§ o mx o) > X
)=
y= el
ONQX
W) y i) Q’Q’{
.\&' /
» X
/&
/_1 ’ 1 ' .‘0& K
0 x=y2+1
6. y $
A
11
2 -4 O 1 5
y=f(x-1)+f(x+1)
7. @ % (ii) y
A
> X
N
y=—15 2 o 2 %
2 _ 1
\ -t
174
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(i) Y, (iv) 5,
2
2
2 o |2 > X ) 0
—2
|1
y= ‘ X|—2 ‘
8. y 9. Y,
A
21 llog|x||
O\< ‘
> s
0] m o
> X
KT
S
Since, 2cos x and | sin x |, intersects at two poi I@’ From above figure we have six solutions.
x O[O0, 2m]. *
0 number of solutions are four when x ) 411).
1)
x| 0 /6 /2 6| x, @{@@ 3n éﬁjxg X4 27
2> 2 2 2 s Ag
y 0 - 0 9/8 0 9/8
v -3/3 0 3| 0 - 0 + 0
2 2
33
4
y| 1 0 >0/ -315 S NH 1
-3V3 16 16
4
y
A
1.
1 - y=§sm2x+cosx,
-\ /i oy periodic with period 2Tr.
Ojm 1\ snm 3n on
6 2 6 2
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ASYMPTOTES, SINGULAR POINTS AND CURVE TRACING

(x-2)°
» X

)

y=(x+1

(2,0)

N,

2.

1+x%- %x“ /
> X |
3.0 /1.0 [0 (1.0

y=
\(\/1+

1

3

1
N

sydean yjim fo|d
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Hints and Solutions

>

1

~
~N
i
x
A
&)
g Q
................................. Il
x
N @)
o
o A o
— o
=) n
N Q
L ]
o
o~ 2
= £
>
A m
Q
[ ]
_ 3
13 S
1]
z S
S
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S« o
S
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N5
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o
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14.

13.
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x ™
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Hints and Solutions

179

= x
\ A
x
A
> - S
NG,
o < 0
N N N
x
A
A A
| |
| |
< 1 1
A 1 1
I I | |
I I | |
I I | |
I I | |
I I | |
I I | - |
I I | |
I I | |
I I | |
I I | |
Qo
I I < 1 1
8| & T | |
q -
= o) Ul < I I
> | T i i
I I | - |
I NN R R e >
I I | |
I I | |
I I | |
I I | |
I I | |
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| | | |
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Hints and Solutions

2a 3V4a

§

181

|0 x

x|y

Ol 3
Yo

y

A

37.

(@)

_24
25

-1

39.
41.

44,

43.

www.exambites.in


https://www.exambites.in

45. y 46.

A
1
(% 174 {0 1/a, X
“ 1 1
G
c
5=
8 47. y 48. y
3
(0 y=x
% >x
— ! > X O
)
-
49, y 50. y
A A
(—3\/§, a 3v3a a
4 4 44
» X
O » X
4
N
182
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